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ABSTRACT 

Tn this paper some intcprrals mvolvinf? tbe pror'uct of Macrobert’s E^function, Meijer^s 
G-function and an exponential function have been evaluated- The particular cases of the 
integrals lead to certain generalizations of the known results. 

L INTRODUCTION 

The ohjcct of this paper is to evaluate some integrals involving the product 
of Macrobert’s E-iunction, Meijer’s G*function and an exponential function by 
expressing the G-function as Mellin-Barnes type integral and interchanging the 
order of integrations. The importance of the integrals lies in the fact that on 
specialising the parameters, the integrals yield many results some of which are 
Icnowri and the other are believed to be new. 


2. The following formulae have been established ; 



^ S \8 A(8, 1— p), A(8j l'-'^2'“P)i A(f, (/j), * • • » A(L < 2 ^) 

fjp+28, ^j+8V \ / A(L t|), * . » , A(L ^(/)» A(8, l’-«i ^ ^ya'^P-r) 

where 8 and t are positive integers, ^(t, «) represents the set of parameters, 

ct Of+l <X + t-l 

1 * ~ * ~T^ ’ 
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I ^**8 Z 1 <(^+^*"1 ?)'^> Bi{^)>i)i Ii6{p)>h, (^)# 

^ fwsrl, 2, ,/®»l s 2j • f » * , r??* 

(2-2) /■ .-™ /-' 0 ■■ ■■ •'») w-i* :■■ <7”',” (' |l;: ] ; : ; .'C)* 

^( 2 w)(I“<)('”+'*-i ^4 ‘?>+^-| s ?+l ,r-'’r(/}) 

|,.L '^~ !.“ 1^4/ <f/+2.5 

/ tCp,q)(^ A((S I-«-\-f'), A(/5,l“ />’-/«-f'). /\{(^.l“'t~/*'P-f). . . . , A(f, flp) 

r ' /rl A(i,M A(i,*7), A(8, l-«“/>'-!W’-'). A(«i. 

where ,s' and < are posiiivc integers^, 

2(m-|-n)>J>+?> I arg I <(wi+n-i P~l 2?‘'(<r)>0, 

B 

In the above integrals if we put anti trra ; respectively, we luivr thrir 
simplified forms as 

(2-3) f.-o'/-' O"‘-"Lx'0‘\‘ ‘"j^s 

„(2ff)(J-0(m + «'-IM + s ^'^hq~^ap-hlp-\q-^\ /-h 

, (n4-28 / . „ . 

tp-\- 2 h, /?+;! \ 


(if 

\<x} 


') 


flj, . . . ., «J) 

^t' • • • •• ^'/ 




AiSJ-o-i l>), >/'). .\{h «i', .''' (^. "?>) 

A(i, Ai) A(<, ^,). 

where R and t are positive integers, 

2(m+n)> />+?, I arg 4: I <(?« + « - | i 5 )ir, ««{«) >1), 

2> J ij 2, t f * *, jw, 

r* r. 1 rttn, » / 

(2-4) £(«. iS :: w) B(x, !*:>;«) 6' 4 s' 

J 0 ? ' 

™” il' ^</»+3S, /? + 2R 

'S\8 A(8, l-«-X-P), A(S» l-Z^-M-P). A ( 8 , .\{i, . . ., AC^, «p)| 

, ,<7 A(t, ^i) A(i, M' A(8. A(8,l“X-i‘-«*P-r) / 

where fi and i^are positive integers> 

2 {m+n)> p+g, | arg ^ | <(??!•+ ri-| ?)7r, i<l<!(fr)>0, 


X 




Re(p+ii+i^i*Y bj)>Q^ /S m. 
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Proof : 

In the begintim-g consider the inteml (2*l)wicli ^=1. To establish the 
integral expressing the G-function in the integrand as Mellin*Barnes type integral 
fl, p* 207, (1)], and interchanging the order of integrations, which is justifiable 
due to the absolute convergence of the integrals involved in the process, we have 


1 

2m 


j /-I ;=5| 

i I <7 
^ I tt 




P 

IT 


j c3 r« + 1 


i + S-) . IT I'te-i) 
J“n+1 


f " r"'*' /+« E («|, »!i::Bx)dx ds 

J <0 


Nf w evaluating the inner integral with the help of the results 

E («„ ::-fA:)rfx=«-'’i>i+p) rK+/») 

Rr{a)>(\ /?«(/?)>! Re{(v)^ > 0, j!?€(o?,2+/0>0 

v^hich follows from p» 396, (1 1 vS)], and using the multiplication formula for 
gammadunction, we have 


L / 


£ 

n ” r(i-a,-+i) ^ii' 1’ fe+p+^+j) n' r (fa±'’±^ 

' -1 £ i^T TT ^K•-^)^|T* r(“i±"ii+^+HA -l-d 

y=m + l ' j-=n + l 'k=:0 s / 

K 


) 


/^\8« 

1 « I 


ds 


On applying [1, 207, (1)], the value of the integral (2*1) with is 

obtained as 


.-P 




X 


m, n-1-28 / j 8,B 

^/- + 2fi, ,y4 sK") 


A(S, A(8, l-o'i-P), V 

l>], ■ ■ . ; b,„ A(8> l-«,-<»a-P-r) ^ 


By virtue of the relation fo, p. iSJ) viz • 

G^'^H zx^!^ "t-’* ■ ' ^S6?'Sap+|/i4?+ 

y *8 

ip, tq \ 


AfT) ^x) A(T, flp)\ 

A(l> ^i)> • • • •> A(T> bij)i 
where 8 and t are positive integers, 

the integral established above with t=l in (2'1) can be reduced to the formula (2-1). 
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The formula (2‘2) can be similarly established on applying the same pro 
cedure as above and using the result 

^00 

J ^ r ^ (af, K (A> *• esa f f V'' “"H ''f* A) 

^ iY^4"^) r(^4"^+^+^) ^ r(A+w) 

^ r=aO I- C y 

Re (fr)>0, Re (C)>k (*0) R^ (a;+fJ«f-A} fA) -O, 

0, i?tf >*01 

which follows from (3, p. 397, (117j] 

3. Particular Cases, 

By specialissing the parameters, the G-functioo and the E.functions involved 
in the integrals can be reduced to many simple functions. However the following 
interesting cases, some of which give the generalizations of certain known results 
are worth mentioning. 


31, Particular cases of the integral (21) involving E-lunctioti, 


(i) In the left hand side of (21) reducing the Gdunciiou to E-function wiih 
the help of [2, p. 44‘1, (2)|, we get 


(3-1) 


J " E («1, :: Px) E(piariqib, ;; zx^l^j dx 

«(2w) /> + ! /“I cf-P 

^rU \JL U§/ i(7-Hl)-23,t/ifS 


Lt (pq-p+l) PY A(S, l“«i|-p), A(<,1), P»(i, bi\ ..... d,(t, 6./) 

\ W A(<, Oj) A(<. ap)i A(Bi l-«r*a“f’“0 t 

where 8 and t are positive integers, 

p+l>?, 1 arg « 1 <K/'“!7 + l)n lit («)>0, Rs (/i)>J /?<(«), 

Re (P+«,-+-|- a/)>0, i •= 1, 2, j o 1, 2, . . , 


In (3'1), if we take «aa/3=.l, 8«a2, /««1 and use (he lesult [I, p. 200, (6)1 it 
reduces to the known result obtained by Ragab [3, p. 409, (42)]. 

a -aim S«t=al, a«»^w6, «jn.X, 

fl "d lo’q (mfcrJ '■^placing P by P-l-i-x+l, using the results [1. p. 209, (9)] and 

Li, p. 109, (8)] It reduces to the known result obtained by Saxena [6, p. 352, (5!)}. 
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(ii) In (2*1). if we put m=l. n==A ii==0. replace 3 by ?+l, write and 
l-bJicTcj^dhU^h 2,...,p) and (A«2. 3.. .>.3+1), then by virtue of 
[ 1 , p. 209, (9)] and [2, p. 444, (2)], we have 

<3‘2) ^ :: (Pi == \ 

^( 2 ^)(l-<)(%P-i 3 +i)+i-P ^20p-2b,+h{q-p)+l gP-i a'" 

-18 t'K+r)rf«4+r) 

” I ? \ / // i + 28 , <(?+!) +8 

where 5 and t are positive integers, , a • 1 o 

. . 1 /^ ^iv »« /{e («)< 11^ 

;,^-l> 3 . 1 arg« 1 <i(/>-?+l)^. W>^. vPM? 

A 1 » I if rf-rluces to the known result obtained by 
In (3-2) if we take «=( 8 -l, reduces 10 me ,1 

Macrobcrt [4, p. 191, (11)]. 

3 . 2 . P.r.W.r 0 ..C. «! <>.. integral (M) involving 

( 2 ‘ 1 ) is reduced to the form 

X rfo ''' ' 




tm tfl +28 / / 8\8 I A( 8 ,H^-P), A (/,«0 A(t. ap)\ 

where 8 and t are positive integers, , „ , . 

2Cm+»)>(#+!). I org 2 I (“»“■ <“>’ 

(P+4±/^+T ¥> 0> i 2’ ”• 

It we take « = j 8 . (3-3) reduces to a known result obtained by Saxena [7, p> 
402 . ( 10 )]. 

Xn (3-3) taking -P-'.,- >1 »-'• "“ft .“il'Mien" pS- 

Sir P. cVlin';'.. .0 i known rn.nlt 12, p. 416, (.0)]. 

Reducing the G-function in (3-3) to a Whittaker function we get .he following 
six integrals, (3-4) to (3'9). 
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miogthe remit [2, p.lis, (5)j’it redti'crjTo’ihelJmi”’” ‘•‘■-2r anti 

(3 4, j- r-«-+i?«+J»S/. 

_(2,)«'-<)+Jr-J» ,-A-r jg+,+ S (j+.j.j S (J + ,.,.j^j 

X r(^A+r,r«-A-r;4,i-,+,)r,i.,,,, p, 

.+2S,2<+8 I,, anj I A(,. .), A(,‘,.2r), A(8. t- f ) 

where S and t are positive integers, 

I arg s I <^,r, /?st'«)>0, y?s(/?)>| /!«(«), 

If wc ta e «... , ,3-4) reduces to the hnown result ^2. p. 4U. 

using the result [2, p!^4S(3”fuVcd“Ll^ ~2v a„«t 

(3-5) r r^^-ii^x-isxS/e ft^j 

Jo * (M H^x. f< (CV'/ijdx 

.(2,,i(‘-l|+HS /+'•+ f (i+'-H f 

X rs-Hrt rii-M 2 a»:*±'i±4i:(h*-.i;+r) (fcV 

where S and t are positive integers, 

I «8r I <,/2. &(,) >0, >j ;f, 8 

[7. p. 403, W'uU obuinttl Oy Sa„„s 

m" ' P' («)]. 

■he re.ul, p, p. 442,' mni''reTu« wth’rfMm "“''‘B 

(3-6) [ „p-l rt/ //> ■ ,, 

.(2r)4(M+H« l4-'8''+*+'.*-«+r)-l^-p. J(l+,,.j 


') 


"7i 


^2t,/-f 2a / «fi A(^!,J-f-|(- .1(44-, A-p) Afxi u B /i \ \ ^"i ^ 

>'®.+ 28,2,H-8( i.-,.8 AC,.,, A(,.‘2r,7A,8,8-15H+7i,'r ' 
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where S md i are positive integersj 

l arg z l< ^«(/ 3 )>l «»(«). H'^+ T<i±’')+I±l*) >0 

If we take « « /i, s *= < = 1, (3*6) yields the known result (2, p. 410, (43)’] 

(ft)) In ( 3 - 3 ) lakins: m =. 1 , n = 2 , J!) » 2 , q = I, a. = 1 , <?» = 1 + 2 v. L 
|~X + *' using [ 1 , p. 209 , ( 9 )] and { 2 , p. 435 , ( 5 )] it reduces to the form 

< 3 - 7 ) ^/)-i 

=3(27r)'§'(^-0+?[“46 i-K~v gtfc+P- 1 | (i+i')-!: -i-v 

1 r{i-A+.‘*H-)’)r(i-/t-A'4-’') /i8-« \f 

^r(j-HWi-fc-#*)r(|-xH-.')r(B->')rro i ? 

J, 2»+28 


X G 



a 




A(8,14'l‘+ (i+'')“P). A(8,i-/*+-l (J+v)-/)), A(it.l+2i') \ 

Att^-X+'O, A^S. h-P+j '(|4-'')-0 / 

where 8 and ( are positive integers, 

1 arg« I < §7r, /?«(«) > 0, Re{^] > J Re{«), R,{f,.\-^±p.- |.i\) > 0, 

Taking « = (8, s = < = 1 and replacing k by l/« in (3'7), it yields the known 
result (2, p. 412, (55)]. 

( i ) Dsing [ I , p. 209, (9) j in (3*3), then putting m — o, n ac 2, f> = 2, 

«i “ 1, Oj, => 1 4- 2i', Aj =a ^ 4- A + V using [2, p. 435, (3) ], it reduces to the form 

(3-8) ^P-l dx 

= + ^A-V gfc4r/J- 4(4 + >')-^ «“P + T (i+v)-* 

//3-<x\r 

r(|-A-i-i*)r(i-l:-H) rSo ji " \T& I 

^ ^2/+2S,0 / o:S _ A(<ii-A-v), A(8.1-A4-P- S__ (J 4 _v)^r) \ 

<+8,2<+28F AM-H-P- y (H''). A(5,H/*+p-SA i+)’),A«,o),A(«,-2t')/ 
where 8 and t are positive integers, 

I arg « I < J-. Re (« > 0, Re{^) > ^ Re{a), Re{p + | i- /^ + ®-Al>0. 

r» ^ reduces to a known result obtained by Saxena 

[7, p. 404 (14) ], 

Further wiih 8 = f = I, (3'0) yields a known result (2, p. 4i2, (5-1) ), 
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(»i) Finally on putting m « 1, n «« 1, j!> » 2# j % w 1 

Aj « I + A + V in (3*3), then using [I, p. 209 (9)], and [2, p. 442| (7)] it reduces w 
the form 

(3-9) J” dx 

8 8 

^(2fl.)i(i~0+3-t8 8*+P~"i (J+'’) “I «”P+ (■ /ji' ^-i-v 


r(l+2v) ni-A+jt+r) r(|~A-M+f)/ j8~^\r 

X r(i-A+F) r(i~A-i*) KHx+v) rU I " ’ I / 

t+2S 

^ ^2/+2S,/+8 




zH*^ 

aS 


A(8,J+|‘-/>+ I (Ir+v) )i ^ 

A(#jJ'+X+*')i A(8iA-P+ 


(i+v), A(i,I), A(/.l+ 2 r) 


where 8 and t are positive integers, 


) 


J arg« I < * , Itt{a) > 0, ^ A)>0, 


3‘3, Particular cases of the intergal (2’2). 

(i) In (2*2), replacing by J + v, J - v, J + 4 - M respectively and 

using [3, p. 351, (I4)J, we have 


(..0, j; (-»/'! ;;; ; ; ; ;; 


(2w)(l''0(»n+n~4j£^-4?)+H8 ^p~| 


y «, ^ r(4-l-i'-|-r) ^ m+H +«)!’( 4”l*+«+*')/ \o 

w(0i [l ® uU LL f 

gim, ln+38 
^ tp+3s, tq-\-2S 


/2</<(tH)S8 

V““T8 


A(8,-»'-|i-.p),A(8,»'+M.A(8,>->'+#^P-0,A(<,ffi). • . « .,A(,.Op) 

A(<)8i), a (1*817), A( 8 ,- 4 +|t-P-r), A(S*” 4 -t'-p"-r-u) ^ 


where 8 and t arc positive integers, 

2(>n + «) > ^ 4 . j, I arg« | <(m 4 - n - 4 j> - | 3 ) 7 r, Bt(<r} > 0 , /?s(0 > I 
Be(P 4“ 1 ± »* 4: P 4* "f ) 8f > 0, ; »» 1, 2 . . . , , m. 


When tr — ^ es 1, 8ss(B=a]j the series (3*10) can be aumcned. 

hand side as Mcllin-Barncs type 
tion^wc have* order of integration and sunamo' 
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?7 r fgal * 

Ji. IT V{l-bj+s) ,JJ.i%-*> 
JwrtHh* 

i’( 1 4 V 4- |i4- ?'+ iird-i'-M+p +.s'ini +''~i‘'+p+^) 

X "- j'(|~i''^_i4;47jiXS+ *'+'’+*) 

/i4->'--i4p+a+".4-i‘ jLrf, 

^ / ... 
Annlvinp T')ixarL’8 theorem [ 3, p. 362, (5) ] to the Hypergeornetne function, 
repladit' 2f, using multiplication formula for gamma-function, then using 
(1, p. 207 (1)1, we obtain the result 


,.u, 


«3Li . • * • 


h 


X 


fim, 2n-l-4 
2j!!44, 2q’\-2 


1'-'*+/“^ ^(2.,,) A(2..,) ) 

A(2,6i), ,A(2,^</).A(2,-P) 

where 2(m + n) > p ■}■ q, \ Mg ^ \ <_("» + « " 4 

Rs (p 4f rh bj) 0, j ’® 1, 2, • . • jtn. 

However, as the product ol two Bessels functions can be replaced by a 
G-functiou, the integral (3-11) is a special case of £7, p. 401, (6)J. 

(n) In .(2-2) replacing «./5.X>l* ^ ^-k + P‘, ti- Hh ^-X + v, |-X-r 

respectively and using [3, p. 3v61, (15)], we have 

(3.12) .i'K-') (") w-w (M % ' ...... I 

«i2.)('-‘)(»'+"-iH9)+4-i* ,s.,r5»,.+iH5+i s'"! 

1 y iXhi+^^+ll 8"’’ 

^ r^) IJL 

.a r(i-x+ 1'+ um-x-v 4«+j:)/ 

X I « \ / 

w«0 1-— ' 

(m, f«438 

^ t/)4-38, /ff-1-8 , , . . \ 

Atjttf'-dsS a(8,HX-P-»'-p). A(i?,<:+X+P+’'-P). A(8,fc+X-/*+v-P-r), 
r 0-8 A(ai). . • . . A(iM A(S,-H-2/t+X+i'-P-0. 

A(t,ai), • • • > A(ha}i) \ 
A(6,-H-2X+<c-l*-P~T-t») / 
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where ^ and t are positive integers, 

2 (ro + n)>p -I- q, | arg z\<{m + i,~ Ip - lq),r, Re{^r) > U, IU{;) > | 

Re(P+\-k~x ± i‘ ± v-f f b,,) .>0,i «= 1, 2, , m. 

In (3'12), putting (r ^ 1, g =« i rs 1, \ ■■. - k, i' -•« /* and applying tlie 

same procedure, which is used to derive (3*11), except usitu| Whipple’s theorem 
[3, p. 364, (2)J instead of Dixon’s theorem, we oI)t iined tlie foHowinijf result- 

(3-3) [ H',,.,, (-) w (?;;( « ! ,, 

« 2 - k f-'' l-l 

X 

2A+*, -J+- I t-l.-t- ^ I 

-vhere 2(m + n) >/; + <?,( arg ^ | <(;« +■ « " •i/' 

^«(P + 1 ± 2/» H- Ay) > 0, y 1, 2, m. 

Again, as the pioduct of two Whittaker (unctimia involved In the alxjvr 

? ^ (d-function, the iniegral (;M3) is a special ease ol 

p. ‘tui, (a)j , 
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ABSTRACT 

The new method sn introduerd by Kennedy f4] has been extended to the laminar ilow 
throuRh the entir nee region of a channel bounded by two parallel flat walls. In § 1 the solution 
is obtained in terms of Airy Intceials and then expanded in series The series solution is 
compared with the Blasius solution and it has been found that the drag ooeflicient for small x as 
calculated by the present solution is about six percent less than the well known result. In § 2, 
the method is extended to the laminar Jet mixing region of two uniform stteams. 

INTRODUCTION 

The problem considered is that of obtaining approximations to the certain 
laminar-boundary layer equations which are reduced to the Blasius equations. 
Such equations are solved numerically and tables are available but the best 
analytic solution is the divergent series solution, obtained in 1908 fl]. During 
the last fifty-five years several authors have done work in this field but no one 
has much improved the divergent series solution of 1908. Notable work in this 
direction arc by Weyl |2] who described a solution of the differential equations 
of some boundary layer problems ; Kaiman [3] classified laminar boundary layers 
with the folvcd problems in fluid mechanics on the basis of another solution ; 
Kennedy |4] has added one term in the Blasius equation and obtained the series 
solution in terms of variable V which cinnccts x and v coordinates. 

In the present note, the work of reference 4 has been extended to the work 
of Schlichting f5| for the laminar flow in the entrance region of a channel bounded 
by two parallel flat walls. It is also extended to the laminar jet mixing region 
of two parallel streams. The method applicable to the non-Newtonian fluids flow 
is under study by the author. 

§ 1, THE boundary layer IN THE ENTRANCE SECTION OP A CHANNEL 
BOUNDED BY TWO PARALLEL FLAP WALLS 

Consider the flow in the entrance section of a channel bounded by two 
parallel flat walls. All the entrance section, * = 0, u = F = constant and v==0. 
As X increases, due to the viscous effect, the flow is retarded in the region 
near the wall but is only affected a little in the central portion ofihe channel. 
For small values of x, the flow near the wall behaves like the boundary Dyer over a 
flat plate but with a longtitudinal pressure gradient. The solution is obtained 
I'fil by the series expansion. As x increases to very large value, the velocity 
distribution will become parabolic. The solution for the entrance region when 
X is small is obtained as follows [5j. 
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The equation of continuity kivcj 

j I n 
u dy' ~ U V(i 




y 

(te 

? 

P 

r> 

fn 

f) 

P 


t 




" i' ' ' ' 




./...a, 

(I 




'yohmrmrf'ri t/ r ■.yrn'rmrrTrf 

W^4fi 


;i’i) 


wherey *^yQ~J)J'o width of the cluuinRl. 

Also, we have 

rJ’o 

(«C0 ~ “) <‘oo 


f 


where 8* is displacement thickness. 
Combining l-l and 1*2, we have 




V 


1 -j- 


s# 


Jo 




•h 


For the flat plate, the displacement thickness is known. 
Thus 
8 * 


Jo 


1-73 


/ vx 

Vy!f^ 


1-73 (,? «a ki t' (say) 


(1-2) 


(1*3} 


Thus equation 1-3, gives 

uoo (x) « 171(1 y Aj 6 Ajj -(• Ag < ® “1* « t . I 
where » 1'73 and Aj, k^, , . . are known from the series soimion. 

The boundary layer equations for a flow pass a flat plate at -/.eio incidence 


(1-4) 

(1‘5) 


are 


au , a« a®« 

-- ts& p ■■ 

0.V ” dy dy^ 

au (i» 

0* ^ 0J 

The following Oon-dimcnsional variables ate introduced 

/?/ ■ 


V 


vx 


v{x,y) « Uy„leF,{n) + ' ^ Pi^l) + <» /'g{»/) + ...,] 
u{x,y') = Uili\'{v) + Ft'(r;) + Fy(»,) + . . , l ' 


(l-d) 

(l'7i 

(l"ij 

(Id') 

(Md) 
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Now the equittions 1’5, I'Hi I'S, Ml) are sobstitateil into I’S and the co-efR* 
‘Siient o( r arc coUectcd. Thus the bUowiug equuiofts are obtaiaeJ, 


F, /■*" *1’ 2Fo"' U 


-('I'll) 

with the hatnulary eonduiou 



;.?i 0 at t; aw 0*1 

fy 1 Ht « CO ^ 

1 

(1*12) 

•and ~ /'V l'\ + 2F/ F\ ^ 

fM3) 

■with the boundary coiuHiions 



Ft /'t' 0 at ^ « 01 

7'V ^ at I'l «» M J 

1 

<M4) 


and so on. 


The purpose of the present note is to find in terms of v for the equation 
Ml with tiie hotuitUiry conditions ol the set M2. The series solutior tor 1*11 is 
faiown [1], 

Equation I'H can he reduced to the equation of liennedy (4, Eq. 1) (for 
•convcnirnctt) hy replacing /'’„(»;) as sotne another function 

Thus 1* 1 1 hecoincs 


/«"' + - 0 
with the boundary conditions 

// rr. Q at t? 0, 1 

« 1 at ^ CO , J 


(M5) 


(M6) 


Adding 2/^/® on both sides of MS, we see that the left hand side becomes an 
'!cxact dtifcrmitiaL The additiot\al term on the right hand side is given its value 
at any given point (origiu) and is considered constant. Thus equation Mo is 
written as (reh 4, eq» 2), 

/«"H“2(/„/o"+/o'*)“ 0 a-17) 


Sntegrating M7 twice wc get Riccati equation 
fo' "h /a® ** 


( 1 * 18 ) 


where r.-, /„*(()) and the first and second boundary conditions of M6 are satis* 
fled. To solve 1 *18 put 


/o 


H 


Thus We have 


«* - Xt) w *» 0 


(M9) 
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whose solution in terms of Airy Integrals is 

« « Cl Ai(S) + Cg (1-20) 

where S => Thus 

where a dash stands for the differentiation with respect to «?. Tims from 1*15 and 
1*21. we have 


f ttf 

■ju •==•" ^/o*® - 2 


I/'s d*(J 


which on integrating twice gives 


where the relation 

has been used. 
Thus 


Ai{x) Bi'i») ~ Ai'{x) Bilx) e. 

/j'(co) «a I «. 


(1*22) 


(1*23) 


(1-24) 


Since the limit '= 0 

, •»,(«) 


and 80 


•“«> CO ^ 


X M 


moy 

'A,(0) 


W3 *62244 


Finally we have 


where 


/a'« J 


0! m» 


2VId<(«»?) 

V3’.dj(‘*’i) 4- Bi{«n) 


Ai'ioy 

Ai(0) 


{1-251 


Equation T25 has been expanded and the following sriits solution is 
obtained 


U'{v) » X’? - — X* ’J* + ^ X» rp - X* + . . . 

The Blasius aeries solution gives 

2 44 2Q0() 

fo'iv) ~ ia* r;* + r)’> ^ + . . . 

where /a w *66412 as calculated by Howarth [7]* 
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(i'2ev 


( 1 - 2 ?) 



iThus we sec that the work of Kennedy [4] is capable to the present problem. 
From 1’26 wc see that 

f(j''{0) *a> « «=» *3 1 1 

t'ikin Friction 


The skin friction can be easily dctertnined from the preceding data. The 
akin friction is 


D 


fl- 


.0 

wtierc b is the width and i the length of the plate. 

The local shearing stress at the walls is given by 

Hence the dimensionless shearing stress becomes 


'i>U* 


•311 


JI 


V 

IJ~X 


•311 

i/'nK 


Consequently from I '28, the akin friction for one wall becomes 

lu~ 


D 


lab U\/t>‘P tv 


(i-28) 


(F29) 


( 1 - 30 ) 


(1-31) 


Thus the dimensionless drag coefficient by the definition is 

D 

where A M, 

^•244 

Thus (1’32) 

where Hi « denotes the Reynolds number formed with the length of the plate 

and the free streern velocity. This hw of friction on a plate> first deduced by 
H. Blasius, is valid only in the region of laminar flow, *.«. for 

y. 10« to 5 ,X 10» 


Tl»c expression for C/as calculated from 1-2? is well known expression 


1-328 

C/ «= 


( 1 ‘ 33 ) 


Thus the value of the drag coefficient a8 calculated from the use of Airy 
Integral to the Boundary Layer Equation is about 6 percent less. 


t 807 ] 



§ 2'. JET MIXING REGION OF lAMINAR FLOW OF TWO UNIFORM St REAM 

In this case equations 1*1 and 1'2'hold with the homidaiy couditions 


Introducing 


into 1‘1, we get 


u{x, -)-«)'== Vl, u{t(, - CO) I/g 

h h h V 


¥ PI 


i. 


so that the boundary conclititins are salhslicd. 

The equntion ot motion in terms of ^'(’^) gives 

0 

with the reduced boundary conditions 

^'(co ) «. 1 -f X, |'( ~ 00 ) r. 1 » X 

where 

^ 4- £/a 

Equation 2*3 has been salved by Ctkrtler £!!} in series b\ yuliing 


with 


^ 2 ^ X^ ig«t (•!,) 

»)taU 


V 

S»”^ 2 ” 


(2«r 

(2-2J 


(2'3) 


(2'4> 


(24.) 


But the equation 2-3 is of the form I4I and thus the solution is obtainaf.k 
with the use of Aity Integrals by introducing certain vatialdcs so that the hound- 
ary conditions are suitably changecU 

Thentethod extendable to the power law fluids flow and laminar free 
convection is under study of the author* 
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TWO THEOREMS ON A GENERALIZATION OF LOMMEL AND 
MAITLAND TRANSFORMS 


By 

RAM SHANKAR PATHAK 

^Department of Mathematics^ Banaras Hindu Unioersity, i/aranasi’5 
[Received on *12th February, 1966] 


ABSTRACT 

In previous papers I have studied the properties of the gencraliacd transforip 

/(*) = J ^ g{y) dy> 

^liich reduces to lommcl traneform (Hardy» 1925) for a 1 and to the gcncralisscd Hankcl trans- 
form ( Agar w alp 1950) for X =» 0. 

The present paper aims to establish two theorems connected with the above pencralization 
and then to evaluate some integrals with the help of these theorems. 

L INTRODUCTION 

In a recent papcir*** I have given a generalization to the Lommel transiorra 
(Hardy 1925) : 

/(*) “ C*)’)* Py{x}) g{y) dy, (M) 

where 

^ / iir/^v+sA+sr 

FJx) != 2 - ^ 

’ rU r(l+X+rfr(l + A4-*'4*f) 

and to the Maitland tranaform (Agarwal 1950) : 

S{x) = (^)'' ( 1 ‘ 2 ) 

where 

■'» <“> ~,ii, flT<i +v+?,y 

is the BessehMaitland function ; by means of the integral equation 


where 


/(*) « (*y)l ]^^^{xy) g{y)dy 



(_l)r ^i^v+aX+sr 

r(i + X +r) r(i + X + »' + 


Mr) 


, (M>0). 


*in the press 


A—3 


C 809 ] 



It is inreresting to note that (1-3) reduces to (M) for ‘““I to (T-2) 

for X=^0. In some other papers I, have studied some properties of 

In the present paper I have estabUsluul two tlmorems cotuteeicd with (1-3) 

and illustrated their application by means of some cxatn[) t.s. 

2. rheonm If 

/(x) = 

and 




/W = /1l'(l+X)l2-; 

provided /* > 0, it ( .’ + X ) > - 1 a« J tf>c integrals involved converge absolutely. 
Proof : we have 

/ (;c) « J“ (rr)i (»r) iv 

J 0 ' ^ 


sX>, . VJ’ 

f i/' 1 7 / 1 ^'"' ^' /'■ 

Jo Jo 


- J 


X expHdO^'"*! (•'I*') 

on changing the order of integration. 

Now evaluating the last integral on the right, wc get 

which proves the theorem. 

It only remains to justify the change in the order of integration. 


Now, we know (Wright 1935) that 
(i) as j{ -3> CO 


/r.A,(*) 


A'®\" cos vk 


OpiM-s\-2«i'.|-aX+}) exp] /‘4 


^i'»f 5 ?X^ss \ 


0 ( i exp i 


r / .V** \k cos irfc 1 


(fA I iA::a 1 /I *4 "a4* 


f. 810 J 



(it) as A? *0 


= 0 (*''+2A). 


Therefore, both the i- and y- integrals converge absolutely, the double 
integral exists under the conditions stated above ; hence by virtue of De La Vallee 
Poussin’s theorem, the change in the order of integration is justified* 

Note ; For practical applications in the above theorem, we may write 

Example i Let 




Then 




and /A = L 


dy 

(1 +y)a 


Nowgevaluating the integial on the right, we get (Erdelyi (2), p. 236) 

2 2 j 1 - V - od + I “ iA> i + iX 
/W — r(cv) ^2 3 \ 4 1 ^ V 4 /» - I + Jx, 

where /v(.v Hi: a' -f X +4) > 4* X) - i> 

Also; g(x) = ) 

where R{p) and 2m = J-}' i f*” 

by (Erdelyi (2), p. 234). 

Then, from the above theorem, we get 

1“ ^SV + C,-1P-S/S 


). 


r(x) r(v+A) . . ^2 2 

l\a) ^ ^ ^2 3 \ 4 


1 «« V _ a + -J’ p - ^Xj I +X/2 
- V + ^ p - JXj I + X/2, 1' - X/2, 




where 


max(-l, 2 /J(r 4- X) - 1 ) < /?(P) < 2 R{i' + « -)- X) + U 
ii[2X + 3r/ +«_^P4 (^P_«)] >0, i?(2v-P) <mm [fi(2- v- ‘2x),^], 
jR(v 4- X) > - 1 and 0, iJ(X) 0, - 1, - 2, . . . , 

2i = |- ^P-a and 2 m => I + l P~a. 
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Then 


V TT 


xil'P) g{x^T^) 

'•-X.-XI 9 , i " ,\/ 2 , a„ . . ., rt,. 


A-i'-A-I (r 

P + .i,q 


'>v ' • •> 


), 


where A’(A^'+i'-|-,\) - 1. . . ., m, by Knielyi (2) p. •119), 

Therefore, our theorem gives 


/ 


X 


0 >'» X \.^ /'/>+•% I/ 


yV-V'iX-l J- 


4 ajp'^ 


An ” A/»]i| 


A.i^n 




/i. 


where 


X 2 '’+»X+a p^ 2 , 


2 , n “|-2 b, J, 1 \ 

J, g- 1-2 \ ib 0 , 


and 


/'•+■}< 2 {;« -f «)> 1 arg « 1 < ('« i /* “ iV/i*'* 

inax( - R{i' 4- X), RiX), /^(«,') ) ■ : | 

I < j N 

min R{hj) > | nmx(~ 1 ~R[X), - I), / 1. . . . . 


Example 3. Let 

i>{x) •-=» xiPJ,>iaxi)> ia> (),, ie(/0 > ™ 1). 
Tiicu Erdclyi (2). p. 225) 


where 

Also, 


Then 


x-lvn+X+i) f^2\/x) 

= r/ r(p-\) ., / 1 

2V2L\v r(H'X) ‘’^®U+X"th I'U’ 
- W COSCC ■{(/> - Ajff} A-'X >l'i" 
a>0, lt(i> - A) > - 1 and K{i> - 2a) < JJ. 




where 


xUmvriX-i-ti'i) 


xlHi'~X) 


^ 9 * 

■ 1-1-i'-|..a+m(/»--X) 


b < /* < 1, A'(r >4' X 4 1>‘[P - X) )> - I 


4 ' 
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and 


X. ^ ' r=0 


r ! ' 


is tlu; generalized parabolic cylinder function (Gupta, 1948). 
Then, our theorem gives 


[ A ( 


.I'+sX 


I*. x‘ 
ai> 2''+®X+^-^ 


1 4"X+/*(P~X) ^ 

1 

1+X-P, l+\ 


^ A 

16 j 


■ it cosec {(p-X)ir} M'S j 


where a > 0, 0 < < 1, R{p-X) > - 1, f?(P-2\) < f and /?(v+X+l) > 

max [ RiP~x), 0 ]. 

Example 4. Let ^'(x) == cos ax, o > 0, | and | i?(x) 1 < 1 • 

Then (Erdelyi (2), p. 221) 

jt-(i'/a+X+i)y( 2V*~ ) 

= 4 VI [i' r(i r(x, lax) + rW'" r(x, - to) 

Also, x(>//‘) (r+A+D-X^s/s = ia + aa 

Then (ErJelyi (1), p. 13?) 

jc(/i/a)(i’+2X+a/2)-i'-X-i g(x/Va) 

» . 1 . fl-v^-X/s-a r(l + V + x/2) cxpijsj - 1' »- X/2, 't-j ■ 

wl ert‘ /?(x 4 ^ 5, 

I’herefore, our theorem gives 

4>\ / X % 


/; 


uavtaX+s 


exp("e) r("-''-2‘aa) 


= 2>’ + a rn-l-e+x/2) | <’ ' 4 j + * 4 fj 

where d > 0, R(v + \) > - niax[/J{i' + 2), 1 1 and | RiX) I < I - 

Example ■). Let ^[x) = sin ax, (a > U), /<■ = * and | R{X) 1 < 1 • 

Then (Erdelyi (2), p. 219) 


x-d'/atX+i) y (2 V T) = ^ r(l - x) x-^ 


r(X, - i<tx) - r(X, tax) 
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it 

1'^ . ' 


Then (BrrfrtyJ (?|. r* 

jj(<<>IJ ♦# JS'<* ' * * ji I ' ’ 

, n| ‘-.t ’.H *.i 


^ i ^ #1 




;. 'A,> Aj>»S) 


Therefore, our (hrfMrrw jfi* f« 

j^ye+iA+* if 


'I •' 




‘■tr; 


4 ri|4A/iJ-i>'j‘' I,-’* j 


, I 






where « > Ch 4 a] ^ | ^ I , 


M'k%irn| ^ I 

I take iMa n}i|i 0 riittiiH iil Ir h? irfi 

Mohan of An Ihmht Ihm 4. ,, .'i , sit ilir d 

this piper* ^ 


l( A^afWii|,i IPt# k' »# ' j _ S’!- ’ i| i 

2, WflH« Tit*^«f rf f Itv t ? ‘ -I 

S, ErdrW, A* litoiiif II -‘^*1 

4# H»r4|| <1* II /V#, Sw ^1% 

0. Mdjfer„ , '1^1 

& Wrlpht, E* M, I* It -' . v 



RADiAl motion INStDE A VISC6US ROTAxtNG MAONEflC SfAR 

By 

A. G. BANERJI* and S. K. GURTU«« 

[Received oa 16th March, 1966] 

ABSTRACT 

Radial motion inside a viscous rotating magnetic star is investigated. Assuming uniform 
density for the stellar material it is concluded that superposition of a small amount of rotation 
docs not materially alter the conclusions arrived by the former author for viscous non rotating 
magnetic stars. 


INTRODUCnON 

In 1958 Babcock^ catalogued highly selected 338 stars which he had 
observed with his differential analyzer and found circular polarization due to the 
Zeenaan Effect. The properties of cosmic rays^ and the observed polarization 
in light of distant stars both seem to require the existence of a field of the order of 
10"® gauss throughout large parts of the galactic plane. It is also well known that 
general magnetic field of the order of one gauss exists at the surface of the sun and 
the earth. A much stronger field of the order of two thousand gauss is prevalent 
in the sun spots* Even small magnetic fields, inspite of their small magnitudes, 
produce considerable interaction between the field and the conducting ionized 
matter on account of the large linear dimensions over which they operate. 

Alfv6n and others* have proposed magnetic theories for sunspots, promin* 
ences etc. Magnctogravitational theories^ for the formation of the spiral arras 
of the galaxies have been proposed. The former author has elsewhere'* proposed a 
theory on the origin of the solar system by considering the instability of radial 
oscillations of a variable magnetic star. Wrubel® is of the opinion that stellar 
fields may be relics from the time the star condensed fijom interstellar matter. 

On theoretical grounds it may be conjectured that stars may have stronger 
fields in their interior or atmosphere. A number of investigators have imposed 
magnetic field of arbitrary geometry upon incompressible static stars.*^ An axi* 
symmetric form of a magnetic field which is strictly compatible with spherical 
boundries has been found by Prendergast. Chandrasekhar and Permi® have 
shown that a uniform magnetic field tends to produce an obtate spheroid by 
contracting the sphere along the direction of the field. Chandrasekhar has also 
proved that a spherical symmetry of the configuration is in general incompatible 
with the presence of fluid motions and the magnetic field. He has also mentioned 
an exception to this. 

Recently ihe former author has elsewhere® considered radial motion inside 
a viscous nomrotating magnetic star for different laws of density. In the present 
analysis rotation has been considered which is commonly observed in stars. 

Since radial motion in a fixed direction of Q and ^ are being considered^®>^^ 
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heti£6 


(say) 

'Ig =3 0 

sin 0 «. 


In the light of the above results the general hydrodynamlcal equation is 


0(7 

oT 


+ ? 


3? 

E< 


r 


Fr 


'Pdr 


3r® "f* r 9f 


2(/ 


m® sin® 77, 


( 1 ) 


( 2 ) 


where the notations have their usual mcining. F,. is the component of the 
external force along the radius vector and which consists of the gravitationaf 
force and the magnetic force, which will he discussed under different heads. 
Electric force, however, will not be considered because of the infinite elccttical 
conductivity assumed for the stellar material. 


Gravitational force : 

A rotating star can be more accurately repmented by an oblate spheroid 
of small cllipticity c. Let a, a and a (1 - «) be the semi major and semi minor axes 
of the meridian section of an oblate spheroid. 


The polar equation of the surface,*® on neglecting the square of cIHpti' 
' city, is 

r “ fl (1 ~ c cos® 0) (3) 

the approximation being valid as according to Clairaut's theorem on rotatine 
bodies. 

(I)® 


2w Gp 

where p is the mean density, 

_ The components of the resultant attraction*®, at an interna] point, are 
given by ‘ 


- trrp(l-®c)/ 1 

r-~|7rp(l-.| (4) 

W - A^p (I _j. * j 

where P is the uniform density and (fg^ /i ) arc the cartesian coordinates of the 
point. / 

Hence 


jf ra - 1 TTp (1 I ^ ain 0 C 08 

“ s ’tP (1 * b) y cos 0 

Required Attraction « ^ 7rp[(l - f c)« {sin® (t cos® ^ 


(5) 


a 1 + 5 (3 ^ ^ 


la*/ 
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Magnetic force : 

The magnetic field is assumed to be derived from a scalar potential of the 

form where is the surface harmonic of degree indicated by the subscript 

and satisfies the Laplace’s'Equation, n in the above expression is a positive integer. 
Since we are considering uniform rotation about the Z-axis, the magnetic field 
will just rotate without suffering any distortion. Assuming that the magnetic 
field is constant along a line of force, but to vary from one line of force to another, 
it can be seen that the effect of the magnetic field is to increase the pressure by 

Thus the total pressure will be jb + , where /a is the magnetic perme- 

ability, Since radial motion in a fixed direction of 6 and ^ are being considered 
hence / is taken to be a constant, A simple possible form for the magnetic 
field® is 



( 7 ) 


The relation between pressure and density for an adiabatic change is 

, p ^ hpy . 


( 8 ) 


where k is some constant, 7 is the ratio of the specific heats (regarding the matter 
and enclosed radiation as one system) p and P are pressure and density 
respectively. 

Let V be the kinematic coefficient of viscosity and ft the coefficient of 
viscqsity^^ then 


V 



(S) 


Now (2), and (6) to (9) give 


4 . n 

0t ^ i'r r 


Airp 


■f [1 + ? 6 (3 cosi> 0 - 1) ] - 
^ /0V , 2 0? _2ff\ , . . 


. y , 




In steady state = 0, and multiplying by - 


A. 

Ti 




lq^\ ’ 2‘47rp f '1 

(r*/ = "7 T + I '■ (3' cos* ,6-1; J -f 

2(o»sin*0 \ 

— r- ' + 


2tri> 


r2»+» 


(10) 
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H. S. of (10) can be neglected for small motion 


The L. H. S. of (lU) ' 

and rearranging terms 

2/3 

d^q „ dq 

r’^Aa+ 2 r;rf, 


. Multiplying (HI) by 


+ (3 cos^fl- 1) - 7 

The C. tP. is /Ir + >0 «**, where ;<l and B are arbitrary constants, and t' 


Now P. /. >=» 


/* (w + 2) 1 

’'®' 2. 4ff/?{rt -I- 2) (2«+ 1) 


150/3 cos®0~ 1) ~ lifjj sitxW r“ 
The solution of equation (11) is thus 

(i / 2 Ttp^\ r /t /* 1 I 

5 •« - dr + ^ ^ I5li) »® - [^8}7 li{2n •+■ 1) J r*’‘ 


47rP^a pm^ [ 

+ JSf (3 cos* 0 -- 1) - sin®0j r* (12) 

Initially considering radial motion along the equatorial plane. i.«. 0 «» ff/2, 
y = ~ dr + 5 4 . i r* -h e r* (13) 

where 

«ir/3{2n -['1) 

, 27r 

* - 15/3 r (l^) 

8w p^f 

" * 75/3 / 

Applying the following conditions the value of A and B can be determined, 

When r = J then q mm Q 

and r sa 'q then q *a 0 

where ^ and v are the equatorial radius of a finite core (supposed sroall), and the 

equatorial radius of the star. It is assumed that velocity of the material along 
the radius vanishes at the core and at the surface of the star 


■" ■‘f* d" •'t* fi 


[ m } 



~ ^ - .^Iqrg + bv^ + <i?a = 0 

Solving (15) and (16) for A and B, and neglecting higher terms of 
^ 

To find the maxima and minima of j, on diScrentiating (13). 

dq ^ 2B , a{2n + 3) , j , a 
X = ^ - -:t + ■— aXin— + 36 r* + 3c r® 


For maxima and minima of 17, ^ — 0. 

flfr 

>,e. + 3cr«»-l-® - A - 2B + (2n + 3) a = 0. (20) 

The equation has two chaogf s of sign and hence can have at the most two 
real positive roots. 

Let f{r) == 36 ^ 2 / 1+8 _j- 3 craw+« - A r»«+* - 2B + (2« + 3) a 
hence /(^) = 3{b + c) - d - 2B ^an+i ( 2 „ -i- 3)^. 

On putting values of A and B from (17) and (18), simplifying, and neglect- 
ing higher power of ^[v. 

M = - 3(<, + c)v^ [1 -sir+T)^^® (19’) 

and J{v) ~ 3(i + c) - A - 2B »}«+» + (2 n + 3)a. 

On putting values of A and B from (17) and (18), simplifying, and 
neglecting higher power of 


/(»?) =2(6 + c) »?*«+» 


Now if 


3a 

'2{(>~+ c) 


^ I 

3(6 + <) ^a'|3«+4 I 

Substituting values of a, 6 and c from (14) 

Pv's'/ji. 

47rp p-l-2 [1+M (■'') 

then from (19') and (20') it can be seen that /(|) and f(v) will be negative and 
positive respectively provided that 

(2n + 1)^ . 3a 

3(b+c) ^ ^^c) 


2(2«+I) 
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The inequality (21) and (22) will clearly be satisfied if v is suflicicntlv larce 
compared with ^ 

It can be easily seen that the form of (22) is nearly the same as when rotv 
tion is not considered.** 

Therefore/ (r) = 0 must have at least one or an odd number of real positive 
roots between | and But from (20) it is clear that / (r) *3 0 cannot have more 
than two real positive roots. Hence there is one and only one real positive 
root of/ (r) = 0 which lies between 5 and V. Let it be then fj must satisfy. 

3(l>+c) - A - 2B + (2n+3) 0 0 

Now velocities at the points close to $ and n will be determined, i.s, at 
r = g + s and r *= »; - g where S is very small. Making use cf (13) ’ 

[?]r=g+8 “ (^qr^srHs KH*^) (M-s)®» - d(M s)®'*** „ o] 

On expanding and neglecting using (15), substituting value of A and B 
from (17) and (18), and simplifying 


[J),=j+J — ’(‘+0 -I- S [1 -S(45t'’£- 

Again using (13). 


(23) 








I vj 

negative 


(24) 


Since there is only one point r ™ at wliich doidr r.> 0, and that the 
vehcitics close to g and »? at r «. g+s and r f) - 8 arc both negative hence 
r ~ fj, must give algebraically minimum value of q. 

Thus the minimum value of q 

Minin = - pETT+l [-(HOfl®'* ' ® + A M „ /f *H ( t 


■ f, 


«J 


(23) 


which numerically will represent the ma.ximum value ofr/. 

Sind alw ooU'c'.nr'ra" ol llie taor w’r “"“d “ h° I'™ •“''““'a* 

.b. .bon,, „.,n.ivo 
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will have a tehdency to Oontrabt or perhaps gfct contracted. Due^ tb redistribti* 
tion of matter the motion will not rrmain steady, thus the star will no longer be 
of uniform density. A similar argument is afplicable for motion along the polar 
plane, or in general along any direction. 

It is interesting to note that the conclusion arrived at are quite similar to 
that when rotation is not considered.® Thus the superposition of a small 
amount ol rotation does not materially alter the conclusions arrived previously® 
for non rotating viscous magnetic stars. Rapid rotation of the star will not be 
considered since according to Sen^"^ fast rotating Gepheids do not in general 
exist. 

It is well known from the investigations of Drs. Kopal, Chandrasekhar and 
Eddington that the Cepheid variables are much less centrally condensed than 
the main-sequence stars. In fact, Kopal has stated that S-Gephei F-5 stars 
approach the limit of homogeneity. In the light of the above statement we are 
quite justified in assuming uniform density of the stellar material for our model. ’ 

In another paper is proposed to study the radial motion of a viscous rotating 
magnetic star for variable density®. 
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CONTOUR INTEGRALS ASSOCIATED WITH CERTAIN GENERALISED 
HYPERGEOMETRIG FUNCTIONS 

By 

H. M. SRIVASTAVA anrf J. P. SINGHAL 

Deparimnt of Mathematics, University of Jodhpur, Jodhpur 
(Ucceivcd on l6th Marcli, 19661 
ABSTRACT 

In the present paper we give contour int gral reprcientaUons of various hypergeoraetrio 
functions of two variables and three variables, the contour of integration in every case being a 
Pochhammer’s double loop usually denoted by (1 + , 0+ , I - , 0 “■ ), It is alio Illustrated hW 
these integrals can be used in the integration of the systems of hypergcometric partial d fleren- 
tial equations represented by them, as well as in the derivation of the various hypergcometric 
transformations and cases of reducibllity of the lunciions invoh edi 


1. INTRODUOTtON 

As long ago as 1880, Picard pointed out that Appell’s Fj can be represented 
by a single integral in the form 

(I’l) FJot, -,7 ; x,y) =a -«) J ^ 

provided that Re(a) > 0 and -Re(y-«) > 0, 

Single integral representations of the remaining functions, 014 : , F^, F. and 
Fi, were subsequently given by Erdelyi, [2, pp. 231-232J, anti the formulae are 


(1-2) 


(1-3) 


(1-4) 


Fa(P + P' - 1. 1^' j y, 7 ' i K,y) r-. 

X (- if' (< - 1 A; n* ) aF, (p', /I' ; y ' ; dt, 

Pz{<»> iS, i8' : p + f>' i 

X (/ - !)»'-' aF,(tr, Pi Pit .V) ,F,[o', ; P' ; (1 - Ojf] dt, 






dt, 


The contour of integration in every case is a Pochhammer’s double loop 
1 + , 0 1 0-) along which I < | > 1 a; 1 and | (I ~ <) j > | J» | in (1‘2), and 

I y + I < 1 in the case of (1‘4). 
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In I 3 of the present paper we give a new type of integrals associated with 
Appell’s four functions. Gorisequences of these results are the contour integtals 
associated with the Lauricel a^s set ot hypergcometric functions of three variables 
which wc discuss in §§ 4 and 5. 

The formulae of present paper are shown to be useful not only in the 
systematic integration of the hypergtoinetric partial differential equations 
associated with them but are also applied, in the last section to obtain certain 
u aiisformations and cases of reducibility ot the hypergeometric junctions ot three 
vaiiabies. 

In what follows we make a free use ol ti e well-known formula [10, p. 256] 

J[0 ; r(^+^ 5 

where the contour of iruegiation is a Pochliammer’s double loop containing the 
oiigin within one loop and the point l — 1 within the other [cj, .[3], p. 378). 


2 DEfIMTTONS 


Making use of tlie familiar abbreviation 


(JV, m) 


. 

rixF"* 


the hyperg-cometric functions of three variables belonging to 
defined as follows: 


Lauriceila’s set arc 


(2-1) "i. "1. fi. /’a, 74, Ts,*.;’, «) 

= y . J"1’ m + n+p) [Pv "*) (/^a. n±P)_. . 

^ {Km (i.n) {Up) (ri, tn) (Tj, n) ( 79 , p) ‘ ' 

[f + {s + t) = \} ; 

( 2 - 2 ) Fpia^, aj^, /?J ; 7„ 7 ^ ; a;, 

„ y f<«i» CT+>«4.j>) (/?!, m+/)) (ga, n) 

“ ^(K rn) {i,n)(l,p) (y^, tn) (7„ n+i*) 

[rs o (1-,) (1-0 ]; 

(2'3) Fo{''i> “r ®i. f V /"a. Pa > i'll Ya. I'a ! ^ >• «) 

= y C'^i' rn+n+p) (ffi. m) (^g, n) (^ 9 . p) « p 

^{K m) (1, n) (1, p) (7i, m) (7*, n+p) ^ 

[r -f j = 1 = r + /] ; 

(2‘4) "s. "' 2 ' Pv Pi< Pu I'l. 1'2> I's •• x,y. Z) 

- y ("iv i"*> »+p ) (ffii ^>•'4-0 {Pi- „ .p 

^ U, m) (i, n) n, P) (Tj, m) (Tj, n+p) 

(2'5) Pi' P%> Pi> ''i> I's’ 1^2 ! P) 

m) (ga, w-fP) iP-]' m -\-p) (/^a. ”) 

(1, n) (l,p) ( 7 i, m) (79, «+p) 

f;- + / = I ns j] : 


A -5 
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( 2 -®) 


(2-7) 


( 2 - 8 ) 


(2-9) 


(2*10) 


(2-1 4 


(2' 12) 


(2-13) 


^ ®!li /8j, ; Vj) 7jj« ygj ^t.5) **) 

^ y K. ffl) K, n) («,, /.) (rti. w [-7'’) n) 

(1. m) (I, «;(•. />; (i'l. «) lYa 
tl-0-'' + U -'>') < t>| ; 

“-j' ^''i" l''i' /'!' /'a > ’^i> ^3' ’ ■'■''i'' “) 

_ y (oj. ("a- "J (7'i. »‘ i-'O {/'a- /») 

(l,m) (i,«) rt+|)) 

[(.v/- j - 4rj;<); 

'^3' "u Pf.'Piy Pi i '^ii T'a' ”a > ''* 

« y j"a '«+/’) -,7. 

" (', m) l l, n) (1, />) (Vj, rn) (Xj. n) (y^, />) ‘ ’ 

[j(! - \/r )® ‘H (I".f)^ '>1 , 

«a, ''a- /*t> Si' Pn ' '>'i' ’>'1 ! ^ «) 

^ y («i "0 f'^a. "+/>) iPf m) (/f^, n) /.\. /» 

(I. m) (I, «) (1, A) O'l* I'" Hp) 

[r -f" ^ /| i 

/T^.(nr„ fl'a, n'jj. /?j, /■(, ; '7,^, y, ; x,J>, i) 

^ y i'>v "') {/^j. 

(1. w)(i, H|(l, /I) (Vt. m f-n |./' ■ 

[r ~ rx -|- 7 , 

/;^(a, p, B ' ; y, y' , *, v, z) 

^ (l, m) (l,n) m)(y . n+p) ’ 

[r -I- J + < as 1 .}. Ji!] j 

^V'*' P’ P ' ' '^v ’>'a' yn ; 

^ (1, mi (1, n) 0, jft) (yi, m) (y,, n){ r.^, {,) ^ 

[f f -I* i 4“ 2 V ni •“ » 1 1 ; 

P> P' ly’’ 

Z «47>) 


' (I, w; (i. «) (i,7>) (y, m'l K hp) ’ 

[f « j* ra i( 1 j J 

where ‘J’ stands for triple sum nation exleading over all positive integral values 
of m, n and p from zero to infinity, and for coavcrgeucc, | x j < r, | jr ( < j, and 
\ Z \ <. t 

For defluitions of Lauricella’s triple series Fa, Fn, /'>,’antl P'o j«« I'l n 1 IH ■ 
detailed discussion of the various urnpenies of the Saranl fiintuions 
yFrmd hnvustava’s U 4 , Hu an 1 Hcstii [4j, [5], [(,] [7|, |!1! 
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3. INTEGRALS ASSOCIATED WITH APPELL’S DOUBLE FUNCTIONS 


From definition of Gauss’s series we have 


+ P\y,z) 


y ( P + p'- 1, m) (^. m) 

fl,=0 (■>'> (*■ ”») 


f r(p) r(P0 r(2-P-P') w, m) (-i.r 

{2^xf(.yrm) (l7mT' ^ l\p+m)Wl'i2-P-fi‘) 


Therefore, on making use of tho formula (1*5) we find that 


(3-1) 


p' _ 1, ^ ; 7 ; 2) 


r(p) r(/>') 1(2 - p - p') 
' '(27rt)a 


I (_^)-P (t-l)-P'aFi 


wheie I i 1 > I ^ 1 along the contour so as to justify the change of order of integ- 
ration and summation. 


SimiUirly, we have 


{3-2) 


a^\(p+p'- 


r(p)r(p') ri2-p-p') 

(27rif 


X 




where 1, 1 - i | > U | along the contour ; 


^3-3) 


iF-^{a, f^iP'j-p'; z) 


r(i - p) r(i - p') r(p + p') 

{'Zirif 


X J( - {t - 1)^'"* : P ; sf) dt, 

where | along the contour; 

and 


(3*4) 


aFi(«. P;p + p'-,z) 


■,r(i-p) r(i-,p')r(p + p_') 

(27ri/^ 


X, J {- ty>-^ (<- iy"-» 41 - ‘)] dt, 


where | s(l - 0 I <1 along the contour. 


From the definition of we know that 


Fi{"> P, P' ■,y; x,y) 


V («. m) (P, m) 

"«) + m, /?' ; V + m ; rf. 
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Using (3-1) wc get 

^ (M p'.-i. mn'O’-i wi r’f') r/iw'-f'-m) 

Flip + />'-!, /3, ir : y;x,yj - Z, _-»«■ 


j' (-()■'’*''* (‘-- I)"' m, /r ; 7 , *yi, 


I'iP) l\p'} l\2~p~i>') 
'■ (2Ti)a 


(It, m) {(', m) 

.^0 (■..") I.-. 


^ y' P’’ * ' "f" ^ ypf 

(he change in die order of inlegiation anti sntritnation l)eing |iertiii»»ilile when 
I ( i > max. ( I ■» I I I ^ f ) along the contour, anti therefore 

(3-5) F,(P + P'~l,p,fr;V}Pi,^)^ 




provided | x/f | < I, | j// 1 < I along the contour. 

Similar consequences of the lotii.alae (3-1}. CM'). (3 3; ami (.3-4) are the 
following contour integral representations of Appell’s functions ; 

(3’6) F,(P + 1 7 ; '■ ' 


X J i-ty» (t-D-n' 


’ ' M ' f-tj dh 


where | *// 1 < 1, |ji, ■()-<) | < 1 along the contour. 

(3'7) Fx(<»,P,r^'-,i> + p';^,)) '■') 

X J (-(/“» (/- [I, It' ; ,U, 

where | | < ), | < 1 along the contour* 

(3-8) e.(«. ft »' ; M- / ; », 7) . ‘'[I,;';'’ 

X j* (-i/"' /(, /:' ; 

where | a;/ | -f |j>i(l _/) | <; along the contour, 

(3’9) /-V/' - t- /•' - 1. A ; 7, 7' ; .r, y) aa ^'(2 /' - /•') 

(Uwj/ 

X ji-iyp (t-ir”' F,y. f!,p'iy,y>. 
where | #/f | | ] < 1, along the contour. 
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(310) F,ia, §.I3<;P + P';y' ; x,y} = + P Q 

(27r^)2 

X J {t-ir< FjK 13' ; p, 7' ; Xl,y) H, 

where 1 *!< | + | > I < * alotig the contour. 

(3-11) f’8(P + p' - 1 , jS, /3^ 7 ; j) = r(2:i^^) 

(27ri)3 

X J ( - i)-'* {t - Vr‘>' F,iP, i3. ; 7 ; * . J) dt, 

where | a:/< | < 1. I 1 < 1 along the contour. 


(3-12) 


F.(.., «■, ft r ; p + p' ; riP +,p') 

(27IZ)^ 


X [ (t- \)P'-^ P,(«, a', 13 (3' ;p;xt,yt) dt, 

where | x/ I < I, |^t ] < 1 along the contour. 

(3 13) Fi{P + P'-\, 13 ',7,7'; x,y) ^ ^'1 

{2itf 

X f ( - typ it - l)-P' F^{I3, p', p\7,y' -,^,1)4*, 
*/ i-'t t 

where | 1 + | J)^/0 < ^ along the contour, 

{3-14) F,{<^,li;p+p'i7'-,x,y) = l'(l‘-'‘)r('-^)r(PH-P') 

J ( _ i)P-i () .. 1)P'-1 F,{<x, p-,P,y'; Xt, y) dt, 
where 1 V | + | Vy^ 1 < ^ along the contour. 


4, INTEGRAL RhPKESEN TATTONS OF SARAN*S HYPERGEOMETRIQ 

fong'uons of thrfe variables 
If we employ the formula (3‘9) in the expansion 
<*1 ^a. /^a I yfi^ 

^ (^1 (/*a 

~ n^O (^> ^) ('^a» ^ 

and change the order ol summation and integration, which is permissible when 
I ~ I < /2. I -J- I < 5, I j < 'f such that R + (V?+ Vf)'^ — 1 
along the contour, we have 


(4-1) F^,(/)+p'i-j, p+p'-i, p-i-p'-l, /3^, /3a, /3a ; y^, y^, 73 ; x, y, z) == 

X [ H)-P [t-D-P' F^iP, P. />. P,. p, ; r, 7 ,. 73 ; f .-t . 5 ) dt 
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Similarly, w« get 

(4-2) F^(l>+p'-\), />•(-/> -1, />+/''-!. Pi> /’a' P9 5 ■>'1' I'a. T'n ! «’ ^ 

X J (-/)-'’ (/-I)-/’' /’a- A’a. /•'. /' J ri, T9« •’/f. ; * 

where | ^ | < jR. I y I < ■!>’. 1 i™. I < sucli »hat 1 -x 1 - , J » ,Vi uluiig tlie 

t C * ***' 

contour ; 

(4-3) />+/>'-!. ^*+‘’'-1. /V !h^ ih : ^1. -yt ; V. z) ~ 

X J (-<)-'■ (i-l)-'" /'>(/', l\ /'. f'v I'v ? -1- ^'s 'a ; * - J • dl, 

where f x/i | < /?, ] j^j/^ | < 5, [ z/^ 1 < T such that RS : |l *« ;»V - 7 } along the 

contour; 

(4-4) F^,(P+P'-1, p-y'-l, P+P'-l, /?,. Fa, . 7i, y*. y* ; x. v, ,j) .. 

X r H)’'‘ ('-1/*'" Pm{i>', p, i>. Px' /’a. Px '■< 'i- >’ 9 > “'a« ,f)di. 

where \ \ < R, | j' | < S, \ ^ | *; 7' such that R -} 7 .S' I along Die 

contour ; 

(4-5) F;,(P+P'-1, P+P'-l, P4 P'-l. Pi, P„ Pi ; yj, Ya ! H. 2i - ' 


X 


f (-0-" PpiPv Fa- /-'i. P> : Yj. I's Va ! * . ^ ^ 


) di. 


where | * | •': F, | "^ | < F, | | < T such that {ST » ,V - 7 4 ^ . 4F5T along the 


contour ; 

(4-6) F^(a+p'-.I p+/*'- 1, fH-p'-l. F„ F, ; n. Ts' >'a ! -'.F* «' « 

X r (-0-'’ Fj{ ifKMv P'> ft t" , 7i .a, */a « ) dt, 

J I’t t 

where ] | < F, | ^- | < 5, | | < 7\ such that ^(1 - R) + (1 ~ .V) T - li 

along the contour ; 

(4-7) F^.(«1, «1, <e„ P4/.'~1, /'j, p-l-p'-l j Tj, 7a, 7j, ; *, j, z) ^ ^ 

X J' {~i) ^ (^“1) ' (Tj, [>\ /■/, /' ; Vj^, 7j, 7j ' I ^ ^ 
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where I < /?. I j- r< S,\f\<T, such that i? + ^= l= /?+r along 
the contour ; 

(4-8) Fp{a^, /-'jj, p^p<^ p^p' ; x, y, c) = 

(27rt}2 

X J (-i)^-l P'jjCo'l, a^, o^, /?2, ^1, ; y, />, p' ; x, U] dt, 

I ^ I < “S’, I I < such that iJ 4- (>? + T) = I along the 

{4-9) p-fp'-i, p^.p'.i ^ >■>) IV') i'’(27f-P') 

X J (-/)-^' (i-1 )-'" /J-clP. P. P, /ii. /‘s, (i ^ : 7i> 7a- ; 7 , f , 4 ) dt, 

where 1 ~ | < | j ( < 5 . | ^ I < such that ii + 5 = 1 = /? ^ aj^^g 

the contour; 

<4-!0) /7g(p4-p'_K p-fp'-l. p + p'-l, yj^, y, ^ l'(P) Hp') T{2~P-P’)^ 

[2n)^ 

X J l-i)-'' il-ip" aPi(/ii, P- ; 7^ ; 4^) Fi(P. /-^a. /i, ; 7a : ^ . 1 ) 
where I ]~^ 1 < I > | ^“ I < I . I | i < I along the contour ; 

(4-1 1) Fg(p4-p'- 1. p+p'-l, p+p'-l, fh^ /4» ; 7., 7a. 7^ : a-, j-. <) = 

> / i-ty^ (^-1 )••■'" P, P'. P ; 7i. 7a, 7a ; -_4, -J ) *. 

where | ^ 1 < /?» I 7 I < -S. I ~ I < T, such that (1 - /?) S + (1 - 5) T >= 0 
along the contour ; 

(4 12) Fci'^i ■ «„ Oj, Pi, Pi, Pi ; 7x. P+P', P+ P' ; x. y, ^) == Ul:'‘^ 

X I* HY’'^ ((-DP'-l FJn^,, "x, p^, p, ; y„ p. p' ; 2(1-/)] (/(, 

where ! a | < «, ' | < 5 , | 2(1 /; | < T. such that R + .V + T = 1 along the 

contour ; 

(4-13) F^('^x P+P'- 1 p f p'- 1. ^x- P^- Px > yx- y^ y'i ; *. +. «) = 

X J ("O'P (i-n-P' p, p, 7 . Ta. /-’i ; y^ ^'a- 'I's 5 ^ p '/h 

where \ x \ <C R \ j \ C, S, | ^- | < T, such that (1 - R) (I - 6') — along the 
contour ; 


[ 831 ] 



(4‘14) P-]rP'“^s /^i> /^ai ^a» *» ^) ““ ' 

X J r<)-'’ (<“!)•'" ^'.w('»i. '•> <'^ l‘i> lh> “''a. ■>’s; *.--J 
where | x 1 < I f ' < 1 f I < ^ ' I T ®a I .V, along the cone 


(4’15) F^|(a'i, I'-f /'l' fa< /■^i i T'j. '*9 ! (’ia-t)® 

X I i-iP' (<"1)"'" ■''A'("v f’. />'. /^J. /^s. : i'i> “''a- >'9; f «/4 

where ] x 1< /e, ! ^ I <•'’'> ’ *’*<=^* '’' I ' “ •*'') ''' 

the contour ; 


{4'16) Fjw("i, <»9. «a. Ih> /-fa. /‘'aJ ^'i- 


I‘;l„/| . 1‘. I-/.'i l':/> f /»'l 


Hence 


X J HK'"^ (i-]/'-' F/c foi, «s, <»«. /•!,. /V /'i : Yj- i'*-/') 

where 1 x 1 < -R, 1 ->’M < ‘^'> 1 1 < '•^ * •' “ ^ the 

contour ; 

(4'17) «5, a^j p+p'-l, l\ H p'-I ; 7„ Vf. r«; X..V ^ '' '' ' 

X J {“/)■'' (l-l)-^" F>(<r„ ^fg, p, /(j. /I ; •', '/j. >-g ; ^ ) Jt, 

where [ *- | < F, | _)i | •< S, | ^ | I\ such that ( I -- H) .V f ( ! • S) Y 0 along thr 
contour i 

(4'18) <v„ /■„ Ya, /}, ; Ta. 1 I -t. .1 . .) 

X J (-^y’"’ (i--l)'’'"‘ /'a ! P F^(l\, tr^, <r_, ; >>,. fj) ,/t, 

where |j'(l-/) | < I, and | x 1 4' ] ^ along the contour ; 

I f l-/'l T( !-/•') rh'+p') 

(4'19) Fp{o,, a,, p„ Yg, ft , ; Ti, H />^ ;2«r)«> ' 

X j* (-0'’"^ (f-iy'-' Fp(ttj, «g, rt„ l\, f\. /fj ; 7j, r\ /• ; x,.yf, «0 dt, 

where | x | < /<. 1 jf 1< 5, U< | < J, such that (k'l - .V- Y )» 4/v’i*/ along the 

contour ; 
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( 4 - 20 ) Fp(«i, ag, ft, ft, ft ; p+p' . p-f-p' ; x,y, z) = 

X j^ ^ (/- 1)^**"^ Fft- /?!' /’ll '^D ^2 '’’l i f' >'^1 ') 2 ( l“^)j ^ J 

where- UM < ^, \yO-t) |< ^'i' . 1 a* | < T, such that (l-R) (1-5) = T along the 
contour ; 


(421) F^iH P'~\, P+P'-l, ft, ft 


fh ■ yv y^^ y^i ; jv, s) 


r(p) r(p'') rf2-p- p') 

(2ir<('* 


t X Z 

X I (/-])-P' Fv(t>'. evj, p, J3j. ft. (?,, 7i . 7a,72 : 1. ''A. 

where I I C ft I V I <5, I I < T, such that (] - R) S -f (1-5) T —■ 0 along the 
contour ; 


te|-22) 


e' 2 . ei,. (J,. ft. / , ; 7„ P + P', P-f-P' ; AT, ,r, z) ’ 


rn-p'' r{i-p'' ivp-f-p') 


X ^ (-«)'’"■’ (t- e,. ft, ft, ft ;7,. p, p ; * ^0 dt, 

where 1 a- |< ft, | j)t |< 5, !<'(!< T, sitcli that 5(1 - ,= -f (1 - 5) T () ulong 

the contour ; 


(4-23) Fs (r^„ p4p'- 1 . , /.ft /ft. /ft ; 7i, 7ii 7, ; A, z] - 


X 


J 


(t- I)-'*' Fglrt^, P, P, ft, /ft, /ft ; 7,,, 7j, ; .v, 'lip 


wheie I * |< ft I 1 < 5, 1 I < r, such that R + 5 r..= ft5, R T along the 
contour ; 


{4-24) Fs{«-v p+p - 1, ft. ft. ft; 7i, 7i, 7, ; x,y, z) 


^r(f) r(p')r'2-p~p') 

(27r/')2 


X J* (^t) ^ (/—I) ^ / 2’ ftvi 5'^!) ')'l» O^I 3* 7 ’ / ^ 


where |^KUI'^I<U1^' I <1 filong ihe contour ; 

(425) ft. {«„ O-J, C'2, ft, /52, /ft; p-fp',p-fp', p-l-p';;(, J.,^;) = I ( I -P) 1 (Mft 1 (P+P ) 

X e'(j, Oj, /“)Y /■'’jj, /‘jj ; p, f\ P ; rff, 

where | A'i j < i?, | ;<( < 1 <"M < ^ that /? + .V - MS, S = T along the 

coniour ; 
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, , , , , , rfi-») rci-p') 

(4'-2'6) Ps ("i- ''i- ''i’ P»' " * i'2irU* 

X [ (-/;'•“* pj^ii^v Pv Pi< «a : '’'i '*• '* ; 

where | ^(1-/) | < «, I .ri j < I f < P' *''' ■*" ^ ^ 

the contour; 

v{p) rfi^ ^ ) 

(4f27) 1 ; yj, y, ; ‘ 

X J (-/)■'’ ((- 1 r'" F'rK' "a' "ai '’- /^'ai i >'i> 'i- ! / ’•^' (>’ ^ 'P> 

where I "^ | < A’, \y | < A, 1 f | < '/ , such that /<! • A, S' -[ .S' . . 7 , aloiii; Uir 

/! £ 

Contour; 

, , , , . r(/’' I'iVi i‘('*’ '* ''■’) 

(4’28) Fj(^i., ot^, ;) + p'-l, /-(j, P+P'.^ 1 . y^, V,, y, ; f) . 

X J (-0''’ A\v(-'i. «v ■<», I", ' s. »• ; ■' (: ■ I. >'1 i ( ' 

where | * j < /?, 1 r i < .S', | ," I < 7 , nuch llu.t R I .V A.V. .S' 7 along ilw 

contour ; 


Vi\ P^Vil 

(4 29) ) ^4 (IVt)^ 

X I {-t)P-^ ((-ir-' F/*(.< 1 , aa. li^ Aj ; p, p, p' : xt, ^(t-i| 7<. 

where \ xt | <; ft, | yt | -< *?, | z{\^t) \ <Z 7 mch that (ft7 - S - I 4/MT aluriii 
tlie contour. 

5. CONTOR TNTE'GRAIS ASSOaiATEO WITH SRI VA.S TaV^^’.S Z/,,^ ANt) % 
Wc now Wise the formula (3*5) in 


F/A((h p, ft'; y, y'; x,y 


^ (».. m] (R, m) 

m'To rr'"r'(>7 w; ‘ '■ 'y ' *"*' 


and reverse the order of suminatiofi ami iiuegnitimi which is re.nlilv ju'iUli.ii) 
when I * I < /?, I J I <.S'. I ^ I < /; such that R f .S' j T < 1 + .S'/' aUHiKthe 
contour; arul we find that 

(5-1) H, A+P'~l ; 7. T',; .t. y) ■- 


X j (-/r'’ it- h‘p It i(". P* p ; Pi X, y^ . f ) </ , 


under the conditions slated earlier. 
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In a similar way we get 


<5-2) ft P+.'-l ;r. rft e) _ 

X J (- 0 '^ [t-l)-P' Fp{n P, a, / 3 , ;e, p' ; 7, 7', 7' ; ) dl, 

where | :« | < /?, Ij « | < .9, | | < T, such that (RT -S ~ ly == ^RST along the 

contour; 


.(5-3) 


//^(a ji, i8’; 7, P + P'; x,y, ^) 


(27rf )2 


X f (-/V’-l W^(a, /h0' ; 7, p ; ;r. ^ tl) dl. 


where | a: | C | | < .V, | «/ | < 7", such that R -+ R +1 = 1 - 1 - 6"i', along the 

contour ; 

(5-ir //+„,, , y , 7. P+P'j 4 = ilLiiI^.^i’(p+pO 

X [ (i-iy"-' HbI'h P, p< ; r, P, td ■ x,ji, 5,1-0 ] dl, 

where \ x\ <R,\yt\<. S, \ 5 ( 1 - 1 ) \ < T. such that 7^ + + T + = 1 

along the contour ; 

Hb {% fi , p+p'-l ; 7i, ra, 73 ; x, 5) ' 

X j (1-1)-/" /}, P ; 7i, 7 b 73 ; ) rh, 


(5-5) 


where | 1 <C 1 | I y 1 < i that & ^6' -]- T 4- 2Y' HST — 1 along 

the contour ; 

r(p) r(p^) .r(2-p-p') 


<5-6) 


Hc{a, /j, p + p'-l ; 7 ; Jc, 7, 5;) 


(Hiri)'-* 


X J (-/)-/• (1-1)-/" /:rc(a. />’. .P ; 7 ; A-, P 
where ! * [ < 1. 1 I < 1. I “ l< 1. /ilong contour ; 

, , I'lp) r.p') ri2-p-p') 

{5-7i He («, /S, p'+p - 1 ; 7 ; AC. J, 5:1 = ^ 

X J(- 0 "/’ (i-l)'/" «) (■’, P ', « ; 7 , 7, 7 ;p p , ac) dt , 

where | a; | •< 77, j ^ | < .S', 1 < T, such that R ~ S - S T + T along the 

contour ; 
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( 5 - 8 ) 


He («, /?, fl' ■ i‘+p ; 


{'.'■■‘if 


X |f H («, /.', I',' ; .fX.J, r/l (/i. 

wliere | j < li. I yt ] C 'V, | Zt | < I , surh ili.u R ■■ .S' > T I, .il.m; tli« 

contour ; 


( 5 - 9 ) 


,, , , I't I ■ ('! t'l I I'' I'l I l>' < 

Hci'f, I', ft ; H/’ :■) 

X (/-li'""* Ha[ .s(l <s, I <if ‘it, 


whate \ jit \ ■<!. R, I j <Z, .S', | l•^l ] ' C { , siic.li th it R ! .S’ } f : I -I-. ,S7 

along \hf contour ; 

and 


( 5 - 10 ) 


Hal''/, I', ft ' : /'-( R ; x,^ 


171 i» I'i 1 />') r /« I 
Chift 


X I’ li-!/'-' /', /ft i I‘, f ■ M, I/. /■( nx 

where !«/ 1 <; W, | jiS | < S, | 1 •< I , mu !i ih.u /> t .s i 7 

along the coinom ; 


f R/ 


6. INTEGRATtON Ot-' .SY.St'EMS OF HYi'KUOFO.Mh J KIt 
DlFl'ERliNTl.sL KU,UATlt>N i 

The integral (4‘4) uuggeais that 
(6'ii O-O"''-' , ; )</<. 

i^liould be a aolutioo oi the aystenj ol p utial dillereiiti il 

(») Mo + ■Vi - l) ~ x(0 ■[* </' '1- <!> -h /' h /’'-!) v' d' h F‘r i * *' 

(G' 2 ) (ii) [./>(</) + +■/!,- 1 ) -yiH + </. -h I- 1 ‘ j - / - \ > t .‘a j U' ■'i i! 

(«0 [liH^ 1 '/’ -I- Yj- li"C(() h </> d- v'' I- /’■{■I’' - 1) {ti i ^ t ;,i| If * 0 
associated with Sarau’s where (/ i.s sQtiie cUisetl loiuour in the t - til.iiie 

0, </', ^ I ■, z ,V'Vud /(H. V, w) i-i an imeur.il ol tiie iliilVnmtial .-vste.ii 

oy 

(t) [di(/i 1-71-1) " "(Wi-i '*') 1 n: 1 l‘U, », «') ■■ |> 

(“) •• fi'l't ('/'i h ‘■ji‘l J.u, wf -t It 

{Hi) d-./.3 frj-l) - ufti'i \ 0, l /t) ...h I 1 /'(u. It) «i 

where (?i, </> 3 , ^I'| ; a v'f , with u -s * ,»«***, w " 

(J« d« I w 1-t t I 
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Now denoting ilie differential system (6-2) by Lx{w) 0, £12(10) = 0 an 
(to) == 0 respectively, we observe that > 

LyiW) == t‘P W+'yi-i) - x(e+<l>+i>+p+p'-'^) /(“> 

and in view of (6-3) (t) this gives us 

== * Jc (i (^(Oi+P’) - M) (‘(>i + l^i+''-‘)3 ih+'Pi+l^i) /(“> "> 

Now for the function f(v, v, to) it is easily seen that 
i ( , „ /) g/0« = (0, - 0 - «) >/*x - (1 - ») >^1- and therefore 

(G. 4 ) L, (MO - ^ [ <■■’■^'(1 - e)“'’' (“ 0 u + “^ %> + ']’ 


Similarly, we have 


Id-h) 

and 

(G'f.) 






. r '^f 

r a (1^1^) ^ 4 ^ ‘^1 1'^*'’ 'a« + a«' \ 


Krtn-itions (G'h) and ( 6 ' 6 ) exhibit the fart lliat ((»•!) is certainly t> 

solntiln ot or^whtne is a closed contour or else an open contour at the 

two (iidii of which fiBch ot 

[ 0 y T 

r/M-i (I _ typ' ( « ^„ + w stt, + ihf)\ > 

0 / 1 

i-p [i-trp'+* + (kf) > 

..fishes, where /ir/ (», », »>) i» »"? “'ulion ol 6-3). 

SimiLrly, .he geuera. .olf.iff oi .he hyp..8»......iP «>'«»' 

18, (4-1)] __ 

[lititi;': 1 :V(UUe!(;0^'-+p- m >•'-» 


associai 


(G-d) 


r[}S+;4-y'-i)-r(UH")(» + 

at 'd with Sriviistava’s H , is given by 

ux^ 


-()“'" 4 ^.] > i-i) 
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provided that s is a 
both 


closed contour or else an open one at the two tmls ol wfucb 

[ f)ff 0LI 


and 


1 1 


(1 


cl A' 

t« PH 


.}■ «' 


<!A' 

vW 




vanish, where g 

(fOx {0. 

(C'9) 


g [a, V, uf) is any solution of the |»iirtml Uiirrtential etpiaiiuns 
j 4. y - 1) - u (Ol 4 v'l -I «) dh *1 V't I ‘0 I A' («, t>, nil (I 


[01 (,/h + '/'I + ■V'- ‘J « (H "I '0 I ''i • 
l>i ( i'l 4 - '/>i + y'-l)- w (111 *!■ "H ") (v» 


-) 1 A' («i tl, W) fa (I 
I' J j A' («, 0 , w) ’ U 


where ( 4 , <^i. 


c) 




0 


ciu dll 9w 


with « X, V 


.Itlil w 


To illustrate this nicthotl of iIlU•^ri^lio^) ol ssstems |>;mi,il equiuiotis wc 
tonsicier a branch of the differential syscciu (lid)) iiiuiiely 

1,1-7 jiJ p(a-j-{~y, f>, a4-l-7, /:!-74 1> /'“‘)'4 it i *1*5'. r t’ i «. c>, W/t 

substituting for jj(«, 0. w) in the contour integral ,(rHj and we oUiain a solution ol 
(6‘7) in the lorm 

W a- A ^'-'y //,-t(.'4-l- 7, 4~)'4' 1. /' t /' 1 ; '.1 y. r , a, v, 
valid in the vicinity ol the origin, A being an urlmtaiy cotist.ini. 


7. TRANSFORMATIONS AND RRDUCI ni.K CASKS 


In this section we illustrate how our results ol' tin- pieeeding .Hectitfus can be 
used to del ive certain linear hypergcomeinc iratisiormation!. assoc, lated with the 
Inactions represented by ihoin. 

We start with the r.oiUour iutegxul jept esc ni.iuoii ol /<>; 'namely 


F£(f4-e'-l, I'+p'- 1, p+p'-l , /^i, / a, /•la ; 7„ 7*, y» ; x,,y, Z} 


I'l.#') Ti/'J 1\'.I /’') 
(h'lri)® 


X J (1-1)*/’' i''A(/'i„ ftis I>\ a ; , „ Ya> ''a i ,• l!,) 'd 


wliere | y- j <; | | < >-V and | | C 7', such that (1 - li) (I - Sj . 7 .dong 

f t 1 


the contour, apply the formula ([T)J, p, m;sn nl.so[4p p* 1 13j 

FrK, ugj, /-Ij, ; 7i, 7a, 7^ J Z) 



F/r(7i“’'^x» 




and then introduce 


PC'- 1 

x-i 


as a new variable of iiuc^ratunu 



We thus obtain the transfotmation 

^7 1) (S^t /^i ) Vj) 5 X) 


«= (1-^) ^ F£(ai» ‘^1, ^a» ft 5 '^u '^3 > “j > 

due to Saran [6, p. 67 1, 

In a similar way, by virtue of the known formula [6, p. 891 

pn{h^ ft, J yv y^^ ^2 ; 

= (l-A?) ^ ^ f)Cj5, ft, ; Yj^, Yjj, y^ ; — — J3^)i 

the integral (4’11) gives us the transformation 
{7 2) (1^3 > Yu Yij, Y{^ 5 V, -t) 

t= ( 1 -^) ^ ttj, yj“*/3i< /3a, ft Yi, Y^, Y 3 ; — -|- 5 1 ^> ^ 7 ^ ): 

which holds wherever the triple series converge simultaneously [6^ 87], 

As an implication of Srivaatava’s transformation (7, \), 69] 

Pp{<*v Ih^ ft> ft i Yj, Y„ Ya ; y, z) 

« Pi, ; 7i, y, ; 7^,-. - «1 

where d- from the integral (5 2) it can also be shown that 


(7-3) HA{ih /3, /3^ ; Y, y' ; y, z) 

*=: (1-jr) (1*.^) PlA{(^i ftiY - ly^ y')^ {j^Ay y^A^ 

a formula proved earlier by Srivastava [8] and [9]) in a diflFerent way^ 

Next we make use of the reduction formula 

et2' / 1> ftj /3i « "' S'* ■' 3 > y* 

= ( Fafa^, Pa, Pi : y^, y, ; y, i 

given reccndy by Srivastava [7, p. 71], and from the integral representation (4'lP) 
we find that 


FiW(“i. '‘a. "a> fti- lh> Pi : 7i, P+P', P+P' ! x, y, t) 


r(i-p)r(i-p') iyp+p') 


X J Ht' (f- 1)^'-' F,'a„ Pa, Pi ; p, p' ; yt, dt, 


where yj = n-i, etc. 
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On evaluating the last eantour integral by riif'ans nt atjr f(nnHi!a t'iii) 
get the interesting retluction [7 (r)-'/)] 

(7’4) ''2> "!s> Pv A'q’ Pi ♦ ^ *1'* 

•- /^a- A'l; I ’“a i 

Similar coiKsecjneriCcs ol our iniegntl is ilie kmivvii liuinula 

(7*5) hE(<^i^ « j, /-‘q, ; /‘ij, g, /j, ; t, ^:) 

{\-x) ^ />gi hi ^ I 1^^^. I 

vAhich liolds insicU* the common domain ul abnoluir tunv> igf-me of ihr two ^e^e^» 

(7,p, 71) 

The ahove methods when f pplietl to tln^ iunaiuHig uniiooi iJUr/jah rd Ua 
preceding sections will yield a tiumber at ttumsiunnat unis an 1 cairn ul jruucibi* 
my of the various lty[)orgcometric Inactions ul ihtrr vanabir>. 
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abstract 

In this note a definite integral h-s been evaluated by makinv use of a theorem given by Hari 
bhanker, which generalises the result given earlier by Saxena. 

!. INTRODUCTION 

The aim of this note is to evaluate a definite integral involvirtg Meijer’s 
G-funciion, in which the argument of the G function contains a factor of the tvoe 

\j0 -h acoH + b sinafi 0 is the variable of the integration and n is a posi- 

live integer. 

As usual the conventional notation -/){;)) =i/i(f), will be used to denote the 
classical Laplace iransform 

^>{p) p f e-i‘i h{t) dt, (1) 

provided that the integral is convergent and R{p) > 0. 

The symbol /t {n ; <v) denotes the set of parameters 

".rl“ i + 2 «+«- 1 

n ’ «" ’ n n * 

2. Here we shall make use of a theorem given by a Hari Shanker f2 p. 441 
which states that if l > j 

flip) ^ hit), 

,.7r/2 

then I ^ Fip, cos% sia^O) sin2f) dd = p-^ /i{P)fiip), (2) 

where t hi(xl) h^{yt) ^Fip, x, y) 

We shall also make use of a well known property of operational calculus that 
if h(t} == p {p), then 

e~o,t h{i)== <l‘[p-\-d), where R{p-\-a) > 0. 

A-7 


[ 841 ] 



a. APPLICATfON 


Start with Saxena [S, p. 402 (11)| 


/\(n ; /O, if \ 


;5>(27r)Ht‘n) /v, / 

n''-i S-H«, S 

“ /lip)) where li{p+a) > 0, /2(l-f'-J-n 4/») T ■ 0. (// ~1, 2, . . «), 
0 ^ ^ ^ 7 < CO and 1 ^ a i*i 
and Erdelyi [ 1, p. 137 (1) ] 

hgHt) = t-M t/‘-« 

== r(/t) p{p-\-b)'l‘’ 

= fiiP)) where liip+b) 

Next, again Saxena [ 3, p. 402 (11) | 


0 . 


. «r 

ijj 


) 


t hi{>t) hM - t/‘-P I ‘ 

pyj'-i (2?r)l(‘-’0 nJ-Pt-/* n.P-yn / | A(n ; /'• /»)-"i. 

Aji) 7.f.n,,5 Vp-i tix-i bv)^' ; /,, 


. j 


= F{p,x,)i), where H{p •+■ + h) “ - 7 4“ 'h 

0 < /? < 7, 1 < a < fi, /i(p - f> 4 I 4- « /5/() 0, (/i - 1, 2, «,• - bn / 

1, 2, 3, . . , and no two bj differ by integer 

Using the above cortespondcncea in ( 2 ), we obtain 


f. 


iif/2 (cos0)'‘*P (sinQ)**^*"^ „n!,/i4*« / (i"cas**"(i A(« ! P ■ * '<r) 

j (j£i4-flCos*‘54-/i3in»c/)^+^‘"'’ 7 -|-„,f 5 \(p4*«o«»(/4 f3in0)''| fr, ^ , j 


Till) (p+a)P-^ ^«,/i4-« 


nP(p-l-b)P 


G 


7 


4-n / n” 

n.ii \(i> + 


A(n !P)» n,, . . . . fif'i 

k 6;5 J 


(‘^1 


valid for a 4- (8 > J (7 4- - n), «(/*) > 0, R{\ - p) ;• 0, /et*) • (J, Mg' . • (i .uid 
72,6) > 0. 


Parlicular Case : On taking a « I, j 8 y j ^ 0 ^ 

we arrive at a result recently olitained by Saxena |4), 
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ABSTRACT 

In this paper, wc have proved three thcornns on Laplace transform. By the application of 
these thcorenns wc have evaluated some infinite intcpfrals involving Bessel. Lcrcndrc, and Hypergeo- 
metric functions, 

1. INTRODUCTION 


Th€ Laplace transform is given by 


J 0 

<i) 

and IS symbolically denoted by 


^{p) ^f(t) 

(2) 

ParsevaPs formula is : 



If ^ p) ^f{t) and ^ip) ~r g{t), 

then ^(<) git) dl = ^(^) fit) f-t dt (3) 


The object of the pre*ent note is to evaluate somr infinite integrals involv- 
ing Bessel, Legendre and Hypergeometric functions with the help of three 
theorems in Laplace transform, and generalise the results recently given by the 
author f5] and Rathie [6] 

Theorem I. 

and Iftiajt) fit), 

then 


») “ i’{i+« r(x+2-.) f. ‘ * HJxh- ; T6- ) 

X 'Pit -|-^) -dt (4) 

provided (hat the integral is convergent, R{p) > 0. 


Proof : 


Since fit) ^ ^ip) 

e-ht Jit) = , R{p) >0. i?(i)>0, 
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0^3 ( 5 1 +/^ ui'A+«, ^4 '■'•V I ''' ; j(j 'j 


and [ 2. p 220 (19) ] 

<A+2«-i^/3 

ni+P)V(X+2^) 

4:^i-/\-2 «i/i /e(x.f 2'0 ■ • 0,Rip) *- 0. 

Using the relations (5) and (fi) in (,’5) wc get (4) after icftlacing b by ft. 
Example 

Taker 2, p.l46 (29)] 

f[t) r= /A+«rt-/i-l ,-/./« 

b \ X‘ 42 e!— /? 

Jl T 


= 2/ 


2.1-4 


« > 0, Rib) 0, 

We then have f 2, p. 200 (4) ] 

t-X-M+p jp (aif) f(() „ ,-i f-hlt ip (alt) 

~--^P l<^p{V(b+a)t> + Vih-ttip \ + ViA «13 ) 

= Rip) > 0. Rib) > I Ria) I . 

Applying the theorem ■we get 

/ n^i^\ 

qF^ I ; +^»i4 |A4^^ ? j 

ji+/)r(\+2^) 

al^ “/^ [ii'hajp 4^ V {.h-u)p } //il ^ "* \ 4/^ *i^p I 

for Rip) > 0, Rib~a) > 0, 4.A+2«j > 0. 

If we put a no Ip in (7), and b^a we get a result due to Rathie (li, p. tj:l(. 
Theorem II. 


If 


and 

then 


np)~--M 

i>{p ) 4' <“'■ 0^"^ (flO/f t ), 


^ Ct^'p nrti 

Pip) = ^r~k) j ^ (^4-/')*' 1' /«. fe-A; ; -1,8, <PJ ] p dt, 

provided that the integral is convergent, | arg n I . «, Ri p, 41 

>0- . f , ^ 

Proof : Using the relation (5) and [2, p, 294 i!lij 
'^(Z'k) aP'r^' i~k+ii, l~k~n ; ir-h ! ^ j 

__y; ela'/ tVpfn [ap], R{ir-k) > 0, | arg a j <^ir, A' { p) ^ ^ 0, 
iH (3), we get (8) alter replacing b by p. 


(C.) 


IT) 


!«; 
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it wie put ^ = U and us« the relation 

(A?) «= {xh)^ Kf^ {x/2)^ 
the theorem takes the following form 
Corollary : 

If m=f{t) 

and ^{p) ^ iJ--- ea( (^at) f{t), 

then 

ip) *= {t+p)-^ 

provided that the integral is convergent, R{p) > 0, R{(r) > 0, j arg a [ < tt. 

Example 1. 

Take [4, p. 342 ] 

y (/) = r-*-! Iv (70 

^ 2* pi ya .r-k-y 

ffl 7^ ^ [yj 

^^!.ip),R{<r-k-Yv)> 0,R{P)> |ii(T)U 
we then have [ 7, p. 173 (5) ] 

t‘'r eiat [at) fit) = r''"' ei«f W [al) % (7i/ 

riV+'’yi' H^ W^''{Vp + r"+~Vp-r 
X 7'',( 1-^+/*+ V ; 1 +2/X, 1 + ) 

^ ^P) > I ^y) 1 > f f) > 0 , 

Applying the theorem and replacing /) by y by 

by a, ^ A-/*, by jS, and cr by a* + ^ + 1, we finally get 

{(f+6*+<=‘‘)“-46V}‘l<'^+i) dZly 2bc ) 

X iPiia, ^ ;»■ + 1 dt 

tti (k)’'+{ ■%+!]_ r(;8~«)r(aH-i'Ha/<;‘*)'^' 

* ~'lV) 

X a, a + v ; a'-/3-|-l, 1 + ^2 j ^ (10) 

for R (« 4- 1) >0, R {<x + r) >0, R (fi + r) >0, | arg a | <it, R [b ±e) >0. 

If we put 6 = 0 in the above we get a known result |_3, p, 400J. 






*, hP‘ 27) ^ (^+j&) (9) 
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Example 2. 

Take [2, p. 198 (27)1 

fit) r«^ hU) 


*, wJ 1> + >.) ]•(/. 2-J pi(p i n'p .. I ! i ’J/< P*”'' f ft X 4 

(/>), /? (/• -I' 1‘) "•(), „ 4. I) .() ; 

we then have [fi, p. Ill] 

iJ""' A',, («t) /(O . (i-M A“,, (0 A% (H) 

2 } 2} '*'* I’f'’ - "■ 9 I *!• »!• »') 

’"9 2 , 2 il+.'. I-I 

»= fA (j!)), A (| f> - ,r .j. jU ,|. v) A (/> 4- 4 . 1) X), 

Applying the corollary we get 

m 


4/1 


‘TYfl ..2/2) U~ *') i( “ i‘) r(A 4- /* “ rr 4 - M I- 

i (/* “ V) 1 (ft 4. (») I', 2 ^***'''+’ I >’ 1 1 


X A! " "" " /» -* 'e 4- I + f‘ + I' 

■‘‘I ~ ’ 2 


; 1 4- l .). ft ; 


I pt 


'I 


( 11 ) 


for li{^ 4 p., ,r 4. ft 4. I,) >0, R(,r) >0, | arg <1 | <», rtf /> 4. a + I) >0. 

Theorem 3. 

If i‘{p)^fit) 

and th (p) f/»-« rm r4f„f* (a;t) p (f), 

then 

■np}-p jloi-P)-" ,,,, 

Iprovidcd that the imegral is convergent, J{{p) ^ * j^a) . U* 

Proo/ : 

Since 

and [3, p. 412 (54)) 

tn-i t-M e-ai^t (a/f) 

^PiP -^ «?; ;’f(, + 1, 1 J _ J, ,(, + ,,, 

Using these relations in (3) we get (12) after replacing l> hy 4 
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■+ 1 


Exdmpk 

lukf [U. p. (23)] 

./■(<) » 2-4 ffi (f» + 2btp"-i i’v (1 + tfb) 

> t >' l ' R -,{ bp ] 

■ ' (/'). «('-') A. I arK6 ] < R {p) :-0 ; 

w>' then have [(!, p, 3(.4] 

p>.a row If ^ (!) ^ t^' ^'■-1 «W A',, (6t) r«/a< ,* («/?) 

^ t , v>v l'( „ ,.■) i-(i „1 


,tt) (') 1 I’d f »' •)" r) 2> ' V , »-• „ bf t v I .r , av 

l-k j 




,, f ,r + 2r, I 


fiPhHia) -OJiiP) .4). 

ApplyittH the iheoirtri we get 


i . 1.'^ + A (> / l-k \ 

j_ (, I /.)-(,. + !WH'"> l\.^{ 


ft»+v+aep(,.,,) 

IV V r 0 (r! ! I’: 1 H i-( r) 2H •H .-- i v i '< i av 


3. U 


1.0 


), 


(IS) 


1-^ 

p-j.l'-).rr |.2r, ^+/<, i 

tuf A‘(a) , ■ U, A(rt) > 0. R{f) <h > 0, 1 an; b | • w. 

We shall now evaluate an integral involving proiluets ol Hessel fuiictinn 
anti ilypergenmetric function with the help of a theorem earlier given hy the, 
author 1-3) 

If '^{ P )\ f 0 ) 

atul i>{p} V (rti) (1/0. 

then 

(/. (yt) i ' Vp /i j, 1^21 ( jtt) j./i‘ I 1 a*-/') I /lO tfi. 

piovideU that the uitegnil ia convergent, « • D, R{p) ■ 0. 
lixamph 

'1 ake [ 2, p. 22(10 0)1 


./(O 


iA48<>-i /;/; 

2/1 I'l'"!-/') r(A4 2<0 
*_ ^i-A- 8« i/l {b!}>) 

» 0 (/') A(A 42 a! ;• 0, R{p) • U : 


f b'^RX 

; 1 t /'. /A t 't, li H' I'A ! <f ; 


f (117 I 



then Jl, p. 23fl] 


(at) V'- (I/O - {aOjfi (fif) 

«'■ i/I r(X-| •• ! 2«) 

• 2'''/Ir(l.l >■) IHH /Oji^ ' ‘ 

*’-1 2<)r ( I 


X F. 


’*( 


«* A® 


2 > 'i : 1 j -^^a' 

*’■ V* {/)( liip) 0, fl ;• 0. b . ' 

Applying the theorem and replacing V^so aS-f f> by J.-i®, and ««-/! 
by I V® we get 

*^**^'*'*/v^ ) ^*' ( ‘’I* I ( ' I’+'/i* IA+o'i 1+1x 4 « ; “• jii'j <I< 

r(A+‘*4'2«) 


V /(’/ ''+“'* A+»'+2« + 1 , , , 

■II 2" '» t) '■ > Id-Vi I ' 




lor A'(\4 -i>-1-.2«) > 0, A(a,-!- 2'>!) > 0, A(S) > ygA + | Im (7) f . 

If wc put a K p in the above we get a result due to author P} 


1 


(141 
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DEFINITE INTEGRALS INVOLVING GENERALIZED 
HYPERGEOMETRIG FUNCTIONS 

Ih 

RA^NiT SHAVKAR PATHAK 

I)et>!>rtmcnt t]f Mnthmntirs, Banaras Hindu H tiiuertil)!, Varartr>si ~5, (India) 
rpcreivctj on 24 th March, I'lCtil 


APSTRAOT 

Tn this oarer a few definite intcRral* involvinot g'*neral!s!cd hYt crgcometric function* have 
tiren evaluated w'th the help of the produet theorem as is used in operational calcHltH, ‘I hr 
results obtained are supposed to be new 


INTROntlOTION 


1, The object of this paper ia to evalwate some integrah involvitHt Kf*'**** 
ralii!,cd hvpergeometric functiops with tbe help of the product theorem of 
operational calculus, mZ, 


If 


/,'/>) hyfx) and /,!/>) dien 


hip) i<i{p) 
P 


0 h^(t)di 
I 0 


(f-n 


tra X f ^ h^lX (' 08 ®fl) /(j (X 8111 %) 810 % t/ff 

.1 II 

Till).', if X li^(Xx) h^(t>•x) '7 F(/).)t,/i;\ then 

/tf hip ^ siri%) sitii’d do, 


^ifovuled that the integrals, ('Oiiver(i[r, 




CIS) 


and 


Using the reliitiona fi, pp, iHfi, Ifi?) 

r{p 4 /'''i n 

ft(p) *® pi‘U>~r iFj. ^ T 1 ‘A-l' 1 i ■" p 

rla /!,(*) . I A'P-J /j,! {'Mi A-l), (Rip) ■ • (), Hpi'ft.) - d), 
r(-r4f) fp' , { 

f%iP) p" I "'"t ^ i 2'' + l i 

r. /a,, (2 pi xi), iii(p) > 0, e) : • 0), 


p) 


*i'*i a) 

(RiJ>) > (), R{H v-\ ii) (1), 


Vh 4 >^*‘\ ft) f (t 

r(2/l! ! 2/S41* 'i‘'4 1 ; ^ 



A -B 


i: «41) ] 



we have, from (I‘3) 


sin*"''* ‘f) 0s 1*+"' J A »/‘ \ 





‘=* |[ O’!"") {/' ) X ! ” ^/P) i^'i (”’ I /* i " I'V/')' 

where R(p) > 0, /^(/') > 0, > ti and ( . . . Ui, Cs) i" ihe coiiUnnu l.ypcr* 

geometric series of two variables ;1, p. iidf)) 

3. Taking(l, p. 2i:») 


flip) "® rfd l''’4'l) 

X s^i ( /*+d+3r> /* •*+! ! 2/f|-l t ) 


=1;= h^(x) ^ (nx), (Hip) > \\H(A\ . I 

and 


x*F,(v+<r+iv-x+|;2v+;^^A^^^ 

== /(a(*) « xf^’^ Mx,v (,H*). (R{/») > I ! 1 . ^("+«'') > - |) 

and using (1, p. 216) 

xP-^ Mk,H (ax) Mx^y (m 

===r(p + + 1) pip + 1'* + j/^r/w'-i'-i 

X Jf^a ^ v-l-4“X i 2/t'l-l, 2iH-l ; ^ ’/' ! "^'’■ r/'/ 

+ V + P) > - 1» /i(/> :b d.; k!') (*)i 

we obtain 


J’f/a coiPP-^0 siu»'’'"bJ (^4-i« cos»t? M/*' 

/ <r cos*0 , P 8in®(? \ 

X ^^2 ^ P-|-(r u, M ; V, 7 5 y)+"(«/2 j cosa/i+ (^/2) SluSp i»+ (<v/2) eo!,»p i v/:/.'l MU-'j! ; ' ■ 

- JBv/vO oft ( ''. A : I' ; ^ a^t ( "■• /*; v ; ) 


where R{p) > 0, >. 0, R /J'L<(/2 :1,:/3/2) >• 0, 

and ^ 2 ( 0 : j /?, /i*j y, y‘ ; x,y) is tJic hypt-igeoiuetiic seiies of wo v.iiiitbtc<. 
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4. By the satre procedure, the operational relations (1, pp. 214, 215) 
(-l)«-M2n)!7rJAl 

flip) “ „ j 2a» t'J/a />( 1 1 iP-X)^l* 

/>,(«) - ,a (A^). (R{p) > 0), 

(2m) ! Tr’/S/P/a 

/a(y') = m ! 2®"* I'l/® pip-i h (/>-} /')"* 


A*(*) » *«'-i (/«), (/^(/0 > (1), 

nod 


^'aii4a (A*) ^'aw»+9 0**1 
(-])'« t n 2* x/t r(;*-l-2) Ad /*)*'’"' 


X /'’j ^ /'d-2 ; - R, ~ m j 2, 2 


'yj+A-h M 


(R' />) >■ - 2), 

with the help of (1*3) lead to the rcjult 


/>d A"t /* 


) 


9 


'■"/s c«a®«is<? 

« 


,i„«w (Sj (/) l-A cosSfH n siii**())'"'-”-« 



m-l r 4 5 ; fl ; - m : 2, 2 


2x cos®() 2/i \ 

/!'|-Acgt.8;4/<siii®(f ’/i-pAcus'*()d i 


w{2m) ! (rn) ! 2"9«'-»w-* 

" (m-l 1, l^n+l) 1 (wl «d-2j! A /r'/a (/,.pxTri-i 

■'< y’'ia+l (j^-A)^/**. (/)+Ar^/*. (/*•! (4’1) 


wIkic, >. 0 


"t. . . . . .% •, 


5, Now we take (I, p 

‘ A*” 

where A + A < 2(m d- «). /* < A (or A . • A and « (p) > [ ), 
%) < min Re bj -|, I, | arg/; | <(,„ J^.n~.hj2 - 





.aft \ 

1 ! Ai, . . . 

ih' 1 


€. 


J Vi 


and (1, p.143) 


AiP) ■« 



(/e(/H-/i) >u), 


«51 I 



We accordingly have, from (f '1) 
N 

J 0 


7a sin/) rosi”*'‘(; (;).f /,'sin«'(5)'‘-‘ g”',”,'’* f 7 

A*f l,i I /• I M 

+ > / A f «, a 


i-r V 1 , rl| , 

h^ , . 




# 

';vi) 


KI, A >«,a, 

2 ^/z4 1,^: ( /> ) 

wbtTc h-+k < 2(m+«), h < k (or h k inui R{p) • • 1 , 

ii{p+li] > 0, A’((f; <; niin AV 6/41, ; 1 .... .m. 

and 1 arg/; j < (m + „ - J /i-|A)7r. 
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ON REPEATED LIMtl'S AND REPEATED PARTIAL DERIVAI’IVEH 

By 

R. SHtJKLA ond Z. HUSSAIN 
Pepartmtnt of Mathematics, Patna University, Patna 
(Received on 24«h March, I9‘t6J 

ABSTRACT 

We have defined the concept of uiilforin partial dcrivativen and atroiigly unlltirm derivative* 
of JID ft*, Wc then gencraliso tlic cUsrical theoreiui o! Voiing jaml Scitwarta. on ilte 
equality of Repeated partial derivative*. 

INTRDDUaTION 

In the case of a real function /of two variablsa tlefinctl over a domain in 
A® the classical results of Young aiiti Schwartz iot f,.p [a, b) h) mnW.r 

certain conditions arc well known. We defined unilortn partial derivatives, 
strong uniform derivativi** and improved upon titc re-ntlts of Young .tnd 
Scfiwattr,.* lAtcr flu-ssnin*. also brought sornc improvement in the sune direc- 
tion. But in all cases the condition was only sulliment, Hire we shall iiitr ) luce 

.1 new concept ol ‘partial uniform limn’ and prove a iu:< csuiry iitd suilieient 

condition for tlie equality of repeated limit.s (which ineUlendy is also an improve* 
tiicnt on the corresponding clas, steal results) and from there tictive a nccess.try and 
sufficient coudition for/j.y (a, b) b). 

Definition : Let F,^(a) denote the ’?-ncighbourhoo.l of a and (b) lienote 
the deleted 8- neighbourhood of b. 

If for any «>0 and y there exists a 8(r) and ’/(<•, y) such that j j 

< f, provided x r E«(a) and> « F^(^) , then we delinc that Bm 

partially uniform. ^ *b 

Theorm 1. 

Let f/SXT where .V and fare subsets of the real number ty.steut A. Let 
f(x,y) be continuous at a; •* a for each and let Hiu/a?, y) to glxj be contiiiuvui.s at 

X isa a. A necessary and sufficient condition for Inn Bni/(x,j) and bm Um /yv, r) 

to exist and be equal is that g(x) is partially uniform. 

Proof of the theorem : 

Suppose ^(x) is partially uniform. 

Tlien lim Hni/(x,_y) aa lim (S'!*) g{a) 
x-^o y*~y‘b 

And lim lim /(aq j)i) o® Inn /(a, y) 
x-^fl y-),b 

But since s{x) is partially uniform, 

I < provided yr V{b) 
t fence tc follows that lim. /(a, y; » 

rherefore lim lim fi.x,y) a» lim Urn f{x, yi 
X ^a x™>a 
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Conversely isiJpposc 1 ini Iini /{*t, j) Hfn Iim/(^^ y) 

Then lim litii f{x,y) Hrn iia) 

Let r > 0 be given. 

ISlow since li'n f{x, v) ^(a;) lor each a; and in particnbir at .r a, tliere exisiH 

y 

a 8(f) such that |/(a, — &(“•) I < *7^^. provided ^ r (b), 

Mext since g(x'l is conlinuom at x ' - n, there exists a .ijlr ') such that | s;(x'‘ — 
«(fl) I < ‘'/3> provided x r P8,fa), l.astly since fix, v) is continuous at x t * a for 
Lch y, for any given V there exists st 8a(f, y) such tliat j /(*, y}~;(fl,p'' i < < 
provided x « i^Si(a). 

Now letting V sm min (Si, Sg), we find that for anv f * d and there exists a 
r){e, y) such that |/x. v)~ ^{x} l/(.v, y) - /(a, >i) I + I /(«. y) “ I + I ” 
g(x) I < f, provided x e <;('») and y t Vi\{b), 

This means that g{x) is partially uniform. 

There is a companion theorem to theorem (I) in the following form ; 

Theorem 2. 

Let /IS XT. lMf{x,y) be continuous Uy b for each x and let lim /(a, )) 

to /i(y) be continuous at V s= 6. A necessary and suffleient condition for lim lim 

*-»« ,y '*b 

f{x,y) and lim lim f(x,y) to exist and be equal is tbat h{y) is partially uniform. 

j)_^6 x-.>a 

The proof follows on the same line i as given in theorem (I). Next we consi- 
der the question o^f^,y{a, b) ^-fy, I®’'' **■ function //? .X T. 

We now suppose that in a certain neighbourhood K(u, 6), 7i‘ and both 
exist. We consider a function 


l\(/i, k) /(c-f/i. b->rk) - /(fl-f/r. - [{a, b+k) ft) 

~ h k “ hk 

where A # 0, fc 0. 

Obviously the single limits Urn and lim exist. We then define 

/(^O h k . *.-*.0 h k 

— elsewhere suitably so that — is continuous at /< ra 0, for all k, anti 
Ic (I (c 

lim continuous at h = 0, then theorem (I) applies and we. get the follow- 

k~^0 It k 
ing result. 


Theorem 3. 


A necessary and sufficient condition for/,.j/(«, h) and/ViC^t ^) to exist and be 

equal is that tJic lim is partially uniform. 

^^0 h fc 


h 

2. 


Shukla, R. 
Hussain, Z. 
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DETRRMTNATTON OF THE (lURVATURH OF A MAGMEriG 
LINE BKIIINI) A THREE DIMENSIONAL UNSTEADY 
OURVEI) SHOOK WAVE 

By 

S* K* SACHDEVA and li. S. UmtiA 

MathmitUics Depathrmt^ Mlahabad Allahabad 

rUccclvcd on I5th April, 


ABSTRACT 

Jn this paper the curvature ^ of a line juit behind a three diimcnHonil wntteady 

curved {^hock vavc has been calculated in pHndple* Th«e arc the e)cteniiott «ff our previtmi 
remits which have been calculated cxpUdtly for two dimcnsumal ilow of a anuluednif 
A coordinate system with magnetic line as one of the coordinate curves Is employed. Furthermore 
it is ariumed that the magnetic field and the velocity field F* are codircctional on both skkt of 
the shock svufivce. 


L introduction 


Let tlic shock configuration in three dimensional nnsteady motion of a gag 
he given by 


g;< ra 0*^* 


where arc the rcctatigular Caitesian coordinaics of a point F anti y*, are the 
(iausaian coordinates oi F on the shock surface. 

Then the. hist fundaincntal tensor of the shock surface is given by 


(IT) 


Cafi =« where 


, dx< 

' ^ 'ay‘ 


As the shock mifilce is real, det H 'I is of ruik 2 .mtl there e!ti.sia an 
inverse tensor a'‘ft ol .such that 

(1-2) o'V-i « 4' , 

^ I ' f |i / 

where sL are the kroneckrr deltUBi having the vahtes i aueurding ah ^ n / y * 
^ to { ^ 

d'he tensors or will be used to lower or the Greek indieesn For 

simplicity we take lines of curvaiure as the Ciaussian coordinate catrves on thr 


1) Numbers In brackets refer to the reference? at the end of the paper. 

2) In this and in whit follows I aiin indices will range from l u» 1 and the Ureck indices 

will take the values 1, 2, 

3) A repeated index implia sumrnatum. 
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shock surfact'. The vector whose components nre '4**^ is tangential to the shock 
suiface. The unit space vectors tangent to the cooidinate cnrvei ate 


(1-3) 


1 

Vfl, 




and 


1 . 


Vi 


“« ’■ "59 

The components X‘ of the tinit vector notmal ttj the shock nirface directed 
from the region infront to tlic region hehhtd the shook furface are given hy 

(T4) Xi I e'‘/i f daxJ dff^ 


where is an isotropic tensor having the values 1 or - 1 according as i/A is an 
even or odd permutation of 123 and the value 0 when i,j, k, ate not all diirereni. 
The permutation tensor of the surface has the values 


where 


(11 *a ( 58 ^ Q « , IS s «. ( 51 

V a 


a det|| fla/i 11 • 


The components bno of the second fundamental form of the surface are given 
by 


(1*5) M “ it ^{jk 8/i h Br xk. 


Normal curvatures in the direction ol coordinate curves arc 
(1‘6) Ka. “» i^tttt/faa (<* ^ot Summed). 

Foi the derivative of 0^ x* with respect to we have 


(IT) 


where 5 


y 


s « ( y 1 

3j8 0a I i l^a[j /Y* ^ 

■ arc chrisioffel symbols with respect to 


Weingarten’s formula for the derivative of the unit normal is 

(I'd) da Xt m ~ cl^y b(^a dy X^. 

As the lines of curvature are the Gaussian coordinate curves, wc have 

‘*ia “ ^la ™ “ai “ ^ai *“ d, 
and from (I 2) we have 


^la a=, ^{Sj B3 0^ ^ a^^/a, a*** 


If viscosity, heat conductivity and electric 
equations governing three dimensional unsteady 
ting gas are** ' 

SP 

(^'d) ’ 4" 1^* 0j P 4“ Pd-i U' Bs 


resistance 
motion of a 


are libscnt then the 
continuous conUuc* 


r d56 1 



(1-10) 


hHj //*■ -0. 


* 1 
" 0/ r?' +dip 

^fji . ^ 

(I'ln • + v-i ?jH^ ~ N^ d/f' +H' B<. «’ 0, 

{I-'2^ ?,•//' «0, 

where H<, f/f ^ and p denote components of magnetic (ield, velocity components, 
pressure and density respectively and Bi denotes the partial derivative with res* 
pect to x*. The quantities «. W -C where C X* are the components of the 
shock velocity and fi/st denotes the time derivative as apparent to an observer 
moving with the velocity of the shock. 


A quantitv/if evaluated infront of the shock surface will he denoted by /,/, 
if in the region behind the shock surface, then by The jump in /is given by 

r /ill 

The expressions for flow and field quantities behind the shock separately in 
terms of their values infront of the shock are* 


(M3) 

(M4) 


(MS) 

(Mb) 


1 lh^ 

U; 


SlI {H,r, - Hyn, A',.), 


A Ct/ // r/ (' +di/-S'//) 
/-fjn/ “t'f " ^tnl l-i ,S7/ 


A’W Xi, 


r "I p,mS7/(i-A/) 

1 + d,/ A//"» 


I 


Sh (2 { .V//) //,„ 


n\, 


where .9^18 the. magnetic field strength of the shock defmed as 

(1*17) SHlhia^->lfLl 

and 

” 4vp,/ • 

(\-lBb) //p,/ - /A/.* A<, 

(M8e) U^,i - U,iiXi, 

(MfU) 

(1*18 f) Hj/it «= Uftxl 'Wi " 

(l*l8 f) Hini<B3Hni. 
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For a perfect gas, Sff is given by the relation 

(^j/- 1 ] y^inj I v 

{1*19) C\i (^i/-l) = 2(I +o'f/) [ 2+4,/ Sn+yA-^j SH-ySn-\-SH j 

All V\ „, / , 

2 +^ 1 / S tt-\-2S B-\- A^ S'^H-{-yAii Sn-yS/f | 
where the velocity of sound C,/ is given by 

(1-20) C\, == yPii/Pii, 


y being the ratio of two specific heats Cp au,d Ci', assumed constant. 

2. ANOTHER COORDINATE SYSTEVI , 

At any point behind the shock surface let ds be the elementary arc leof^tb 
along a magnetic line ; there the components of the unit tangent vecto-r to the 
magnetic line are given by 


( 2 ‘ 1 ) 


_ Hi, 

ds “ H 


H’^ ~ H; F-l\ 


Consider a surface 5 through a point** behind the shock surface at a dis- 
tance s frono the shock surface along a magnetic tine, which coincides with the 
shock surtace S when j tends to zero. The equation of this surface is 

(2 2 ) 

with the initial conditions 

0) = 

o 

and 

(2-3) 

12-4) 
where 
(2-5 a) 
and 
(2-5 b) 

' -iu • s — > 

v=tnd7srSl&w variables are functions of 

y ,y and s, so in view of the above transformation we have 

* 


P = r„, Z* + F“ da 

Hi = Xi+tl^d^x\ 


= VI3 = Vi 0 ^ **, ; = //, 0 „ 

Vn, = Vi Ki ; H,,, = Hi xi. 


(2-6) 

dj ** = 5. 

add 

J 

(2-7) 



4) The kernel letter o below 


any quantity denote its value at the shock surface, 
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Now multiplying ( 2 ' 6 ) by Xi we obtain 

,( 2 ' 8 ) Xi = % 

f 

Again nnultiplying (2’6) by HI and using the relatioiap 

<2*9) , ., 7 ;, H^ W = 0 , 

and 

^a/3 ~ 3a ^ 

we get 

(2' II) = 

Multiplying this equation by and using (2*9) we get 
(2*12) = 0. 


Further m 

uitiplying ( 2 * 11 ) by and using the relations 

(2 13) 

Zi^j, K!^ == 0 , 

and 


<2-14) 

~ 3a 3^ 

we obtain 

’ , i 

. Ff® ‘ 

(2-15) 

^.^iy‘ = -TjZ- 


Furthernaor-e multiplying {2*11) by dy and using (2*10) we obtain 

{(2*16) dy dj = Sy . , 

Multiplying .(2*11) by using (2’3), (2*15) and (2*16) we obtain 
(2*17) 

Further we assume the relations 

H\, V\, H“ F® 

<2-18) = F„, > 

then (2‘17) assumes the form 
(2-19) 0 3 ^® = O, 

3, DETERMINATION OF CURVATURE 

By virtue of the relations (2'7), (2’8),--' (2'12) and (2‘19) the equations (I'S), 
(MOlj (1 11 ), and (•• 12 ) assume respectively the forms 

SP Vii, dP . H dUi inn 

<3-l) ~si+ ^ H^, ^ Wn,. '8^ ^ 
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(3-2) 

s«* 


Vn, 

dti' 

IL 

0//‘ 


H 



^ St 


Hn^ 

0^ 

~ An 

ds 

+ 

Uni 

ds 



+ 1^ 

H 

Hn. 

Hk . 

® ^ + ( 

dap + 

1 

47r 

Hk da 

. Hk j a,jv“ 

= 0, 

(3-3) 

St 

+ H^ 

Vn, 

Unl 

dW 

ds 


+H‘- 

H 

^n. 

+ H' datt^ 

0jj“ 

and 











(3-4) 

S-s 

^ m 

i 

ds 

■ + 1 

la H^di 

yd ^ 

0, 






0 > 


Further we assume that the ^as satisfies the relation p = p (p). Differentia* 
ting the above relation with respect to 5, we obtain 

(3-5) ^ where . 

'■ ' d-f ds OP 

Now multiplying (3 3) by X'^ v\e obtain 


jyi + H ^ uJ d^y- = 0. 

Jl 


St ■ iin, ds 

Also multiplying (3‘4) by V„, and comparing with the above equation we obtain 

SlP 
St 


{3-6) 


^ Za djy<^ = da. 

du^ 


Further substituting the value of —— from (31) in the equation (3'3) we obtain 


0j 

Sh' ti 0“‘ , zj ^ K, dP tji S/’ _ A 

" - H„, ds P ds^ ~ P sf ~ 


(3-7) 

' St ds ‘ Hn, ds 

Multiplying (3’2) by and using (3*5) and (2‘12j we obtain 


(3 8) 


p ~ +Hp +Hc^ ~ = 0. 


St 




ds 


ds 


du’’ 


Furthermore multiplying (3-7) by and substituting the value of — from 
(3*8) we obtain 

(3-9) H ^ if* ^ ^ J? c2 \ _ //i 

Hn, ds 0J \ P V„, P j 

Hn, fji ^ X ^ 

~K, St P St ’ 


8H* 

St 


Multiplying (3-2) by X’' we get 

yi I tj ^ 


(3-10) 


p ^ Xi’ + Ha ^ X'^ ^ 

1 F r/ 


dp 


4ir 


0^ ' H„, ds 


+ 


1 H 
4t H„, 


+ (sa ^ i 9a Htc ^ Z* diy^ == 0 . 
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With the help of (3-1), (3-3), (3-4) aod (3-3) the above equation assumes the forna 

dir 


(3-11) 


H M = PVn, 0a U* 0,. 


Hnl ds 

-(^^aP+ 9<x Hk j X* diy'^ - P -IJ- 


where 


+ 


M 


.j{k 4 - V, 




St 


) 

St \ 4 tpF**„, / ’ 


/ , / >1 _ 1 ^ 4- 

“ \ ' V\, I ^ ^ 4irpF«. 


(3- 2) 


In consequence of (3’6), the equation (3*11) assumes the form 


P^nl „i SW* yi 

— H . A P— T A + 




Hk bHi^ 


47r F„/ at 


H 


Stt^ 

+ 4^1^/ 


«7 


{^nl ^TT pV^l'j 


3a' 3 

Furthermore substituting in (3’2) the values of —and frotn (3*7) 


Sf_ 

■ 4xr p Yril I St 

0a* 

0 j 


ds 


'and (3'9) we obtain 

- (a. ^ + G 8 . ^ - h" 

I Si?* 


St 


, SP 


x< 


+ ^^*Tt+4vF„, St 


8 ^ 


■47rp F. 


Sf 


0 P 

Multiplying this equation by M and substituting the value of 0 yfrom (3*l2) 
we obtain 

p rpF-* 

(3-13) M Hpffi-^- (1 - ^) -^= - M (1 “ 4) 0a 0y 


//“ / 1 \ pF„, 

+ H„, (9a/’+ 47r^'“’ 0a 


^ -p^JYLx^ 


St 


St 
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m zm 


+ 45r V,,, St + 4r v\i St + V nr - 


_i_ ^ ^ . H„, su^ 

— 4r F„, St SI + 


4wP Vni) St 


1 „SP 1 
4^P F„, ^ 8i / 


HJS '• (pF3 . .. H® / 1 

‘■'?7,/ 1. rt/ »' ■*■*71/ \ * 


^ ,,j shJ 


Hh sH!= H„ 


o 4_ — - — J_ Hi 

~^~Ji ^ Bt 


\ 8P 1 


n,-4vpV„ J St f \\°aF-r 

Su* . SH*’ . ^ ^ 1 


I - iW + 4r7 0a ) 0<^“ 


+ '^V + ^ 


** . >, „ , » :/.- _ ri» I 

F " Hr,, St H I 


The above relation gives the value of at any point behind the shock 

8^ 

surface. If we make then (3 13) gives the value of 0^[_ju8t behind the 
shock surface. ds 

i 8a’ 8W* 

To find the value of 0„ K » 9a^ » "TT > s7 assume that the flow 

and field ahead of the shock is uniform. 

Differentiating the relations (M3), (M5) and (M9) with respect to we 
obtain 

13 

(3^14) Cati^ = - Su [X^ dr, + H^rr, 0a + H^, 0/3 0a Sh, 

/ (1 - 4i;) I „ \ 

(3-15) 0a f = 0a Su ((1 ^ Yn'-f '*1' ^1/8 j 

Sh 3 -f 6’i7 1 

"h 1 -j- *9^/ 8a ^^int “H 1 _|- 4^7 ^im > 


Sh {2 {4^, - I) - (^ 1 , - 1) + yA,, - y + 1) V\n, 


— ^ + ("^^1/ + 4 + 27^1^ - 27) *S'^ + ^1/ + 7^1/ - 7 + 4 


^1/8 

47rp,, 


27rp, , 


V 4 ^ p ,;f^^; (1 + Sh) 

Ai , S^H + 52^ (7 - 2 - 2^1, - 7i4i,) + { yAj ^, 4. « 4 - 7)} 


2Fi„y3aFi^iy |4^"p^^ (')' + !+ Sh) f/j/g 

^2 "f* Sh ( yA^ij + A \^ + 1 - 7) + 2 M 

iTli j 
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where 


d.V,,, = -u,,7aP^i>j3a-daG, 

<3-18) ^^H^n,=-Huyal^ 

Again applying the operator §/S< on the equations (l’I3), (l'I4) and (I'ld) we 
obtain 


<3-19) 

(3-20) 


St 


=^-Sfi 


{r 


i ^“^3 


im 


8t 


{ sSh 


+ ^vu j + ^^1/ 0/3 ** J 

0 «‘ 8 ^ IYml , uM ^ '■ „ . s^i 

Jf "" St ^1- ®/S « -f] + y^j2 (1 - ^1/)^ 

8t 

+ ■17 


+ 


sx* 

St 


(- 


where 

(3-22) 


0/3 ^ p/^„^ (1 + Sff)^ j 

- Jff HS„ 3p «■ - ,-^ (1 + A,,) A' j 

)• 

(■^ 


SffV. 


/o ois ^1/ SSff Sff(l + Sff) p. 

St =(1 §/ - ' 


1 SF, 


IJ I " 1 _ O ’' liti I 

(I + di, su)^ [ St - St 


— /■ . 


^3-23) 

(3-24) 


SVin, __ 

St ~ 

SHitii _ 

St ~ 


- i^tliip daG + j > 

~ ^l,j3 daG- 


FurtheimoreJFjve replace the operator 0, by in the relation (3-16) wc 


get the value of 


SSff 

St 


expression for curvature of the magnetic line behind the 
shock surface we proceed as follows. 

Let x; be the components of the unit tangent vector to the magnetic line at 
a point Qjust behind the shock surface, then we have the relation 


(3-25) 


i 0x* _ H' 
ds ~ 3 


X = 


Also we have the relation 


(3-26) 


0^ ^ 02 X* 

ex - 0i2 


^#x‘ , 
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where are 
obtain 

(3*27) 


components of principal 
ds^ ds^ 


normal vector af Q, 


Form (3*26) tvc 


But from (3'25) and (2*26) we get 

0 ^ AT* _2 dH^ H'Hf dHJ 

8j* ~ H ‘Qs 8j 

02 

Substituting the value of — ^ from this in (3-27) we obtain 


(3-28) 


r* 1 3^ 


0H« 



In consequence of (3*13), the above equation gives the value of curvature k 
of the ruagnetic line just behind the shock surface. 
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ABSTRAGX 

In this paper, using the geometric theory of triply orthogonal sp3t’al curves, one of them 
related to ihe stream lines, the variations of flow quar titles of steady spatial viscous compressible 
flows along stream lines and tbeir principal normals and binormals have been investigated. 
Various dynamical and hinematical relations between the flow quantities and gecmetrica! 
parameters of the stream lines lave derived. 

I. INTRODUCTION 

The intrinsic properties of fluid have been extensively studied by various 
authors^“^'^> in the field of fluid mechanics by the application of differential 
geometry, defining the three spatial orthogonal curves. Truesdell^^ has surveyed 
the existing literature and has outlined a simple approach to the problem of 
gasdynamics, Kanwal®*'^ has established the intrinsic properties of gasdynamics 
and rnagnetogasdynamics. Premkuraar has obtained intrinsic equations of 
relativistic gas. George® has correlated the dififerential geometry to the 
problems of hydrodynamics. Kapur® has obtained characteristic equations 
governing the incompressible, viscous, steady flows, in the absence of extraneous 
forces when isovels coincide with the streamlines. Purushotham^^ has studied 
the intrinsic properties of viscous, incompressible steady flows. Suryanaray an^® 
has furnished by a direct method the relations existing between flow 
quantities when the Beltrami surfaces are a family of surfaces obtained 
by revolving a family of- confocal hyperbolae which, are * orthogaonal 
to streamlines. Purushotham and Indrasena^® have established the intrinsic 
properties of steady gas flows and have studied extensively the properties of 
barotropic gas flows in comparison to the incompressible steady flows. And 
also compatiblity conditions obtained by Barter^ for gas flows have been trans- 
formed into intrinsic form. 

In view of such an interest in the subject we have analyased the intrinsic 
relations of compressible viscous, steady flows when the extrinsic forces are 
absent for non conducting fluids, considering ihe geometric properties of three 
spatial orthogonal curves one related to ihe stream lines and the other two are to 
their principal normals and binprmals. Transforming the basic equations 
goverring the fluids described above we observe that the variation of the pressure 
along the binormal to the stream line is equal to the resolved fart of vis- 
cous force in that direction. The intrinsic properties of a noii-viscous, steady flows 
considered by TruesdelP® and Kanwal®>^ c^n be deduced as special cases. 
Variation ot stagnation enthalphy along (he stream line is not uniform as in the 
case of non-viscous flows. The resolved parts of vorticity components along 
priricipal normal and binormal to the streamlines are obtained in terms of the 
flows quantities. The normals to the isobars, isopycnics, isotherms and isentro- 
pics are coplaner. General expression for the rate of circulation is obtained. 
Finally the variation of density along the principal normals and binormals are 
expressed in terms of flow quantities. 


A-10 
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i, bA§IG EdtJAXtONfe 

Tiie basic equations governing the steady, viscous, compressible fiow 
in the absence of external forces, thermally non conducting with two specific 
heats constant are giving below in the usual notation* . 

Equation of continuity 




(1) 

Div {pq) = 

= 0 


Equation of motion 


(2) . 

= V)7-- i 7/-+ 7^“T+3^ grade 



= - P V p+i' ? + i grad 0] 

where 




B = div g 

( 3 ) 


r V 5 =. VA - J Vi!i 

(4) 

Equation of energy 

7 V ^ =i 0 • 


Equation of state 


(5) 


(M) 

(6) 

- = - V^o 

+ T S7 S + v{v®g + i grad 6} 


(B) GEOMETRICAL RELATIONS 


Following Purushotham^* i.e. considering t. n and b as triply orthogonal 

unit tangent vectors along the curves of congruences formed by streamlines, 

d d d 

principal normals and binormals respectively and ^ ^ as directional deri> 

vatives along these vectors and selecting r as the position vector in space, we have 
the following geometrical relations 


(7) 



dr q 

dt ~ - q 



(8) 


(9) 

d~b 

— =z= - T 
ds 

(10) 

dn - 7 > — 

ds^ 

(11) 


(12) 

db -f , 

dn 

(13) 

■ssbv' -n K' 
dn 

fI4) 


(15) 

t » 

db’^- 

(16) 

li 

1 
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where {K,K,'K''\ and (t.o-'.o-*; are the curvatures and torsions of the 
above curves, 

(C) VECTORIAL RELATIONS 


(17) 

div t = 

~ {K' + D 

(13) 

divT=-K (19) divT=»0 

(20) 

(22) 

curl t == 

> 

curl b = 

t (cr' - (T^) -{-h K 

nK'^ ^ b {cr^ ^ t) 

(21) 

curl n — - « (o-" 4" ’■) “ 


Using the solenoidal property of (20), (21) and (22) we obtain 
(23) 

(21) 

(25) 

The vorticity vector is given by 

curl ^ = ft) = curl [t q) = q curl f + V A ^ 

Using (20) this can be expressed as 

(26) curl s = = t q (a-'-o-') + n ^ 4 - b (Kq - 

3. TRANSFORMATION OF EQUATIONS 

(*4) In this section we shall transform the basic equations in intrinsic form 
and study some of the interesting properties. 

Using (7) and (17), (1) can be expressed as 

(27) |-log (Pj) = (r+r)=-7 

When the surfaces are minimal i,e. {K^+K"') ^ 0, the flux, pq along the 
stream line is constant and the density varies as the inverse of the velocity 
of the fluid. 

Evaluating where jg Laplacian operator, using the vectorial 

identity 


div CUriT = $ + ^ (cr'-cr") 4- {K'+K") {<r" - cr') = 0 
db ds 

— » A AK* 

div curl n K {cr” -^ t) ^ ((r" + ^) " 

div curl b = ^ - KK^-{- ^f(r'--T)=0 

dn do 


V* J === grad 6 - curl curl q 

and equation (23) and separating the components of (2) we obtain the following 
intrinsic equations of momentum for steady viscous flow 
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(28) i 


ds 


L.it 

P ds 






-q (o-'-o-V -i- ijj- 


1 


(29) 




' ■ ■ ' +s(^<-S)+41} 

m 0 “ - r S + - {^'1 + « a - Si + 1^2 -S) - 2'’' 


where 


« d2 W2 • J2 

r 7 2 I L !L _U - 

db^ 


+ 4 


From the equation (30) we conclude that the variation of pressure along the 
binormal to the streamline varies as the resolved part of the viscous force in that 
direction. From equations. (28) to (30) the equations derived by Kanwal® and 
Truesdell^® can be obtained by putting v == 0* It is clear from these that thi 
pressure is not uniform along individual binormal as in the case of non viscous 
flows. Also the cons ancy of velocity does not imply the constancy of pressure 
and curvature along individual streamlines as in the case of nonviscous flows. 


Equation (6) can be expressed as 

curl q A q — - V^o + 2"V'S' + >'{V®?4-^ grad d } 

— " '5* 

Taking the Scalar product of the above equation by t and using (4) we get 



which determines the variation of the stagnation enthalphy along the streamlines 
as the resolved part of viscous force. along the, streamline, it Js evident that it is 
uniform in the case of non-viscoiis fiows. 

Similarly taking the scalar product of (6) by k we obtain . ’ 


(32) 




w. b — - 


I q dn q ^ 


1 dh_ 
q cLn ‘ q 


T^) 


dq 

db 


+ 


_ I ^ j 




dn^ 


ds 


t 

The above intrinsic equation gives the component of vorticicy along the binormal 
to the streamline. In the case of non- viscous flows this simplifies to ^ ^ ^ 


1 dk. 


(33) w. ^ ^ 

^ ^ q dn 

which for homen tropic flow reduces to 


. T dS 
^ q dn 


m 


^ dh(^ 

w. b ^ ^ -T-^ 

q dn 
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It follows that in the case of oon-viscous homentropic flbw, the variatipn of 
stagnation enthalphy along the principal normal varies as the product of velocity 
and the resolved part cf the vorticity along the binormal to the streamline. 

Multiplying (6) scalarly by b we obtain 


(35) 


dq > 1 dS 

db q do db 


-M 

Q ». 


K 


I 


db 


dn 


+ ? :jr ~ 

/- j- 1 ^'1 


Tsdb + 


4 

^ db 


This gives the resolved part of vorticity along: the principal normal to the 
streamline. For non-viscous and homentropic flow (35) simplifies to 


(36) 



1 ^ 

q db 


from which we conclude that the variation of the stagnation enthalphy ialong the 
binormal varies as the product of velocity and the component of vorticity along 
the principal normal to the streamline. 


(J9) Now operating curl on (3) we obtain ^ 

(37) ( V r A V *?') A ( V P A VP) = 0 

Writing (3) in the' form pT S7 S p S7 h - V p and operating curl on this 
and taking scalar product of the resulting equation by V 5 we get 

(38) V5.[VPAVA]=0 

From (37) and (38) we have the following theorem : 

Theorem : The normals to isotherms, isen tropics, isopycnics isobars and eq.ui 
enthalphy lines are coplanar. ' 


(C) Now we shall obtain the expression for circulation in any closed circuit 
in the region of flow. 

Let r be the circulation of fluid around a contour L in the region of flow, 
tne rate of which is expressed by 


dT 

dt 




Substituting for ■— from (2) we obtain 


dt 


= fi’l T V S -Vh + V ( + V ^ ) I - 7" 
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(39) 



Applying* Stoke’s theorem, it can be written as 

(40) ^ = L/ } T V 5- VA+v( V“r+ V 0 ) } . m rfa 

A 

, Where m is the nnit, normal to surface. ■ - 

Equation (40) gives the rate of change of circulation for non-viscous flows 
and this simplifies to 

(41) ^ = I* I* ( V r A V S ) . m rfo- 
The integrand in (41) vanishes if 

(i) T and S are functionally related, i e. isotherms and isentropics are, 
coincident. 

(ii) The normals to surfaces T = constant, S ==; constant, 
and m are copla^ar 

and (itt) entropy is uniform le. homentrophy. 

Therefore in all the above three cases the circulation is conserved. 

Operating V on the equation (5) we get 

(*2) VP - ^ V# + g Vi 


Using ^ ^ and M ^ qjc, (42) becomes 


A4* 0P „ 

V/. + V5 


(43) VP 

where ^^isf the velocity of sound and ‘M’ i 


irU^ 1 


Taking the scalar product of (43) by ^ we get 


(44) 


obtain 

(45) 


dp dp 

ds ds 

Substituting for ~ and ^ respectively from (27) and (28) in (44) we 


qU{K' +r) - ± losiq)} ^ M^v{VU- 


ds 

d^q 

ds^ 


- q ( tr''- (t" )2'+ I 


de 

ds 


)- 


£ 

dn 

2 ds 


[Kqy 
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i^ubstltutjng again for ^ and ^ from (27) and (3) respectively in (44), 
and using (4) we have. . , 


(46) 


(47) 


(48) 


d 


{ ( ^' + ^' ) - ^ log (?) } “ 


m 


Now taking the scalar product df (43) by n we obtain 


dp 

dn 


dn 'dn 


dp 


Substituting for from (29) we get 


d9 

dn 


M2 


[^{ 


( r + 20-" - O-') 


i?_ - A 








( o-'-cr" ) 

0P d.S 
05 rfn 


(49) 


In the case of homentrophic flow the above equation simplifies to 


-riK,. g)+4 [Kq 


ds 


dn 


) + 


dn 




(50) 


(51) 


(52) 


(53) 


0P ^ 

55“ "rfo 


Substituting for ^ from (3) in (47) we get 

* = I + 

dn \, dn dn i 

Multiplying (43) scalarly b) d we obtain 
dp _ dp , 3P dS 

db ~qi db %Sdb 

Substituting for ^ from (30) and (3) respectively we have 

do 


0P dS 
%s db 


dp 

Af2 

p V ■{ 

K' 

dq 

+ g 

d 

({t' - 0 

db 

,2 

1 


db 

1 a 

dn 




X (^ 

+ 

0*''- 

2<t') 

+ 

^ db\ 

dp 




, dS 

1 


0p dS 

IF " 

?* 

^ i db 

- T 

db 

1 

+ 

is db 


From (52) it follows that for non viscous and homentropic flow the varia* 
tion of density along the binormal to the streamline is uniform. 
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ON ItlNEkAtlCAti ASPEGtS OF MA(jNEl’OGASt)YNAMiGAL FLOVVS 

By 

A. INDRASENA and G, PURUSHOTHAM 
Department of Mathematics^ Osmania University^ Hyderabad-1 
[Received on 19th May, 1966] 


ABSTRACT 

Considering the geometry of the spatial curves related to the streamlines and assiuning unit 
constant vector in the direction of magnetic field the kinematical and dynamical properties of 
♦he hydromagnetic flows arrived at arc ; 

(i) Decomposing the momentum equations into intrinsic form it is observed that the 
magnetic pressure is uniiorm along the binormal to the streamlines, 

(«) The compatibility conditions to be satisfied by the velocity vector and the magnetic fields 
are expressed in terms of the curvatures and torsions related to the streamlines. 

(ifi) (a) Defining Bernoulli Surfaces it is proved that these contain both streamlines and 
vortex lines as in the case of non*hydromagnctic flows ; also the necessary and sufficient 
condition, for these surfaces to be parallel, is established. 

(6) The existence of Bernoulli Surfaces in the case of an incompressible flow is discussed 
and they constitute a family of parallel surfaces defined by P + = Const, where P 

and P arc the hydromagnctic pressure and the sum of the magnetic and kinetic 
energies. 

(w) Uniformity of either magnetic pressure or the velocity along the streamlines implies the 
magnetic field to decrease and the hydrodynamic pressu'c to increase along the 
individual streamlines 

(v) For a Beltrami flow, it is proved that the streamlines are cither circular helices or circles 
or parallel lines, also the magnitude of the velocity, curvature, torsion of the stream- 
lines and the magnetic pressure are uniform in the rectifying plane The kinematical 
conditions to be satisfied by these flows are deduced. 

1. INTRODUCTION 

In this paper, we fhall be concerned with an electrically conducting, ideal, 
compressible fluid, devoid of viscosity and thermal conductivity. We shall 
assume further that the (mean) electric charge is zero (so that the medium is 
essentially neutral), that the displacement currents may be neglected and that 
the electrical conductivity of the fluid is infinite. Under these assumptions, 
commonly made in hydro magnetics, the basic equations governing the fluid flow 
can be written as^^ 


(1) 

div (p j) = 0 

(2) 

V)T+ VP-V(H.V)ff==0 

(3} 

(? • V) H- {H . V) g + H div q — Q 

(4) 

divH=0 

(5) 

S ==0 

(6) 

p = py //■/«« 

A-Il 
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mimi ^ 

Where denotes the time, the fluid pressure, P the density, g the velocity 

r Tg 

vector, Hthe magetic field vector, P ^ p V — the magnetic pressure, S the 
entropy, 7 the adiabatic exponent, Jet? the Joule constant and p^e the magnetic 
permeability. 

Equation (1) is the continuity equation of the fluid-dynamics, relations (2) 
are the equations of motion, the last two terms on the left hand side of (2) together 
represents the Lorentz force per unit mass. The two Maxwell equations which 
do not involve current and charge have been written as (3) and (4), In writing 
(3) in this form we have made use of (4). Equations (5) and (6) express the energy 
and the state relations to be satisfied by a flow. 

§ 2. GEOMETRICAL AND VEGIORIAL RELATIONS 

Considering n and b as triply unit tangent orthogonal vectors along the 
curves of congruences formed by streamlines, principal normals and binormals 
respectively and denoting ^ ^ as directional derivatives along these vec- 

tors, also selecting r as the position vector in space, the following geometrical 
and vectorial relations are obtained by Purushotham^ 



( 7 ) 

dr 

~ds “ ^ 

— ± 

<1 



(8) 

(9) 

dT 

ds 

n T 

(10) 

d n 

ds ~ 

(11) 

divT=- (^f' + K") 

(12) 

— 

div n = 


()3) 

(14) 

curl ^ t (o*' - cr'^) 4- b K 

(15) 

curl n = 

= - n (r 4- 

-1- 

(16) 

curl b 

II 

4- i ((t' - 

0 


Using (7) and (14), we can express the 

vorticity vector as 


(17) 

curl q = 1 = tq{a-' - 

O +t,^+T( 




b K 
div P = 0 


where (JT, and (t, o*', cr'^) are the curvatures and torsions ot the above 

defined curves. 

We shall consider the magnetic field to be unidirectional, the unit vector"^ 
in this direction to be constant ue. 


(18) 


ti H 
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§ 3. DECOMPOSITION INTO INTRINSIC FORM 
Let us define the operator gradient (V) as 

(19) V = + + 

Now using (7) and (11), we can transform (1) into intrinsic form as 

(20) ^ log {pq) == + K'') ^ -Ji 

where is the mean curvature of the normal surfaces of the streamlines. This 
has been obtained by Suryanarayan® and Purushotham^. 

Using (18) in (4) we obtain 


where ^ is* ihc directional derivative along the unit constant vector /i. The 
result (21) has been observed by Suryanaiayan.® 

Using (18), (19), (21) and the above geometrical and vectorial relations in 

equation (2) and taking the scalar product of the resultant equation by t, n and b 
we have 

(“> + (2i) ^“0 

This approach is more elegant than the one considered by Suryanarayan®, 
From (22) we observe that the uniformity of the magnetic pressure along the 
stramline implies the uniformity of the velocity along the individual streamline 
and the converse. If the magnetic pressure is uniform in the principal plane, 
then the streamlines are straight. 


Multiplying (3) scalarly by ^ n and 6 and after a little simplification, wc 
obtain the following relations. 


(25) 

(26) 
(27) 


3 ^ \Kq + g-j + -f Ht {K' + K") g 

= +cr'')q + q.K''H„ 

~ (3 (o-' ~ r) q + q K' Hj, 


Where //*, H/, are the resolved parls of the magnetic field along the 

streamlines and their principal normah and binormals respectively. 


(28) 


Eliminating ‘g’ from (26) and (27) we obtain 
d 


ds 


(H^\ ( Hrfi\ ! H„ 

(^) =( 1 ^ j r + j + ^ - TT' 


■') 


The equations (25) and (28) constitute the compatib lity conditions to be 
satisfied by a magnetic field and velocity of the fluid flow. 
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§ 4. GEOMETRY OF THE BERNAULLI SURFACE 
The equation (2) on using the vectorial identities can be expressed as 


(29) — P curl g A S + ^ curl H /\ H ^ S7 P + ^ V 

which on using (7) and (18) together with geometrical and vectorial relation can 
be written as 

(30) ' - p +'7pq^Kg--^j = -‘V P-~V 

' Let us define the Bernoulli Surface as 

(31) VB 1{VP + JV(P ?")} + Ip' V P 

Using (30) and (31) we obtain 

(32) V 8. --:4 +.;,(«:?-§-) 

from which we conclude that the normals to the Bernoulli surfaces lie in 
the normal plane of the streamlines, i. e. the Bernoulli surfaces contain the 
streamlines* 


Using (17) and (32) we have 


(33) V curl g = 0 

which shows that the vortex lines lie on the Bernoulli surface* This property 
is independent of magnetic field. 

Also considering^ as the directional derivative along the normal to the 
Bernoulli surface, which lies in the normal plane, we have 



„ where V is the angle between the normal to the Bernoulli surface and the 
principal normal to the streamline 


From (34) and (35) we obtain. 


where and are the resolved parts of the vorticity C, along the principal 
normal and binormal to the streamline respectively. 

From (36) we infer that the necessary and sufficient condition for a system 
of Bernoulli surface to be parallel is 


(-’7) { {%J + (*■? -iyj = con.tam 
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along each surface of the family. This has been proved by Suryanarayan® by a 
circuitous method. 


When we consider incompressible fluid flows, (31 ) simplifies to 

1 / <7® H^\ 1 

(38) VS=- + y +V-Yj--— V(^ + £) 

where E is the sum of the magnetic and kinetic energies. Equation (38) is exactly 
integrable, consequently the Bernoulli surfaces in incompressible flow exist, and 
they constitute a family of surfaces p + E = Const. 

Using (6) in (38) we get 

(39) V B = V 4- V + V £ | 


which on scalar multiplication by n and b and using (32) we have 


(40) 

( 41 ) 


=!{ 


dS c* dp_ 
+ 0 db 


yjcv db + 7 

1 f ^ <|2 dP 

Cfi = - y j 7 7 


+ 


JL 

P db 
1 dE^ 


di j 


These express the vorticity components along the principal normal and 
binormal to the streamlines in terms of entropy, density and kinetic energy. 

d 


(42) 


( 43 ) 


Equating log p from (1) and (2) we obtain 

1 r 


d 1 1 97 I 

- ^ log P = ■— div j = ^2 I t . (? . V) ? + — t . V H j 


Now using (7) and (11) in (42) we get 


dq 


1 


r 


^ ds {I ~ M^) \ 


f 5® (K' + K") -f V 


H dH^ 


1 dP 


p ds ] - p ds 


I dp dH\ 

[-M +^^~dr) 


From this it follows that the uniformity of the magnetic pressure along 
individual streamline implies the constancy of velocity and the converse, in which 
case the magnetic field decreases and the hydrodynamic pressure increases along 
the streamline. 


§ 5. BELTRAMI FLOW 
The Beltrami flow is defined by^ as 

(44) curl q \ q 
which, on using (17) yields the following relations 

(45) X = (46) ^=0 (47) 
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Using (46) in (47) we obtain 


dK „ 

(«) rfT “ " 

Following Weatherburn® we have 

(49) = K 

which on using (48) yields 

dr 

( 50 ) It - 0 

Operating divergence on (44) and using the solenoidal properties of vorti- 
city vector and (14) we obtain the following relations : 


dq 


= 0 


(52) ^ log - <r") = K' + K" 


75 “ " ds 

Using (51) in (47) and (49) we have 

( 53 ) ^.0 ( 54 ) ^-0 

From (46), (48), (50), (51), (53) and (54) it follows that the magnitude of the 
velocity, curvature and the torsion of the streamline are constant in the rectify* 
ing plane. 

From (53) and (54) we infer that the streamlines are either right circular 
helices or circles or parallel lines^ 

Relation (20) on using (51) and (52) gives 

A 


(55) 


r+AT'-i logp-^ loB(.' 


which on integration along individual steamline simplifies to 

(56) p z=i c - cr") 

where ‘C’ is constant along individual streamline. Using (51) in (22) we obtain 

(57) § = 0 

This together with (24) shows that the magnetic pressure is uniform in the 
rectifying plane of the streamlines. 

Relations (25), (27), on using (46) and (51) simplify to 


(58) 

(60) 


dm 

ds 


= 2 KH„ + Ht {K' + K") 


(59) 


dH„ 

ds 


= m, (r + a-") + K' 




These express the variation of the resolved parts of the magnetic field along 
the streamlines and their principal normals and biiiormals respectively, along 
individual streamline for a Beltrami flow. 
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Etl^ECT OE SODIUM liUlVtATE ON THE YtELj3 AND NItROgEN 
CONTENT OF RYE GRASS {LOLIUM PERENNB.) 

By 

A. C. GAUR aid R. S. MATHUR 

Division of Microbiology, Indian Agricultural Research Institute, Hew Delhi 
[Received on I9th May, 1966] 

ABSTRACT 

The influence of sodium humate prepared from farmyard manure was investigated on the 
yield and nitrogen content of Rye grass (LoHum perenne) under greenhouse conditions. The 
yield, nitrogen content and uptake of nitrogen by the crop was significantly increased in the 
presence of 0 05 and 0*25 per cent sodium humate. The number of total bacteria was almost 
doubled over control due to the addition of 0*05 per cent sodium humate to the soil. 

Soil organic matter plays a direct role in soil fertility as a source of mineral 
nutrients for plants, liberated in available form in the course of mineralization. 
Indirectly it influences soil structure, facilitates drainage and aeration, increases 
water holding capacity of soils and modifies largely the physico-chemical properties, 
buffer capacity and cation exchange capacity. 

The direct effect of humic acid on plants has been studied by Gaur^ 
Christeva^ and Chaminade^ During the previous investigations in this 
laboratory an increase of 40 per cent over control in the root length of 
cress seeds [Lepidium sativum) with sodium humate having a concentration of 10“^g 
per litre was observed. Gaur and Mathui^ showed that addition of very 
small amounts of humic substances to Jensen’s liquid medium caused significant 
stimulating effect on the nitrogen fixation by Azotobacter chroococcum. This 
specific effect of humic substances has been little studied although it appears to 
be important in physiological and biochemical processes of plants and soil 
microorganisms. The present investigation deals with the effect of sodiuin humate 
on the yield and nitrogen content of Rye grass. 


MATERIALS AND METHODS 

Soil was collected from I. A. R. I. Farm, New Delhi, for the experiments. 
Analysis of the soil is presented in table 1 . 


TABLE 1 

Carbon 

Nitrogen 

G/N ratio 

Humic acid 

Total P 2 O 5 

Available 

Total KqO 

Available K^O 

Water holding capacity 

pH 


C-3I1% 

0-044% 

7-5 : 1 

0-044% 

0-063% 

0-017% 

0-631% 

0-0052% 

37-5% 

7-5 
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tlumic acid was extracted froin farmyard manure fay S per cent arnmonilim 
oxalate Ghaminade®, This was washed with distilled water to remove 
oxalate and chloride ions. To prepare sodium humate N/10 sodium hydroxide 
was added slowly until pH 7 was attained Excess of alkali and other minerals 
were dialysed against distilled water. Sodium humaie was mixed with the soil 
so as to make 0*05% and 0*25% of it in treated soils. 

One Kg. soil with or without sodium humate was transferred to glazed pots. 
The following nutrients were mixed with the soils in all the pots. 

KHaPO^ 0^383 gra./pot 

KHGOg 1-303 gms /pot 

MgS04.7H20 0 500 gm./pot 

Micro-nulrients 


Solution A. 

MnS04 .0 750 gm. /litre 

CuS04 , 5HaO 0 075 gm. /litre 

ZnSO^ 0*050 gm. /litre 

Solution B 

HaBOg 0*150 gm./ litre 

(NH4)aMo04 0*050 gm./litre 

2 ml. each of A and B solutions of micronutrients were mixed in each pot. The 
chemicals used in the experiment and for preparation of humic acid and sodium 
humate were of A.R. quality. The humidity in the pots was maintained at half 
of the water holding capacity of the soil. Each treatment was quadreplicated 
and the results are the averages of the four replications. 

1000 grains of rye grass were sown in each pot. After one week of growth, 
100 mg. of nitrogen as calcium nitrate solution was added to each pot every week 
befop the addition of water. Two cuttings were taken and dry weight of each 
cutting was recorded. The plant samples were analysed for to^al organic nitro« 
gen by micro-Kjcldahl method. The soil samples were taken from each pot for 
^tal bacterial count. It was analysed by standard plate count method using 
Thorntons mannitol-salt method. The composition of the medium is as follows: 

KNOg ..... 0 5 gm. 

Asparagine 0-5 gm. 

Mannitol 10 gm. 

Agar 14-0 gms. 

Water 1/litre 


KjHPOj TO gm. 

MgSO,.7HgO 0-2 gm. 

CaClj O’l gm. 

NaCl O-I gm.- 

FcClg • 0-002 gm. 


Analysis oj soil was done by the methods given by Piper’ and Jackson®, 
tlumic acid of the soil was determined by Cbaminade’s method {loc. cit,). 
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RESULTS 
TABLE 2 

Dry Weights of Cuttings of Rye grass {gmsfi 


Treatments 

1st cutting 

2nd cutting 

Total Yield 

% increase 
over control 

Control 

M7 

1*25 

2-42 

- 

0-05% Na-humate 

1-62 

1-40 

3-02 

24-0 

0*25% Na-humate 

1-40 

1-37 

2-77 

14-4 

Significant at 1% level 


C.D. at 5% 

= 0 303 



TABLE ?! 




Organic 

nitrogen % in cuttings 


Treatments 

1st cutting 

2nd cutting 

Average of 
cuttings 

% increase 
over control 

Control 

5-58 

5*57 

5-575 


0*05% Na«humate 


5-70 

5-725 

2-6 

0*2'^% Na-hiimate 

6-52 

,5'66 

6-090 

9-0 



TABLE 4 



- 

Uptake of 

nitrogen imgsf) by plant 


Treatments 

1st cutting 

2nd cutting 

Total of % increase over 

cuttings control 

Control 

65-280 

69-625 

134-905 

— 

0*05% Na*humate 

93-150 

79-800 

172-950 

28-2 

0*25% Na-humaie 

91-000 

77-542 

168-542 

24 9 

Significant at 5 % 1 

Vt'l 


C.D. at 5% 

= 37-77 



TABLE 5 




7 otal bacterial count of soils after 2nd cutting 


Treatments 

Total bacterial numbers/gm. soil (Average of 4 
replications) 

Control 


11-0 

X IQS 


0*05% Na humate 


21 9 

X 105 


0*25% Na-humate 


6-8 

V 10* 



A«.l2 
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DISCUSSION 


The foregoing results show that with the addition of sodium hamate in the 
soil the yiVld of Rye grass is increased significantly over control. An increase in 
yield of 24-'7 and 14*4 per cents over control was registered With the treatments 
of 0*05 and 0 25% sodium humate respectively. 

Analysis of two cuttings shows that the percentage of organic nitrogen 
increases with an increase of the amount of sodium humate in the soil. Nitrogen 
uptake bv the plant abo increased in both the cuttings. There were significant 
increases of 28*2 and 24*9 per cents over control with 0*05% and 0*25% sodiumt 
humate respectively. Gaur [loc, cit.) has observed that in the presence of humic 
acid, f:he yield of rye grass increased significanth as well as the absorption of 
nitrogen, phosphorus, potassium and magnesium. 

Ghristeva {loc, cit,) believes that humic acid entering the plant at the early 
stages of development is supplementary source of polyphenols. Humic acids, 
because they contain quinone groups, act as hydrogen acceptors and activators 
of oxygen. Gurainski® observed that humic acid regulates the oxidation- 
reducfion condition of the medium in which the plant is growing. He found 
ihai Onring oxvgen deficiency humates Facilitate plant respiration. This stimulit- 
ing effect of humic substances may be attributed to their participation in oxida- 
tion*reduciion processes of plants. This probably increases the living activity of 
the plant resulting in higher nitrogen uptake and yield. 

The number of total bacteria was found to be higher in soils treated with 
0*05% sodium humate than control. However, the numbers decreased with 0*25% 
humate. It seem^ that a higher level of sodium humate has a depressing effect 
on the growth of bacteria due to deterioration of physical properties of soi) 
particularly, aeration. 

Summary 

Due to application of 0'05% and 0*25% sodium humate to the soil, the yield 
of tye grass {Lolmm perenne) registered significant increases of 24*7 and 14*4% over 
control respectively. However no significant difference in yield between the two 
levels of sodium humate treatment was recorded. The addition of sodium humate 
to soil caused an increase in the organic nitrogen percentage of both tne cuttings. 
The total uptake of nitrogen by the plants was significantly increased over control 
in the presence of sodium humate in the soil. The total bacterial count oi the 
soil treated with 0*U5% sodium humate was higher than control soil* 
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ON polytropig models of uniform density 

By 

SHAMBHaNATH SRIVASTAVA 
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ABSTRACT 

Solutions of the Lane*Emden equation of index 'Zero has generally been regarded as a sphere 
of uniform dens'ty (Eddington S., 1926; In this paper, it has been shown that both n==0 
and «= - 1 correspond to spheres of uniform density. It has further been shown that the known 
solution for w = ’ governs a Doly<rope in which no pressure-density relation subsists. Equations 
governing polytropic models of anifotm density in which pressure and density are relaxed, 
have been pointed out. 

INTRODUCTION 

Equations governing the equilibrium are {Chanclrashekhar S., 1939) 



11 

r 

GM(r) dMir) 

j-a 

i'l) 


± <i! 

f* dr 

/ r® dP \ 

t-2) 

Substitutions 

P = 

^ f 

; P Kp^+yn ==rAi+i/» S»+', 

ZS) 

transform (2) into 

1 

d d dd\ 

di ~di) ~ 


where 

r = dt^ 

» = 4t7G j 


Solution of “(4) for 

« =»: 0 is 

U J 

C I® 

e ^ Z) + -J ^ -g , 

C6) 


where G and D are constants of integrations^ The solution v\^ith the central d 
unity is g»ven Ly 



polVtropes of uniform density 

Clearly, for the stud> of the configurations, governed by equations in (I), 
it is necessary to assume a relation between P and p ; but vve further see that if 
we put p=«con3tant = A,j say in equations in (1), then no incoosistendy with equa- 
tions in (1) arises. Equation (2) will then be the same as equation (4) for n=:0, 
with and a =(47f'G\^) ' Thus we see that if we put P=a. directly in equa- 
tion (2) then we eet a differential equation which gives f" as a function of r in a 
region wheze T^his shovV5> that vse get a solution which governs a 

polytrope in which P=^ /(p). Indeed, no meaning can be attached to a polytrope 
in which P^/(P). We now therefore review such models as follows : 
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Let «s put the pressure-density reJation in the form ; 

[ p "I ni(n+i) 

X J w 

The above relation is ireaningless for ws= 0 and n= - J, but remains mean- 
ingful for n tending to zero and n tending to minus one. For n tending to minus 
one, P tends to infinite for PIK>1 and tends to zero ior PIK<\, Such spheres 
cannot be of much physical significance ; but for P/K tending to unity, the right- 
hand side of 8) remains indeterminate for/ 2 -»- 1. and relation (8) can be taken 
relevanU For n tending to zero, p tends to unity for all finite values of P/K. 
Thus we see that both n tending to zeio and to minus one correspond to spheres 
of uniform density* 

We however have some difficulty in getting mathematically relevant solu- 
tions for n tending to 0 and - h Author has recently discussed these solutions in 
detail and has shown (19b6) that for tending to G and — 1. P and p remain 
iunctions of r but the exact nature ol these functions remain indeterminate* 
He has further shown that mathematically relevant solutions for n tending to 
zero and to minus one are 

2 

® = (2-a) + 2c(tt-3)»/»u*^, 

and 

= c'a (10) 

respectively where ^ and are constants of integrations and u and o. are defined as 
47rG fP27i/tn+i> fp> 

0 •== - ]^27iiin+iy p' J 0 - -p- (13j 

Equations (9) and (10) govern spheres of uniform density. In the sphere govern- 
ed by (9), relation (8) suggests that P tends to unity, and pres^^ure density relation 
in (3) suggests that pressure, when p is unity, remains indeterminate. In the 
sphere governed by (10), P tends to iTat every point and the value of density 
remains indeterminate. In these spheres, dPjdr an 1 dp/dr are infinitsimally 
small at the centre, and gradually tend to zero, and vanish at the boundary. 
That is at every point dPjdr and dp/dt tend to vanish. The positive q ladrant of 
{u ; v) plane contains only parts of the solutions which correspond to P>0 and 
P'<0, 
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By 
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Varraa* gave a generalisation of the Laplace Transform 



fip)= f 

J 0 

(1) 

in the form 




■ /(/')= J“ e-iP^ ipxy^-i WhMp’^) AW ‘Z* 

(2) 

since 

(*) = 


(2) reduces to (1) when A = J - m 



In this paper we shall establish a theorem involving relation between 
Varmaj Laplace and Weyl (Fractional; Integral defined as 

= ( 3 ). 

Few Corollaries of the theorem are given and further this theorem has been 
illustrated with suitable examples. 

Throughout this paper we shall use symbollic notations 

/lp)=^h{x) 

and f{p)=Hx) 

to denote (1) (2) and (3). 

Theorem 1. 


If 

«(/>) = A(0 

(2-1) 

and 

(1) 

<j>{p)=tn-\ g{t) 

(2-2) 




then 


(2-3) 


provided that Laplace Transform of ] h{t) ] , Weyl (Fractional) Integral of 
g{t) I and Vanna Transform of | [ exist. Re > 0, > 0 and 

A'(0) = h^{0) = . • . . — ^’^“^(0) = 0 where h'^^{t) denotes the diffeicntial cO' 
efficient of 
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Proof , Applying well tnown property of Laplace Transform (1, p. 129) 

tlnn* ■ir ^ .V a . > . 


that if 
then 

provided 
and if (1, p. 294) 


s(p)^Kt) 

A'(0; = h"{0) = 


A«-\0) = 0 




(2-4) 


(2'5) 


then 


I arg a I < tt, Re. ij. >■ 0, Re p > 0 

l->^ = t-aP " 7 ^ £(m, X : : op) (2-bj 

where H{t) is Heaviside’s Function, 

Using (2-4) and (2-6) in Parsvel Goldstein Theorem, we get 

(t-a)P~^ g(t) H{t-o) dt = ^ j e-ai £(/t, x : : at) h^t) dt 

g(<) dl . = ^ ,-af ^ 

Now with the help of ihe result 

’ X :.:*) = Vm Vx ei^' *-l(i-M-X) pyix) 

and replacing a byp we get the required result. ‘ 

Corollary I. On taking X = 0 in the theorem, it can be stated as 
I* • g{p) = h{t) 


and 

then 


HP) = 5(0 

Hp)==i-f^ hn.{t) ■' 2 ..^^ 

provided that Laplace Transform of I hit') I 1 t-t’- A™ ('/\ I ^ j \m i yn 
Integral of | g{t) \ exist, ffs ^ > 0, S I 4 0 and h’mi ^ (Fractional) 

where A ’^(0 denotes U dikrentlal coeft^cknt o^ = MO) = . . . = A-a( 0 ) = 0 

Corollary II. On taking „ = 0, theorem takes the following form 

g(p)^h{t) 


and 

then 


CO 

Pip) = g(i) 


{•2-8) 
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Example 1. 

If we take [ 1 , p, 129 ] 

^(0 == :=f=: =r g{p)^ Re{v) >-I, Mp+^) > 0 

So with the help of Leibnitz’s theorem, we get 

r = 0 V 

Also wc know that A'fO) == h^{ 0 ) ^”““^( 0 ) = 0 if y > « -*1 

and X (- 1 )^-^ ^X-z^+^i-r 

V 


' ' Vlz'-r+l 

« (-l)W-r y— ^ + 




V X + i^-'r+l 




/?^”A+r-y-i ^n-r 


X-M-r+o + l,w-f 4 * i 

\ - f + + 1 


J?^(A,'-iu<'“r 4 'Z^+ 1 ) > 0 , 1 ) > 0 , /?5 p > - > 0 , z; > fz - K 

Substituting these values in the result ( 2 ' 2 ), we get 


(-1)^'"^ VX-/A+t;~r+l p}i^X^r-v^x 

+ 1 ^ + 1 ^ 


£ 

r=0 


.■Pi 


'X-H-r + 0+1, v-r + 1 
X - r + » + 1 


‘-f\ (3-1) 


> 0 > i?^(y-r+l) > 0 , /?fip > - <3 > 0 , p > « - 1 

with the help of the result ( 2 , p, 201 ), ( 3 * 1 ) can be written as 


f-O 


2^1 


-M-r+o+I,o-r-(-l a 


'k- IJ' 
k.-r 


+ 0+1 


’ P 


_ ^ x-’>-IJ- + v + 1 r» -f 1 , \-n-iU H- P+ 1 a] 

VX-n + i'-t-l ®i|_X-n + j/ + l ’~pj 

i?e(X - M- r + w+ ')> 0 , Re{v -r + \)'> 0 , Re p> - Re a>‘ 0 , v> n - ]. 
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Example 11 

If we take (1, p. 195 j 

h[t) = Iv{at) = {p + = g{p) 

Re p > Re a, Re{v) > - 1 

Differentiating hit), times, we have 

k^it) = (ir {Ot) 

So that (1, p. 196) 

h^(^t) = (i)» S -^v+ar-M (flO = (^) 

f«0 

X /„+2r-„-ia + l «C, (/>2-a2)W«-* P_^ (V^*) = 

Rep ^ Re a, (y - /* + 2r) > n - 1 
Since we know that A'(0) = h"(0) = = 0* 

Substituting these values in the Corollary I, we get 

J p 

JU . -r.-y-2f +« / P \ 

S + l -Crip^-aT‘^-i P_^ [vh^^ 

Re(v-n + 2r) > w - 1, Re[p) y Re a 

On taking n = 0, (3*3) gives us 

r [t +. dt 

J p 

= Tm r(t;-M+l) (P^ - {vi-a) 

Rs{v “ m) > - 1 , /> > /?<? (3. 
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CLAY MINERALOGIGAL STUDIES ON ALIGARH SOILS (PART—I) 

By 

SAMIULLAH KHAN and J. P. SINGHAL 
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ABSTRACT 

The mineralogical makeup of the six soil types of Aligarh district has been studied by X-ray 
diffraction and chemical analysis, Illite has been found to be the dominant constituent of all 
the clays studied. The other minerals detected are chlorite, labradoritc and calcite. The 
studies reveal that all the soils arc more or less similar in their mineral composition but their 
proportions vary. 

The district of Aligarh, a trough-like depression, occupies an area of about 
5000 sq. km. Its alluvial plane has an arid to subarid climate with an annual 
rainfall between 500 and 625 ram. A considerable part of its land has been affect- 
ed by sodic salinization and is known as ‘Usar’ meaning infertile. The perme* 
ability of these soils is low due to an underlying bed of hard ‘kankar’. Some of 
the lands are so barren that the average agricultural production of the district 
is low. According to a survey carried out by the Department of Agriculture, 
U. P.\ six principal soil types have been recognised in the district, viz^, Ganga 
khadir (type 1), Eastern uplands (type II), Central lowlands (type III), Western 
uplands (type IV), Yamuna khadir (type V) and Trans-Yamuna khadir (type VI). 
The classification is based on pedological principles but no systematic study has 
been made on the miaeralogical nature of these different soil types. It was, there- 
fore, thought worthwhile to study some of the mineralogical aspects of these soils. 

EXPERIMENTAL 

Soil samples (0-6'^) were collected from the representative areas of the 
district as indicated in the soil map.^ The representative nature of the samples 
was checked by the determination of mechanical composition, exchangeable 
cation and soluble salt contents. The mechanical analysis was done by the 
pipette method using sodium oxalate as the dispersing agent. The results are 
recorded in Table I. The pH and conductivity measurements were made with 
Beckman pH meter model G and Philips conductivity meter respectively in 1 : 5 
soil extracts. Exchangeable sodium and potassium were estimated in the neutral 
ammonium acetate extract and calcium and magnesium in the barium chloride- 
triethanolamine extract^ of the soils. The values for exchangeable calcium were 
further corrected according to Peech'^ The results obtained are given in Table II. 

Clays separated from the soils were subjected to analysis for silicon, 
aluminium and iron by the semi- microchemical method of Corey and Jackson^ 
in which the elements were estimated by spectrophotometric technique following 
^wsion using molybdosilicic acid, aluminon and potassium thiocyanate 
respectively as colour reagents Total Ca plus Mg was determined in the solution 
(left after removal of Fe, A1 and Si) by versene titration and Ga alone by ammo- 
nium oxalate precipitation followed by permanganate titration. Mg was cal- 
culated by difference. The results for Ga and Mg were checked by the method of 
Gysling and Schwarzenbach® using murexide and eriochrome black T as 
indicators following HF treatment. Sodium and potassium were estimated on a 
inacroscale in HF treated samples with magnesium uranyl acetate following 
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Caley and Foulk® in case of sodium, and cobaltinitrite^ procedure in case 
of potassium. Blanks were carried out as control for impurities of reagents and 
contamination from glassware. The results are summarized in Table III. 

TABLE 1 

Mechanical Analysis of Typical Aligarh Soils 


Soil Type 

Description 

Coarse Medium Fine 
sand sand sand 

Coarse Mediunn 
silt silt 

1 Fine 
silt 

Clay 

Type 

I 

Ganga khadir, light grey, low 
permeability 

- 

6-1 

48-0 

13-20 

18-50 

8*10 

6-06 

Type 

II 

Eastern uplands, light brown, 
fair permeability 

- 

3-9 

67*21 

4-00 

4-90 

10-82 

8-80 

Type III 

Central lowlands, whitish 
grey, low permeability 

1*3 

2-0 

57-52 

3-60 

11-00 

10-70 

13*80 

Type 

IV 

Western uplands, brownish, 
high permeability 


2*8 

71*09 

5-13 

7-00 • 

5-40 

8*60 

Type 

V 

Yamuna khadir, dark grey, 
low permeability 

03 

4-2 

54*85 

5-40 

14-30 

6*90 

14-00 

Tppe 

VI 

Trans-Yamuna khadir, grey- 
ish, low permeability 

- 

09 

69*60 

3*00 

9-30 

6-40 

10*90 


Physical and Chemical 

TABLE 2 
Characteristics 

of Typical Aligarh Soils 

Soil type pH 

E.G. 

Water solu* 

Exchangeable, cations inclusive of 
soluble salts expressed as m.e/lOO 

mmhos/cm ble salts 

gm soil 


at 25“G 

percentage 

Na K Ga Mg 


Type 

I 

8-15 

0*3209 

0-103 

0*91 

4-59 

4-02 

2-38 

Type 

II 

8*00 

0-1218 

0-039 

0*27 

4-57 

0-36 

U*89 

Type 

III 

9*10 

0-7740 

0-248 

8*73 

2-34 

4-18 

0-61 

'lype 

IV 

8-40 

0-4873 

0-156 

4-15 

2-34 

0-66 

0 66 

Type 

V 

8-30 

0-6579 

0*191 

4*09 

3-96 

6-42 

2-58 

Type 

VI 

8-00 

0-1644 

0 049 

1*94 

1-01 

2-22 

2-02 


TABLE 3 

Chemical Analysis of Clays Obtained from Typical Aligarh Soils 
{Percentage on Oven Dry Basis) 


Soil type SiO, R ,03 A ],03 Fe^Os CaO MgO Na,0 itojAl.O, 


Type 

T 

36-37 

27-98 

19-40 

8-58 

6*53 

4-90 

1-23 

4-62 

2*49 

3-19 

Type 

II 

38-51 

32-67 

19-90 

12*77 

1*69 

4-08 

1-47 

4-27 

2*33 

3-29 

Type 

HI 

44-92 

29-43 

20-66 

8-77 

2-76 

3-55 

2-46 

4*89 

2-95 

3-69 

Type 

IV 

42-78 

30-65 

18-64 

12-01 

2-31 

3 59 

1-50 

3-70 

2-76 

3*90 

Type 

V 

43-85 

28-87 

19-15 

9*72 

5-29 

4-28 

1-85 

4-38 

2-94 

3-89 

Type 

VI 

48-13 

29-05 

19-90 

9-15 

1-97 

3-30 

0*88 

5-80 

3-37 

4*11 
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X-ray diffraction patterns of tJie six soils and tlieir clays in sodium fofrO, 
both before and after thermal treatments, were obtained using Nonious quadruple 
focussing camera with a built-in monochromator and Gu Koj^ radiation (wave 
length = 1*5405 A°). The samples were ground and passed through a 200 mesh 
sieve and enclosed in a specimen holder with cellophane tape on either side. The 
X-ray tube was operated at 32 Kv and 8 mA. The exposure time was 25 hours. 
It was observed that the X-ray patterns given by the six soils were almost similar 
to each other. For economy of space. X-ray data for one soil and its clay fraction 
only are given in Table IV. 


TABLE 4 

Lattice spacing in A^'Unit and estimated intensities of the lines in X-ray 
diffraction patterns of Aligarh soil types 3 


Raw Soil 
««hkl I* 

Clay in Na foim 
^hkl I 

Clay heated to 600®C 
^hkl I 

Clay mineral 
identified \ 

— 

— 

14-00 

VVW 

14-00 


VW 

Cl 

10-00 

VVW 

10-00 

w 

JO-10 


MS 

I 

- 

- 

7-20 

VVW 

7*20 


VVW 

Cl 

- 

- 

- 


5*00 


VVW 

1 

4-50 

VVW 

4-50 

s 

4-50 


S 

I 

4-26 

s 

4-26 

MS 

4-26 


MS 

Q, 

4-05 

VW 

- 

— 

4-05 


VW 

L 

3-89 

VVW 

3-89 

VVW 

3-89 


VVW 

I 

3 '76 

VVW 

- 

-- 

3-75 


VVW 

L 

3-6'i 

VVW 

- 


3-65 


VVW 

L,I 

3-50 

VVW 

3-50 

VVW 

3*50 


w 

Cl 

3-35 

vs 

3-35 

vs 

3-35 


vs 

l,Q 

3-20 

VW 

3*20 

VW 

3-20 


w 

L 

3-00 

VVW 

3-00 

VVW 

3-00 


VVW 

G 

2-84 

VVW 

- 

— 

2-85 


VVW ■ 

Cl, I 

2-55-2-60 VW 

2-55-2-60 

s 

2-55-2 -60 

‘ s 

I, Cl 

2-45 

w 

2*45 

VW 

2*45 


VW 

C>,I 

2-39 

VVW 

2-39 

VVW 

2-39 


VVW 

cJl,i 

2-28 

w 

2-28 

VW 

2-28 


VW 

ao 

2?23 

VW 

2-23 

VW 

2-23 


VW 


2-12 

VW 

2-12 

VW 

2-12- 

■2-14 

VW 


2-00- 1*98 VW 

2*00-1-98 

VW 

2 00- 

1-98 

VW 

C,L,Q,&C 

1-82 

MS 

1-82 

\v 

1*82 


W 

a 

1-67 

w . 

1*67 

VW 

1-67 


VW 

Q, 

1-66 

VW 

1-66 

VW 

1 66 


VW 

Q,,l 

1 54 

MS 

1-53-1-54 VW 

1-53- 

1-54 

w 

a Cl 

1-50 

VW 

1-50 

VW 

1-50. 


VVW 

I 

1-45 

VVW 

1-45 

VVW 

1-45 


VVW 

Q, 

1-38 

M 

1-37 

VW 

137 


VW 

Q, 


’•‘Intensities are estimated in the following order : 


VS (Very strong), S (Sliong), MS (Medium strong), M (Medium) W (Weak), VW 
(Very weak) and VVW (Very very weak). 

I Hite, quartz, labiadorite (felspcr), chlorite and calcite are indicated by the lct;cr I, Q,, 1. 
Cl and G respectively. 
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tlEStLTS AND DISCtTSSldN 

An examination of the mechanical analysis data (Table I) reveals tliat tlie 
soils vary in texture from sandy loam to clayey loam. The pH of the soils increas- 
es with increasing exchangeable sodium content. The permeability and colour, 
the contents of soluble salts, exchangeable sodium, potassium, calcium and magne- 
sium are in general agreement with the earlier publisihed data on these soils^, 
excepting soil types I and V which showed some variation due to their immature 
nature and the possibility of annual inundations in these areas. 

The total elemental and X-ray analysis of ihe clay fractions reveal that 
though the relative amounts may somewhat vary, the same groups of minerals 
are present in all the soils. The clays are characterised by high silica-alumina 
{3T9 to 4T1) and silica-sesquioxide ratios (2*33 to 3 77), which along with their 
high potash contents® (3*70 to 5*80) are indicative of the presence of illite in all 
the samples. Further, the presence of magnesia^ suggests the existence of chlorite 
and/or vermiculite in them. 

X ray patterns confirm the presence of illite as the dominant mineral and 
of chlorite in smaller quantities. Lines at 10*00. 4* 'SO, 3*89 and 3 35 A° indicate 
the existence of illite and at 14*00, 7*20, 3*50 and 2*84 A° indicate chlorite. Because 
of the presence of chlorite in very small quantities in the soils, the 14 A° line for 
it could not be detected in the X-ray patterns of soils, but it could be clearly 
observed in the clay fractions in which the chlorite content was high. The 
presence of chlorite was also confirmed by taking X-ray patterns of clays heated to 
600°G for half an hour, as a result of which the intensity of l4 A° was increased. 
On the basis of intensities of X-ray lines it can be suggested that soil types I, HI, 
V and VI are somewhat richer in illite than If and IV and the quantity of chlorite 
in soil types I and V is slightly greater than in types II, III, iV and VI. Strong 
lines at 4*26, 3*35 and T82 A° indicate the presence of quartz. 4*05, 3*75, 3*65 
and 3*20 A° lines correspond to those lor labradorite. A greater quantity of 
quartz is present in soil types III, IV and V than in II and VI. Galcice is also 
present in these soils as revealed by lines at 3*00, 2*28 and 2*09 and the GaO 
content of the clays. Kaolinite, montmorillonite and vermiculite could not be 
detected either in the soils or their clay fractions, Ferruginous minerals and 
some amorphous materials are also indicated in all samples. Further work along 
these lines is in progress and will be reported later. 
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ABSTRACT 

For non-dissipative flows, the first and second order partial derivatives of flow and field 
variables have been obtained and consequently the curvaturoand torsion of a streak-line behind a 
three dimensional pseudo«£ tatlonary curved ma^netORasdyanamic shock wave have been 
determined. Furthermore the third order derivatives of the fluid velocity Vi relative to the shock 
wave have been determined and consequently rhe curvature and torsion of a vr rtex line just 
behind the shock surface have been calculated. Thefe results have been obtained by making use 
of certain matrices and it has been assumed that the flow and field ahead of the shock are uniform. 


§ 1. IJNTRODUCTION 

The basic equations governing the unsteady motion ot a conducting gas 
with dissipative mechanisms, such as viscosity, thermal conductivity and electrical 
resistance absent, are 




"duj 

0^0 


+ Hi 




dHj 

dXi 

dt 


eXj 


« 0 , 


0, 


+ P- 


dxi 


= 0 , 


CiUi 

77 


+ 


where 


+ i^VSTT, 
dV 

dt “ ' * 
p = exp 


(t^) 


ixi 


py. 




dHj 

OXj 


= 0 , 


(1-1) 

( 1 - 2 ) 

(1'3) 

(1-4) 

(L5) 

( 1 - 6 ) 


In the above equations, Hi denotes the coropenents of the magnetic field vector, 
m the components ol velocity vector,/? the presure, p the density,'^/ the specific 
entropy, J the mechanical equivalent of heat and y is the ratio of two specific 
heats Cp and assumed constant* We assume the motion referred to a 
system of rectangular co-ordinates Furthermore, it is to be understood in the 
above and in the following discussion, unle'^s the contrary is stated, that an index 
which occurs twice in a term is to be summed over the admissible values of the 
index. Since there is no distinction between covarient and contravarient indices 
within a rectangular system, we may write an index as a subscript or a superscript 
without modifying the value ot the term in which the index occurs. 

The shock configuration in a three-dimensional gas flow at time may be 
represented by the equations 


Xi = tOi {y\p 


(1-7) 


A-13 
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where and 
tution leads 
(M) to (I-5>: 


y are the Gaussian co-ordinates on the shock surface. This substi- 
to the following form of the differential operators in the equations 

df if , . L rr f 


3^^ 



(1*9) 


where/ ( :Cijt , x^lt ? fiinctian into which the co*ordraates and time 

enter in the manner indicated and the derivative dffd'^i been written/,^-. 


The symbol is defined in the equation (l*h). 

When this substitution is introduced into the equations (M) to' 
thev become 

Uj Hi.j - H,- + Hi Uk,u + 2/?. =0, (I • 10) 

= (Ml) 

4- + 3 P = 0. (M2) 

pUi + PUj Ui.j + p*,i - ^ W,- Hi.^ = 0, 

= 0. (M4) 

A flow which meets these requirements is called pseudo*Ftationary.^ From (1'7) 
we notice that the components of the velocity of the shock are given bv 

= a^. (Mh) 

Since the Ui are the components of the panicle velocity, the quantities U.i - Ui - 


ai when evaluated on either side of the shock front, give the velocity of the flow 
relative to the shock at the corresponding points. 

If a quantity / is evaluated on the upstream side of the shock surf ice, we 
shall denote it by Similarly if the quantity is evaluated downstream, we sli.iH 
denote it by /. The jump of the quantity across the shock surface is expre3>fd by 


lh\6) 

The expressions for the flow and field quantities in the region behind the 
shock surface are expressed in terms of their values infront of the shock surface 
by the relations^. 

[H,] == 

IV, ) - H.i - v„. Su X., 


3 - % <■. v;„. 

r p 1 _ P] 5 '// n - ^1 ) 

1 + A, Ss ' 

where Sff is the magnetic field strength of the shock defined as 
H^a Sh=[H^ ], 


and 


A = 


m, 


‘irePi UI, 


< 1 


(M7) 

(1-18) 


(M9) 

( 1 - 20 ) 

( 1 - 21 ) 

( 1 - 22 ) 
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For a perfect gas Sjff is given by the relation^ 

C| ( - 1 ) = + A^Ss + yA^Sfi - ySff + Sjj) 

A TJ^ 

+ -hl^ + 2% + A, Sff’^ + yA^ Sjj-y Sjj) (1-23) 

where 

Ci* = 7/)i/Pi, 

and 

^Xn = 5 ^la ^ ^aj8 ~ -^1/ J 

X;. denoting the components of the unit vector normal to the shock surface and 
X\ are the components of a vector tangential to the shock surface* 


§ 2. DERIVATION OF THE FIRST ORDER PARTIAL DERIVATIVES OF THE 
FLOW AND FIELD VARIABLES BEHIND THE SHOCK SURFACE 


In the following discussion we take lines of curvatures as the Gaussian cch 
ordinate curves on the shock surface. We use Latin letters for the indices 
referring to the space variables and Greek letters for the indices referring 
to the surface variables. Thus the Latin indices range from I to 3 while Greek 
indices take the values 1 and 2* 


Th e surface unit tangent vectors to the co-ordinate curves are Si^/V^ and 
where slxc the components of the first fundamental form of the 
surface. The corresponding space components of the unit tangent vectors are 
and respectively, where vse have put 


X' 


i 

a 




= t 




(2 1 ) 


Now differentiating the relations (1*17) to (1‘20) with respect to and 


we get 

^^alt ^ ^liij alt d" 'lalt = (2*2) 

/>*.,? = p*iy x\it + -Balt. = B*alt, (2 3) 

^3 x\jt = Piy + C alt G*aftt {2'4) 

X^ajt = Hyi,j x\lt + Diajt = B>*ialf. (2*5) 


The explicit values of Aia.) £a, Ca ‘‘t’d D{a obtained by differentiating 
the right members of the equations (1*18), (1-19), (1-20) and (1*17) and are given 
in the subsequent work. 


Now we set 


Qa — 


Q. = m. 


If det Cij 7 ^ 0, then we can define D^j by the relations 


D{j — 


Cof actor of Cjj; in 


-•Pq 


Cpq I 

^ih ^kj ~ ^iji ^ki ^ 

Further, define the quantities Bij by 


B 




^bm ^li 


(2*6) 


(2^7) 

( 2 - 8 ) 
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By (2'7) we may invert this relation and obtain 


^ hm ~ • (2*9) 

With the help of (2-2) and the relation 

Ui = U,,Xi+U^^'a,, . (2-tOj 

we obtain 

^aj8 = 

■^ci3 ” "h ^i<j (2'11) 

®3a ~ ■‘^*ia 

Ba3 ^ UP A*ii3 U, + Ui,f X.;, X, + Un U,,^ x\ Z,., 

FurtherraorCj define the quantities 'Bij b> 

Bij == Hi^rn Gu (2* 12) 

which, when inverted, gives 

^ Biij D^i DjyYi^^ (2*13) 

By virtue of (2-5) and (2-10), the relations (2‘12) give 
>aj8 = ^*ijS 

Baz = D*,-I3 UP -f U„ Hi,j x\ Xj, (2-14) 

Bsa = 0*ia Ui, 

flga =- UP D\ib Ui + U\ H, ,• X.. Z,- + C/“ x\ Xj. 

,The values of ^ xV Z,-, t/;,,- Z; Z^-, H;.,^ x\ Xj and H;./Z; Z- can be 
obtained from the basic equations in the following way. 

With the help of (2-2), (2-5), (2-10) and the lelaiion 

//,• = H„ Z, + (215) 

the equation (1*10) gives 


2if, + C/„ Xj + UP Xj 

- HP A*ip + H; Uj„,, = 0. (2- 16) 

Multiplying (1-13) by x‘^ and using (2-2), (2*3), (2'5), {2-10), (2-15) we obtain 
pU^ + pUP A*i^ 4- + pU„ Ui,^ Xj + B\ 

“ 4^ A D *,j3 HP H„ H,,j x\ X^ = 0. (2- 1 7) 

Multiplying (2^16) by we get 

2i?„ + t7„ Hi,j x\ Xj + UP D*i^ x\ - H„ Ui,^ x\ Z,. 

- HP A*.. 13 x\ + i?a Ut,;. = 0. (2*18) 


Multiplying (2’ 17) by U„ and (2 18) by and adding we get 
U,-.3x\Xj = L^+ J^H^U^,!,, 

where 


(2-19) 


4:Tf / 1 

= 'xl « ^*‘P i 4 0*,-^ HP 

+ ^ ‘ -f PU„ U,, + j 
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and 


R:= H\- P lP,,. 

Furthermore, multiplying (2*17) by and (2*18) by pU^ and adding we 
obtain 

Hi.j = U/^,^ (2-20) 

where C/^ A\^ ~ H,, x\ D*^ HP 

+ pU„ x\ D*ip UP-PUn A\b HP + Pi/„ + 2 p U„ H^). 

Now differentiating (1-6) with respect to and making use of (1*14) and (1*12) 
we obtain 

(2 21 ) 

Further, multiplying (M3) by £/,' and using (2*21), <2*2), (2*5), (2‘10), (2*15) we 
obtain 

pV\ 4- pVP A*iis Ui-y p Uj,,!, - 3 y p ■+ Hi C/“ 

~ Ui + Ui,^ X., X^ 

+ p[/„ Ui.,^ x\ Xj + ^{U„H'^. V^) Hm X^ ^ 0. (2-22) 

Jn this equation, substituting the value of U;, ^ x\ X-^ hom {2'19) aad H;.j x\ 
Xj from (2'20) we obtain 

U,,j }iiXj = X -i N' (2'23) 

where ^ = - pU\ + PUP A*^^ Ui + m 

Ui D^•„ - 3 7/, + Pf7„ IP L„H- ^ U,, H<^ - H,, ) | , 

and 

H‘ = - -4^ ! -’yj^ + + (U,,H^-H„ m)P V„ ^ [ . 

P U^n ^ R R ^ 

Now if we multiply (2*16) by and use (2*23) we obtain 

- 4 + UP D*,-^ Xi - XH,r HP A* X^) 

+J^{X'-\)Uu,1,. (2-24) 

To find the value of 11}.^]^ we have from the relation (2*9) : 

= (^tt/3 R^ah + ^3^ ^zh -^/3/j)+ (^as + ^zz^Qk ^^k)i (2*25) 

which with the help of (2*11), (2*19) and (2*23) gives the value of U 

To find the pressure gradient we have from (1*13) the relation 
p*i = ^H^ H,.i - PUj Uuj -pUu 

which with the help of (2-9), (2'13), (2-6) and (2-7) gives 

P*n — - PPl 3 Pli ~ ^Ui + ^ Hj B/m D li Pmj- ( 2 - 26 ) 
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To evaluate the density gradient we deBrie the quaatities by 

di == 9ij Cjiy (2’'27) 

which, when inverted, gives 

P,m = d^i (2 *'2 8) 

The relations (2‘27), in consequence of (2*4), give 

da == C*a. (2-29) 

Also 

dz = P,j, Uj = - P(C/^,*+3> . (2'30) 

where we have used the equation (1*12). 

To find the value of assume that the flow and fi**ld 

ahead of the shock are uniform. Then we have from the jump conditions (1T7\ 
to(l‘20>: ^ ^ 

^\alt - Dialt^dHjdy^ 

= 5^ {H,y Xi + x\) «/?v + h,I3 ^ , (2-31) 

4ha = = ‘^As I Rja ^ ff 0 Jr - (l-A) Y \ 

* t t dyo- \ * 0 - l j + 5^)2 ^ j 

4- / iLff wej„_L ^in (R-Ah) v\ 


(2-31) 


/ iLff H 0x^0 A- ?MJ^in 


(1 + -Sj/) 






(2-32) 


., = p,z 72 -( ^ ~ -^ 1 ) Am. oa II 9^i« 

( J + 0^“ ^ 1 ^ "0J“~ 

2*- • 1 + 9j“ ’ ' 

_ £“ = - _ p ~ ■^i) 9*5'// 

t t 0j“ ^(l+A-^//)’* 9>~ 


2A*S'//(I + %) / 1 _1_ 0^„\ 

( 1 + A I 9^' t/i„ 0r7’ 

where is given from (1*23) as 

^|| { 2 Cl (^,-1) - (4 - 1) (4 + 7 4- r + 1 ) Ul„ 

- (3^1 5 V + (4^1 + 4 4- 27 4 - 27) % + + 7/(i - 7 + 4) 


(2-34) 




= f*'-’ ^ (' + (’ + 1 + 

2C^ 

X ii^ig ~ ~ (7 - 2 - 24 - 74) 

+ 5//(7 4 + 4 - 4 - 7) }, (2-35' 
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The values of ^ and are given by the relations 

= (2-36) 

== ^2-37) 

(2-38) 

where v denottjs the speed of the shoch in tho normal direction. 


§3. CALCULATION OF SECOND ORDER DERIVATIVES AND TORSION OF A 
STREAK-LINE BEHIND THE SHOOK SURFACE 


Let the second order derivatives of the flow and field variables be given by 


the relations 

~ ^ijh ^il 

■= Jjk {3'-2) 

P)mn “ '(3*3) 

Hi^mn = Tij]c. J)<il (3*4) 

where = Ui,mn ^symmetric in j and k) (3-5) 

J'jk = Gm) C;jj, {symmetric in j and k) (3-6) 

^jh = Pmn Gmjj (symmetric injf and k) {3*7) 

%/t = ^hmn Gii Cmrj (symmetric in ; and k) (3*8) 

Now diflPerentiating the relations (2’9J, (2*26), (2’’28) and (2TS) with respect 
to we obtain 

U/.mn - Pmo.. (3*9) 

P^’iVnn ~ Q/^a> (3*]‘0) 

Pjmn ^ ^fnay (3’1I) 

Hhmn-^^^ch = i(3'’12) 


where 


0 

Pima ^ P^il 

0 / I \ 

Q^ma == ^ ~ PtJm + ;^ Bir P^rj ^ s 


/f«a = f {di d^im) , 

Pma ~ t ( Bij D^i 

Thus we see that the quantities P ima^ dma^ Pma Pima are known in principle 
as they can be expressed in terms of the flow and field variables infront of the 
shock, the projection tensor x\ , the surface normal two principal curvatures 
and their partial derivatives along the shock surlace. 

Now, by virtue of (3*9), (STO), (3-11) and (3*12) the relations (3*5) to 
{3'8) give 

Plja — Pima G^ Cr^ji (3*13) 
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Jpa — Oymm Pmj> 

( 3 - 14 ) 

Kjn =3 Rma Pmj- 

( 3 - 15 ) 

kja = Pma Pu Pmi' 

f 3 ‘ 16 ' 


Herce the quantities Kjg, and are known in principTe. The symmetry 

conditions satisfied by these quantities reduce this problem to the determination 
of 7 ,- 3 „ Jsa, ^33 and 7*33 only. To find these we proceed as follows : 

Differentiating the equations (ITO), (I '12) and (113) with respect to aj we 


obtain respectively 

^jik ^hj “ ^jih “b bf 3^ "b ^ 

+ C/,- - f^jU^k + Hi - 0. (3d7) 

. Uj,j + P U,;^k + Ui,k P,i + UiP,ik + 3P,k = 0. (3-18) 

P>k Hi + P Ui,k + P,]i Uj Ui,j + p Uj,k Hi,j - ^ Hj k Hi,j 

+ p Uj Ui,jk + P*>i]c - Hj Hi,jk = 0. (3' 19} 

Multiplying this equation by C^i Cj^m and using the previous relations we obtain 
Xim + P + Jim'- ^ HP hmjS ~ Cn Gi^m = (3*20) 


where {F,h Hi + f>Ui,k + Hj Ui.j + 

^ Hfije Hi^j — Hj^]^ Hi<ij)* 

Putting / = 772 == 3 in (3*20) and using (2*10) we get 

^33 + P ^333 + As - HP h^P - ^ H„ f/„ Hi^jk Xi Xj Uk 

- i H,, uo- Hi,jk 4 Xj Uk = 0. (3-20fl) 

Further multiplying (3T7) by Ui Uk&nd using the previous relations we obtain 

X + 7 s 33 + Hi Ui Uk U,„k - hza H^ - H„ Un Ui.jk Xi Xj Uk 

- H,, 77“ Ui^k 4 Xj Uk = 0, (3-2 1 ) 

where 

UiUk [Hj,k Hi,j-Hj,k Ui,j + Hi,k U,,r + 2 Hi,k) . 

Furthermore diiferentiating the relation 

= /) + 

and eliminating Ui with the help of the relation 
Pn Hi = "^Pn Ui 

we obtain 

- 4^ Hj Hj,i Ui+ P p*,i Ui-yp P,i t/i = 0. 

This equation, in consequence of (1*12), gives 

yp U^,, + 3yp-^ Hj Uj Hj^ + /*„• Ui = 0 . 

Differentiating this relation with rrspect to Ok we obtain 

[ 900 ] 



yp Ur,rh - ^ UiHj + Ui,p*,a + Zh = 0> f3-22) 

where 

Zh ~ '^Pih ^ '^Pth ^ )^h ^jn ^i'h P n’* 

Multiplying (3*22) by [//,., using (2*10) and (2*15) we obtain 

-/as + + Zh ^h 4^' A'yl’a 

- ^ U,, H„ Xi Xj Uk - x\ Uk = 0. (3-23) 

Further multiplying (3*18) by 11^ we obtain 

^^■^3 + P U,, u,,,/, + U, {p,k C7,„ + Ui,j, P,i + 3 P,i) = 0. (3-24) 

Putting I = « and ?k = 3 in (3*20) we get 

^03 + P ^33 + /a3 - ^ lazp - ^ Uj, = 0. (3-25) 

Furthermore multiplying (3*17) by Cj.^ we get 

r'a^ + 7aS3 - Pla Uh - Hn x\ Xj x\ Pih^ U,, = 0, (3-26) 

where ^ia {^j>k P^i>j ~ PPj>lc ^hj H" PPi>h ^r>r “t" ^ PPi-l^‘ 

Now we proceed to find the value of i/jy-/. x^^ Xj, Ui,ji. X^ Xj, Hi,jk x\ Xj and 
PPiijh ^j- 

' With the help of (2M0), (2*15), (3*9) and (3'12), the equation (317) givfs 

— Xj Xj ~~ -f' Hi (3 ’2 7) 

where Piu = Pa~Q - -|- Uj,k Bj,j - Hj,]. U.i,j + i?;,/. U,.,^ + 2 H ,i.. 

Multiplging (3*27) by and we obtain respectively 

— Xj *-|- Xj — "b T/ot, ^rirh (3 ’28) 

- Xi Xj -h Xi Xj = pik Xi 4- Kfi (3*29) 

Also, with the help of (2*10), (2*15), (3*9) , (3*10) and (3*12), the equation (3*19) 
gives 

^ ^iyjk “b ^ Hfi Hiyji. x\ Xj = ^^0^, (3*30) 

where 

^ha = ^ ^ik'P ~ ^ x\ Pih^ “ ^ ^ a 

+ PjA Uj Ui,j ;v^a+ + iiA:a + A?V* 

From (3-28) and (3*30) we obtain 



Hi^jh — ^(a 4* ^rtrh 

(3-31) 

where 

^ujk ^nrhs 

(3-32) 


rr ( H^n Ska + ^‘'a Pih) 

H\ - 4,r pU\ 

jjf 4'7r pU^i 

H\-4tpU\* 


A— 14 
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4^ l/.a”!” Hft ^*01 

H\ - Pff^ ’ 

77 - _ 

H\-4^pUn^ ‘ 

Differentiating the equation f2-?l'), eliminating p ^i, with the help of (3 19) and , 
making use of (2-10), (2-15), (3-9), (3-12), (3-31) and (3-32) we obtain 

Ui,jk Xi Xj ^ Wi, + W . (,3'33) 

where 

Wk = - \ U\ + pVi Ui,k + p.k Ui Uj Ui,i 

+ pUi Ui,s Um - ^ Hj,k Hi,j Ui + ~ Hj,k Hu f/; 

Pn ^iik • yp'^h (f^rsr + 3) + Ui P^jca 

+ 4 ^ {Hi C/“ - Ui H“) -Pika + PUnU<^ Vka 

+ ~{UnH^-Hn Z7“) Uka }, 

W'=^- - yp4-PUn f/“ F'a + H^ - Hn U^) ■ 

Now substituting from (3‘33) in (3*29) we obtain 

Hijk Xi Xj = 1 {Hn Wk - 4>ik X,) + {W - 1) (3-34) 

Thus the values of Upjk Xj^ X^ Xj\ Hi jk x^a Xj a od H^^jk X^ Xj are known 
in terms of 

Isow we are in a position to find the values of and //g^ in terms 

of U,.,^k Uk. 

The relation (3*2:^) gives the value of /gg in terms ol Uj^ U^^rk- we substi- 
tute ibis value of /gg in (3*2Ua) we get the value of /ggg in terms of U}, Also 

iass and Kq^ arc obtained in terms of Uj^ from the relations (3*21) and (3'24) 
respectively. Further (3*25) gives the value qI and (3-26j gives the value of 
/asg in terms of Uk 


To find the value of Uk U^,rk we put / m = r in (3-1), and obtain 

Uk ~ A*a3 ^ip ^ap “h ^^'33 ^ip ^npi (3*35) 

where we have used the relations 

Uk — 0 and Vk i. 

The first term in the right member of (3*35) is independent of Uk and is com- 
pletely known as is evident from (3*13), while the second term conta'ins Uk U^^,rJc 
as the value of /^-gg is known in terms of Uk Thus (3‘35) gives the value 

ol Uk Uy,,^j. in principle. 

In this way the quantities UjKjjk, Kjk and lijk are completely known to ua 
and consequently the second order partial derivatives of 17^, J)*, p and AT/ are 
con pletely determined. 
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To find tVie expression for curvature and torsion of a streakline behind the 
shock surface, let s be the arc length of the streakdine measured from the shock 
surface and be the coordinates of a point P just behind the shock surface on the 
streak-line, then we have® 

where X; are the components of the unit tangent vector to the streak-line at P, 


Therefore 


3!5‘ = A- - Ui u,„ 


A* 


But from one of the Frenet’s formulae we have 


(3-37) 




JCii- 

- g,-- 


(3-38) 


where ^ is the curvature of the streak-line and ja,: are the components of the 
principal normal vector to the streak-line at P. 

Thus the relation (3‘371 becomes 


If we multiply both sides of this equation by we obtain 
Eliminating ft,- between (3'39) and (3’40) we obtain 


(3-39) 
(3- 10) 




( u^.. 


•a ) 

g* 


2 


( U., U , 


(3-4]) 


The torsion t of the streak-line is given hv^ 

__ 1 JOi 'd^ai fai, 

g_y2 gj3-' 


where 

and 


and — ^--are ^iven by f3*36) and (3*37) respectively 
ds 'ds^ 


=(UmU, 4- u^.r U, ) ~ 

- 1 (? Um u, Ui^,m Ui U,,r + Um u, Uk.r Ui Ui,^ 
+ Uk Um U,. Ui -I- Uk Ur Um,r U/, Uur,x 


(S42) 


-f Uk Ur Um Ui.r Uum ) ^ Ui U^rVr Uk Ura Uj, U^r^. (3-43) 

§4. DETERMINATfON OK THE THIRD ORDER PARTIAL DERIVATIVES AND 
TORSION OF A VORTEX LINE BEHIND THE SHOCK SURFACE. 

In this section we shall use a different matrix H (| to obtain the third 
order partial derivatives of U^, though these results can also be obtaind by 
making use of the matrix || Qj || defined in section 2. 
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We get 


^ia. and Big »» 

If det Eij^ 0, then we can define Fy- by the relations 
^ . _ Gofactor of Bjj in \\Epq\\ ^ g,, . 

^ ij \ u' \ » 

1 ^pci I 


(4-1) 

8ii ] Fki ^ Sij. (4-2) 


Farther we define the quantities by 

’^ijkr ^ ^ii t^nk ^ (4*3) 

which, in consequence of gives 

Ui^rnrtp == Fjmfkn FrP* (4 4) 

Furthermore, if we differentiate (3*1) to (3*4) with respect to f' we obtain 

^hmnr ^ (4*5) 

P^limnrX^d = 0 ^mna> 

Pjmnr ^ 

where 


0 ■ 

'Plmna, = * gyi" ( lijk ^>{1 F)jm Dkn), 

*9 

^ Imna ^ ^ ^^ijk ^il ^kn)i 

i Unk F>jm 

'mna ~ ^ '^yi ( Fjk Djm ). 

Thus i'lmna) i’’ lmna> 'i‘''mna and 'll"' mna are known to US in principle. 

Now, by virtue of (4-6), the relation (4-3) gives 

^ijka “ Imna Pmj (4*9) 

Because of the symmetry conditions 
satisfied by the quantities we have now to determine 6*0^333 and iS'3g33 

From (4’3) we obtain 

*^(*333 == ^hmnp ^Ka ^P> (4*10) 

where we have used the relations (4*1). 

Furthermore the relation (4'3) gives 

•^3333 = Ui,rfln,p Xp, (4*11) 

Now we proceed to find the values of and V, ^ap 
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Differentiating (3*17) with respect to and using (2" 10), (2*15), (4*5) and (4*6) 
we Obtain 


where 

<liikm = U& i^ikm^ - i>'ikmp + 2 Hi^km 


+ Ujtkm HiJ + Uuk Hijm + 

— Hj\km Ui,j - Hi^k Uijm — Hj\m Uijk 


+ Hijkm f/-,, ^ + Hi^k + Hi^m 

Multiplying ^4*12) by and Xi we obtain respectively 


and 


Hn Uijkm 9c\ Xj — Un HijkmX^\f^ Xj — x\ ^{km *4" -^ot ^r^rhii'* 

Hn ^i)jk7n Xj “* Hn Xi Xj =a= X^ "’1^ ^r'Wv'w 


Further, differentiating (3*19) with respect to multiplying the resultant 
equation by and using (2’10), (2*15), (4*5), (4*6), (4*7) we obtain 

- P Uji Uijkm x^fx Xj 

+ ^ Hijkm X\ Xj = 2 ^: ik rna, ( 4 * 15 ) 

where 

hma *= i'ikm^ x\ - ^ikmjS *'a | ' ^"AWa 


+ *V { (P^dikm + {pUj),i^ U.i,j {PUj),]. C/i,jw 


From (4’13) and (4*15) we obtain 

^ifjkw ^ a “ -^A-Wa ^'<x 


and 

where 


^h'jk'ni’ a “ QtkWa H" Q/a ^r>rAnt> 


R,™ — + PUn 4‘ik«^) 

■‘^kWa wa _ A-* nT-ra » 


H\-^i^pU\ 


or _ 4ff pU^ Hg 

" “ ~ H\ - 4 ^ pV\ * 


(3 — ^Awg + ^iA«t 

“ h\-4it pU\ ’ 

or 

Furthermore, differentiating the equation (3’S2) we get 


(4 16) 
(4‘17) 
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P’.<^ Vi + >*,i» •,( ni,tU - 1 Wij n,u «,.<}.» - -5 (H, f/.),™ H„ 

+ (^rjr+3) Ijw + P^m ^ Hj U^ -f- 7jC> U,y^^].rn = 0* (4*18)1 


Also, difFerentiating (S-I^) wifft respect to <7^, muldplvinc throughout by C/!- and 
eliminating Ui between the resultant equation and (4*18) we obtain ’ 

^ (f^Uj)^i,rr\ U^,j -f- U{,fm 


+ ^ ^ Ui,, 


* ip*,i UM),m + ^{(HjUi ),J Hj,i },^ + (H. 


“ iPik (^rir 4* ^)})9?2r *“ '^Pim ^rtrlc 


47r 




Vi Vj fljiii-^ ~y p = 0. (4-19) 

By ,i„„^ of (MO), (2-15), (4-5) and (4-6) ,I,c oqoa.ioo (4-19) a„„„e. .Bo form 

f>U\ Xi Xj J7“ X\ Z; + 1 Cf/„ 

- yp 4- =z 0, (4-20) 

where = U.. { {PUi),^,^ + {pUi^,j,^ f/. 

+ {pVi),„, - 1 Hj,,^ H,„ - 1 ff.,, j ^ 

- {p*n ^ \{Hj Uj),i. 4- Hj,ii - y { p,j. (£/,.,^ 4- 3) 


- yp.« v„, + per, f7« r,„.. - P; H« fe„. + ^ f/y t,. 

With the help of (4-I6) and (4-17), the equation (4'20) gives 

= - -^IJ^ { pC/„ Z7“ 4- ^ jy„ _ ^ 

+ ^ ^ + 4i; R'a - Pf/„, C^“ d'al (4-21) 


gives the 

Ur,rhn (1 " ■F’a*) Ppip R'a " FsP FqP R') = ^^agg Fip F,,p 

H" Fap Fqp Risg^ X/ Xf F^p F 3p Pig Xi Xg, f4*22' 
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where 


{ PUn m Qisa + ^ {U„ - H^ C7») R^sa ) 


and 

R' » {yp + ^ {H„U- - U^M-) R\ - pK U- Q!^}. 


Thus if we substitute for from (4T7) in (4T0) and make use ol 

(4-22) we get the value of iS-asss- Similarly, with the help of (4‘21) and (4*22), the 
relation (4'11) gives the value of*S' 33 g 3 > In this way the quantities have been 
completely determined. Therefoie the third order partial derivatives of are 
known from (4’4). 

Now, let the vorficity vector at a point T(*;) the vortex line just behind 

the shock surface be given by Wi- Then 






<4-23,) 


Differentiating {4'23) we obtain 

= I ^>S Us.r1, 

and further differentiation gives 




2 

t 






(4-25) 


Since we have already calculated the values of t/s,y and Vs^rjh therefore, 

the above relations give the values of and in terms of known 

quantities in principle. 

Now we proceed to find the curvature and torsion of the vortex line at 

Let s be the distance ofP from the shock surface measured along the vortex 
line under consideration. Then we have from the definition of the vortex line 


Xi — 




ufi ^ Wi Wi, 


(4'26) 


where Xi are the component of the unit tangent vector to the vortex line at P (x*). 
Therefore, 


0^ _ J ^ \ ^ 

07 * t -daj'X w j 

c — f Xjf ^ j~Xi 

t \ W Ol® 


(4-2*7) 
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But from one of the Frenet’^s formulae we have 


07^ 


0 S 


K r 


whcie K is the curvature of the vortex line and p, i are the components of the 
principal normal vector at P 

Therefore the relation (4*27) assumes the form 


-w „ 


Wj wiWjWi.j X 




0 


If we multiply both sides of (4-28) by j we obtain 
_ 1 Wi,jWjlAi 

K — . 

Eliminating between (4-28) and (4'29) we obtain 


a= ^ I I 

10* ^ ajs jy4 j 


The torsion r of the vortex line at P(Xj) is given by* 

-r = _ 3 ^ 


0 i “d s 


ra » 


(4-28) 

(4-29) 

{4-30) 

(4-31) 


V 0^i 1 3® xj 

07^ respectively given by the relations (4*26) and (4-27;. 

3® Xh 

The expression for c^n be easily obtained by inspection of (4*27), (3"37) 

and (3*43). 
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ABSTRACT 

It has generally been believed that in a complete polytrope, the pressi re-density relation : 
P =: JT is relevant for a definite value ot n. at c\ cry point ii the configuration In this 

paper author has sho\\n that at the orip I), the pjcssure-dcnsity relation, whatever be the index 
of the ronfipuiaiion, is valid only either for nasrO or for -1 The value oi n for which the 
pressure-density relation is vajid in the rest of the parts of th*" cenfiguratien is the same as that 
of the index of the configuration. The inriinediate neighbourhc od of tie oiigin is an intcrfdcial 
region, in which tvo sets of cquatic ns ; one gov erring the origin and the other governing the 
rest of the parts of the conf guration, are valid sirrultaneously^ 

INTRODUCIION 


Polytiopic configurations are the gaseous cenfigurations in equilibrium 
under iheir own gtavitaiion. Equations governing such cofigurations are (Ghadra* 
shtthar, S., 3939, cq. 6 & 7, p. 87), 


1 d /r® dP\ . ^ 

r® dr {p dr}~ 


(2) 

Substitutions 

P = 110” ; P = Api+'/« =KK^+yn 0W+J, 

(3) 

transform equation (2) into 

di V d:]- ^ 


<4) 

where ^ is related with r by 

r ,, 1 



= 47rG 


<5) 


Solutions of (4) n be classified into three kinds (Russell, H. N., 1931) : 

(a) E— solutions, with 0 finite and a maximum at the centre* 

{b) M~soluiions, with d infinite and a maximum at the centre. 

(c) E-solutionSj in which 9 is zero for some finite value of $ increases to a 
roaximuir and then diminishes. 


Solutions of (4), finite at the origin, satisfy the boundary conditions 

0 = 1 ; ^ =0 at I = 0. 


( 6 ) 
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PHYSICAL CONDITIONS AT THE ORIGIN AND IN THE IMMELIATE 
NEIGHBOURHOOD OF THE ORIGIN 

Equations governing the configurations suggest that it is necessary to 
assume a relation between pressure and density for the study of the structure of 
the configurations. Of course, we have to assume the relation such that it must 
be consjsrent with equations in (I). Assume an arbitrary small volume at a 
distance r from the centre ; then first equation in (1) can be written as 

(7) 

where p is the value of P at the point considered. Equation (7) shows that dPjdf 
vanishes at the origin, for p at the origin is a finite quantity. 

Let our pressure-density relation be P = jRT where n is a constant. To 

decide the particular value of n for which the assumed pressure-density relation 
will be consistent with equations in (1), we proceed as follows : Assume an 
arbitrary region in which di*jdf vanishes at every point. Obviously then, what 
is true at every point in such a region is also true at the origin ~ situation at every 
point being the same. In such regions, clearly, P = K can be valid only 

lor n ==:= - 1 (Author is grateful to Proiessor S, Ghandrashekhar of Chicago 
for his coircspondance in which he incidentally pointed out that Emden^s 
equation for n ^ ^ I is valid only in those parts of the configurations in which 
pressure is constant without density vanishing simultaneously). 

If we consider an arbitrary small volume in (r ; p)-plane, then the first equa- 
tion in (1) can be expressed as 


dp iirtiGr , 

— - =r — D -lyri 

dT 


m 



Abovegoing clears that whatever be the value o^' n ( n 0 and « = - 1 are 
to be excluded.) since p is finite at the origin, dpjdf vanishes at the origin. Now 
assume a srriall region in which dpjdr vanishes at every point. The pressure- 
density relation can be intepreted in the form 


P = 



(9) 


Equation (9) suggests that in a region where dp/dr vanishes at every point, 

a constant at every point, the pressure-density relation can be relevant 
only for « = 0. 


We may, therefore, conclude that if we consider equations in (f ; P) - plane 
^pr « - l will govern the physical conditions at the ongin, 

1 configurat ion . If vs e consider the solutions in (f : p) - 

plane, then so utioris for n ^ 0 will govern the origin. 

i” « = - 1 , pressure density relation gives P ~ 1 and P = K 

P a^nTraid cannot be taken as functional relations between 

Iwf ify „ - 0 wi* equation, in ")! 

^.irp ^ f ^ ° regarded as the limiting cases of the pbl 

tend^n^o Lo miSuro” ™'^‘hematically relfvant solutions for n 

U b tending to 0 and -1. P and P remain 

of hyUrob'atk'equbi^r'irnTarises.''^’^^'^''^ ' inconsistency with equations 
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As we leave the origin, w^e see that equations governing the configuration 
do not impose any further condition. In the rest of the parts of the configura- 
tions, therefore, we can take pressure-density relation relevant for diffeient 
values of n for the study ol different configurations. Of course, the conditions 
at the origin in all the configurations remain the same. 

We have seen that in a polytropic configuration, of a particular index, the 
origin and the rest of the parts of the configurations are governed by solutions of 
Emden’s equation for two different values of n. As there is no discontinuity at 
the origin in a configuration, the immediate neighbourhood of the origin is an 
interfacial region in which two sets oi equations : one governing the origin and 
the other governiLg the rest of the parts of the configuration are valid simultane- 
ously. 


SOLUTIONS FOR n=0 AND n= -l 

It has recently been shown (Sham bhunalh Srivastava, 1966) that equation 
(4) is irrelevant lor n — 0 and « = - i. Relevant forms of the solutions of 
equations, equivalent to equation (4) , can be considered as iollows : We have 
seen that « = 0 and n = - 1, have to be regarded as limiting cases of the relation 
P = K Iherelore, if we eliminate one of the dependent variables between 

P and equation (2), then the solutions of the resulting equation can 

be significant only if the process ot elimination involves some mathematical opera- 
tion over the pressure-densit) relation. Of course, the resulting equation, even 
ii the solutions be insignificant for these two values of n i.e. even if the process 
of eliminating one dependent variable from (2) does not involve any mathe- 
matical operation over P = can be taken relevant for further applica- 

tions. 


Eliminating one dependent variable bi^tween equation (2) and 
we get 


and 


Id/ dp\ 47rnG 

Id/ dP\ 

?r -^j = - 47rGK-^^^d^ + ') PnKn+1) (H) 


Elimination of P does not involve any mathematical operation over P = K pi+i/’*'. 
Hence as explained above, solutions ol equation (11) cannot be significant. 
Elimiaation of P involves a mathematical operation over P = but the 

form of the resulting equation remains indeterminate for n = 0 and « = — 1. 
Oi course, both equations (10) and (llj remain relevant for further applications. 


It can be shown in the usual manner (Cbandrashekhar S., 1939 p. 105) 


and 


AirnG rP^ 

IqT ~~P^' P ^ 


rP^nj(n+l) rP' 

U = -^^G . 


( 12 ) 

113 ) 
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reduce e(juations (10) and (II) to the first order equations 

UdV __ nU+V--n 
VdU~^'^ n[U+ 


udv (n+1) - V - (n+I)^ 

vdu 3(;y+l) - /iz; - («+l)2^ ' ^ ' 

respectively. Equation (14) becomes indeterminate for n ^ 0 and for « =a -- }, 
the integration of (14) is co^m plicated. Equation (IS') gives fimite solutions for 
^ z= 0 and n — - 

For yr =s 0 , equation (l5) becomes 

p(l-tr) _ 


Foregoing is reducible to a linear form and the primitive is 

1 1 _ C du 

V (u- ~ i t« - 3)W» ”*■ 


.ys „4/a 


With the substitution 


we get 


— lit. 


J du _ ^ t dt 

3)5/8 ^4/3 J (T_“3/)678 ' 

With further substitutions 

I - 3/ = ^ I ^ Sdt ^ dA, 
the right^hand side of (19) becomes integrable and we get 


/ du 
{u - 3}V3 


+ 3 j 


Substituting (21) into (19) and reverting to the original variables, we get the 
complete primitive 

1 1 ^ , ,221 
II (k - 3)a/« rfV* “ “(a -3;2'* ^ «*/* ^ ’ 

With a simple re-arrangement, the abovegoing can be re-expressed as 


(2 - «) + 2c (« - 3)2/8 uV» ’ 

where C'is a constant of integration. When =3 0, the curve is a hyperbola. 

The variables introduced in (12) and (13) have a great advantage that 
positive quadrants (a ^ 0 ; t? ^ 0) contain only such parts of (r ; P) - and {r ; p) - 
solutions, respectively, which are of astrophysical interest (Ghandrashekhar S. 
1939, p. 105). 
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When c tht? part of the curve which hai5 an astrophysical validity 

starts from v — I and approaches the line u = 2 asymptotically. 


For w s= - i , equation (15) becomes 


Fquation (24) integrates to 


u dv 
^ du 


(24) 

<25) 


where t:' is a constant of integration. Equation (25) is a straight line inclined at 
an angle tan"^ to the a axis. Solution is valid physically when c' ^0. Equa- 
tions in {12) and {13) suggest that u and U are related and ^ and V are related. If 
we subijtituie F and P’ in {13) in terms of r and P and eliminate r and P between 
the resulting equations ; then we get 




(26) 


For n ^ 0, u = but v cannot be expressed as /(F). For w = - 1, if (C7,) 
and V — P. Hence clearly, solutioiiS in {U : F)- plane corresponding to that of 
(23) and (25) do not exist. Thus (23) and (25) are the only solutions which 
govern the origin of a complete polytrope. 

We have seen that in a complete pnlytrope the origin of the configuration 
is governed only by solutions for n ^ ^ and =r= — 1 ; and we can study these 
solutinns only if we consider solutions in (r ; P)~ plane. I'hus we see that r and P 
are the only suitable variables which can give a clear concept of the structure 
oi the polyiropic configurations. 


INTERFAGIAL REGION 


We have seen that in a complete polytrope, the origin and the rest of the 
parts of the configurations are governed by solutions of equations equivalent to 
the Lane-Emden equation of index «, for two different values of Whatever be 
the index of the configuration, if we consider structure in (r ; P)- plane the origin 
is governed only by solutions for « = 1, As there is no discoruinuity at the 

origin, there subsists an inicrlacial region in which two sets of equations : one 
governing the origin and the other governing the rest of the parts of configura- 
tions are valid simultaneously. It is easy to see that mass and the radius of the 
configuration, in {r ; P)~ variables are given by 



and 



respectively, where solutions have their first isero 
given by 



\2iit^Pdu 


at r fj. 


(28) 

Potential energy is 
(29) 
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Let 1“ — K be relevant for ng and n at the orT^in and in the rest of the parts 

of the configurations. At the interface the values of P. M, R, and for the two 
mentioned sets ol variables should be identical. Let (r, ; Pg) - and (r ; P) - be the 
variables used for the two respective regions. Then the ‘equations ol fit’ are 


K 


'I 

= 


«o/(«o+5*) P n/(«4-l) 
K I 


(30) 


^ 2 ng/(Ko + l) ^ ) j.^2 _ j^inJ(n+]).p-nHn-t-i) ^ ^^31^ 


dr^ 

^Ko/(«o+ 1)^^ _ ^7,/(n+3) r, 
PoJ-g® = Pr^. 


(32) 

(33) 


Raise equation (32) to third power, multiply by (30) and divide by (31), w'e ■ are 
left with 

foPo^^/(”o"i~^) _ ^p2n/(n+i) 

TV 'f‘ 

The abovegoing can be re-expressed as 


(34) 


u (Mfl ; rg) = « (n ; r). (35) 

Further multiply (31) by (301 and (32) and divide by (33), we get 

^2no/(ng+l) !i^_o ^ 

Equation (36) can be re-wiiiten as 

J ^o) = i ^o) = I f) = Kv{n ; r). (37) 

Thus our equation oi fit are 

" (^^0 u{nir) ; V («o ; ^o) = V (« ; r). (38) 

We already know the solutions in {u i v) plane. Solutions in our present 
obtained very simply by multiplying ordinate in (u , v) ■ plane 
by A / + ). Thus we see that all characteristic features in (u;v)-- plane are 
retained in {u ; V) - plane. 


A homologous family in (r ; p) - plane yields onlv one cuive in (u ; v) •- 
plane. Let u (n ; r) ; v (n ; r) ^ E (n) - curve. A point of intersection of E(?j) - 
curve^ and equation (25) corresponds to a particular solution of equations of fit. 
Substituting P and as y{r) and the numerical values of u and v obtained by 
solutions of, E(?i) -- curve and equation (25), we get an equation in 4 * the roots of 
which correspond to the interface. 

As soon as we leave the interface, solutions of Emden’s equation for differ- 
ent values of n become relevant in different parts of configurations. Mass and 
radius of the configurations can be obtained from equations (27) and (28). The 
value of K is given by (Chandrashekhar S, 1939, p. 86 ) 



where notations in (39) I ave the same n caning as used by Chandrashekhar* 
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CONCLUSIONS 

1. If we consider liquations in (r ; plane, equivalent to the Emden’s 
equation, then solutions for n = - 1 will govern the physical conditions at the 
origin, whatever be the index of the polytrope. If we consider solutions in (r ; p) ^ 
plane, than solutions for « == 0 will govern the origin, 

2. Einden’s equation in {r;P)~ plane, when transformed in («;??)- vari- 
ables, give finite solutions for n = 0 and n = - 1* These solutions are given in 
t23) and (25). Solutions corresponding to these solutions do not exist in iU;V)- 
plane. 

3. r and P are the most suitable variables for the study of the structure of 
the polytropic confiejurations. Solutions (23) and {25) govern the origin. Equa- 
tion (38) governs the interfacial region. The rest of the parts of the configurations 
are governed by solutions of (il) for some different definite values of 
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abstract 

Jn this paper a ffw properties of Bateman’s functiOB iTv.Waie given and extensions of tbh 
functicn and an allied function are studied* 

1. introduction 

Bateman defined^ the function Kn{x) by 

Kn{x) = - cos {x tan 6 - nd) dff, (1 ) 

J 0 

the fundamental properties of this function are 

(n - 2) -{n + 2) = ix Kf{x), (2) 

{n - 2) Kr,^{x) + in + 2) + 2(« - 2x) K,Xx) = 0, (3) 

and X Kf{x) + {n- x) K,,^lx) = 0. (5) 

When K is a positive integer or zero then 

( - ll’* 

^2n(*) = ^ (6) 

Later on, Srivastava^ defined an allied function T,i^(x) given by 

tan d - K e) dd. (7) 

He studied some of the properties of this function independently and in association 
with the function The fundamental properties for this function are 

(a - 2) T„^(x) - (n + 2) = 4* Tf{x), (8) 

(a - 2) T„^ix) + (a + 2) T,,^fx) +2(a - 2^) T,Xx) =- f , (9) 

+ T,^+i'(*) = Tn.fx) - T„+fx), (10) 

and Tf'(x) + (a - ^) T„(x) + f = 0. (11) 
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2. Results connected with K^^{x) 

Multiplying (4) by T^/{x), (11) by and adding, on some adjustments it 

is obtained that 

J “ { K„'{x) T,J{x) - K,,{x) T„ix) }dx = x{ K,/(x) T,J{x) - K,{x) Tn'x)} 


+ , K„{x) {nT,{x) + ^ } + ^2 sin m 


From (6), on integratioii by parts, we get 


e~^ Kznix) dx = 0 I 


— 0, 1, • • • ) w 2, 


T(s + 1) r(. + 2) , 

- • " 2"s+i r^9 - + 2) » ^ ^ 


n I 


Next, for simple Laguerre polynomial Z/^^(a:), we have 

= It & ’ - 

so that, on comparison with (6), it gives 

= ( - 1 f - -^.- 1 ( 2 *) }• 


Thus, we get 


J r, X 


M dx = ^ — ^ 


£,,. 1 ( 2 ^) - 


(- 1)’ 


From the recurrence formulae®, for (14) becomes 




this gives 


J 0 






X n 

3. The functions £’,,(^1 ■'^j) and ^ 2 ) 


n 1 n 


( 12 ) 


(13) 


(14) 

(15) 

(16) 

(17) 


The functions £'„(a:) and T,,{x) are generalised to the corresponding functions 
of two arguments £'„(^„ ^j) and Tn(x-^, x^ respectively, where 

>^ 2 ) ~ ^ J 0 (^1 6 + Xi tan 20 - n3) d0, (18) 

2 /2 

^ 2 ) = ^ sin (atj tan 6 + x^ tan 2d - nd) dd* (19) 

These extensions besides giving the properties of the new functions, similar to 
the parent functions, they also provide an association between the extended func- 
tions, as it is expressed by the various results given in this section. 
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( 20 ) 


(18) may also be written as 

Obviously 

Ki.ix,0) = K,Xx) ; Tn(x,0) - T,Xx).. (21) 

And when n is any other integer or zero^ we have 

== “ 2 ( 22 ) 

~ ^ 3 ~ k ^ T"'J<4/i+3)(^) (23) 

Similar results may also be given for the allied function. 

For brevity in the following treatments let us write and in place oi 
^z) *^2) respectively. So that from (18), we have 

^ + K,+,) = K,.r - , ' ( 24 ) 

where r = 1, 2. In this K may be replaced by T throughout. 

From (24) a number of interesting identities may be obtained. 

To derive the pure recurrenece relation satisfied by if 'we consider the 
identity 

3 J ^ {cos^ j cos^20 sin (;tfi tan ^ + a ?2 tan 2] - nj) } = 0, / 

after a bit of simplifications, we find that 

(6 - rz) ^,-e “ (6 + ^) + 2(4^ + 2 ^i - n) - 2 (^ - 2 x, + zz) 

+ (6 + 8^:3 - 3w) r - (6 - 8 ;v 2 + 3n) + 4 .[2x^ + - n) K„ == 0. (25) 

Similarly 

w jj" {cos^0 008^20 cos (^1 tan 0 + ^2 20 - W0) } = *“ ? 

gives 

(6 - n) 4:,. 6 ~ (6 + n) T-.+g + 2 (4 + 2 a:tl - n) - 2(4^ 2x^ + n) 

+ (6 4' 8^2 - 3n^ r .a - (6 - + 3;z) + 4 (2;^^ + - n) r„ =: 6. ' (26) 


N _ 1 r7r/2 zXa^i tan 0 + at^ tan 20 - n9) 
i ■“ ttJ ~7r/2 ^ 


It is interesting to note that the expressions like 
reduces to certain simple difinite integrals. To obtain integral representation for 


CO 

from (18), 
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we have 


£ Ky^ 2 ^ 

~ 77 "I (-^1 0 + tan 20) " 

«— 1 11=1 ^ 0 

2 ^ f^r/2 sin nd 

’T ^ Zj \ sin (a?i tan 6 + tan 20) 

«=:l 0 


COS nd 

:2 tan 20) ^ d0 


COS nd 


Now, to change the order of summation and integration, we note that Zj r 

sin n0 ^ A, ,, 

and ^ — are non-uniformly convergent near 0 = 0, but on using^ AbePs 

theorem, we have 


V _ Uto 2 
Zj „ a-^l ~0 7 r Zj I COS (a?! tan d + X2 tan 20 ) 

n= 1 n= 1 Q 

lim 2 'v r’^/2 . , n N «’ 

+ a-^1-0 w sin (*i tan d + tan 20) 

n= 1 4/ n 


COS nd 


sin n .0 


^ COS nd ^ a”' sin wy 

SipLce a is less than 1 , therefore, Z/ i and 2J „ converge uni- 

«==1 . ^ n=1 

formly throughout the range of integration, and so, the interchange of the summa- 
tion and integration i? now permissible. Hence after summing up under the sign 
of integration and taking limit, we get 

ir., 2 /^W 2 , ^ \ t 

Zj ~Z ” TT I COS {x^ tan 0+^2 20) log (2 sin dd 

n= ' J Q ‘ 

, 1 /•7r/2 

+ ^ 1 sin {Xx tan 0 + ^:3 tan 20). (tt-* 0 ) ii/ 0 . (27) 

^ 0 


sin nd 


Similarly 


^ 7*,^ 2 ^7ry2 0 

21/ ";r 77 1 sin (atj tan 0 + tan 20) log (2 sin dd 

rt=l 0 

- i ^ 20 ) (^r - 0 ) dd> 


Following the above procedure it is found that 


•V •^2>v + t “ ^-a'7-l _ ^ T*. . V ^2??+l ^->271-1 ^ 

2;z + 1 2 ^ 2n 4 . 1 =2^0. 


2n + 1 


J QO 

A",, (jv^ + x^) dx^ and 

0 

K„ (^ 3 , Xti "h a^) dx^ and similar integrals for the allied function For 
0 

{Xi + a.y %) = § ( e~^'\ dx^ 

0 0 

X cos { (x^ + a-,) tan 0 + tan 2$ - n) } ddi 

n 
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on changing the ordei* of integration (by virtue of the absolute convergence of the 
double integral), on integration, we get 



6 ^ -h* *^ 2 ) 


“ 1 “ ^ likely ,*^ 2 ) 


(30) 


Similarly, it is found that 



5 Ky, {xi, x^ + a^) dx .2 = i ^2) + ^2) ) • 


(31j 


In (30) and (31) K may be replaced by T throughout. 

The functions and T)/ studied in this section may be extended to the func- 
tions ofm arguments . . . , by 


> ^m) = “ f’^^^cos {Xi tan ^ + * * . + tan md - nd)'dd 9 (32) 

and 

(^15 9 ^m) == § r^^^sin (;i?i tan 6 + . , . mO - nd) dd (33) 

respectively, and, the properties of these functions may be given in a similar 
manner* 
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ABSTRACT 

1. Let the Fourier expansion of a function f(x} £ (a, b) with respect to an orthonorxnal 

system of functions («=0, 1, 2, . . .) is given by 


(M) 

where 

Considering, 


/(*) 4>n (x), 


#1=0 


On = ^,i(x) dx. 


^ . . . . 4- 2^^^+0^ 

for #w = 0, 1, 2, ... . . ^ 

Tandori has proved that if 

CO 

S' Am <Cco 

#72 = 0 

then (I'l) is | C, 1 I summable almost everywhere in [a, b). In this paper we have gcieraliscd 
this result and proved the following theorem ; 


Theorem : If 


(1-2) ( s + 2 < « 

L#71 = 0 #71=1 J 

then the orthogonal series (1*1) is summable | C, a ) almost everywhere in {a, b) provided a > J. 

INTRODUCTION 

!• The ^Fourier expansion corresponding lo a function/ (x) e (% b) in 
terms of an orthonormal system (x)} is given by 


(i-j) 

where 


CO 

f (x) 


On : 


f /(*) (i 

J a 


x) dx. 


The series (1*1) is said to be | C, a I - summable il 

GO 

X I o-%+i(*) - o-“n(«) I < CO , 


where 


#1=1 


cr%(x) designates the nth Gesaro mean of order Let us consider 
A^18 [ 921 1 



Am = . . • + 

for Tw = 0, 1, 2j • . . 

The almost everywhere | C, 1 | - summability of the series (1*1) has been studied 
by Karoly Tandori.^ The object of this note is to prove the following generalisa- 
tion of Tandori’s theorem 


Theorem. If 


r CO 

Iz 


i 

L m = 0 


+ 


z 

ffl=l 


1 1 1 


nr 


J 


h < <»> 


then the orthogonal expansion (I'l) w summable ( C, « | almost everywhere in the range 
{a, b), provided a < %. 


2. Proof oj the theorem 


Without restricting the generality, we assume a# = = 0. 

Hence 




1 1 ^ 
Z^ 4Vj+i ak </>/,(«) - ^^Z 


A'^n-h ^ki«' 



A°'n~h+s 

Aa 

^ n+i 





" A\.;, ak aj, <Pk{x) l_ ^ 


By Schwarz’s inequality we have 
rb 


ZJ ^ I cr“„+i(r) -a\{x) \dx = 0 (1) Zj I gj 1) (n-k+l)} « * 

-0(1, ( I' «>.}*+ 0 (i) I, 


= 0(1) i...,}* +0(1) £-1^ 

CO j [)og(n + l)] CO 1^1 

= 0(1) Z Z^ 2«+i^^ + o(i) z - 4 t-^ 

n=l " m=0 n=l " 
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= 0(1) £ 2: ^ + 0(1) f 

m^O n n=3l 

log(n+l) >»n 

= 0 (1) 2 A„, + 0 (1) £ 

m=U n=* 


< eo . 

Hence the theorem lollows by an application of Levy’s theorem. 
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ON THE OSCILLATIONS OF A PENDULUM OF A VARIABLE LENGTH 

AND A PENDULUM UNDER PARAMETRIC EXqjTATION 

By 

B. R. BHONSLE 
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ABlb TRACT 

In this paper ihree objects have been fulfilled* Firstly an improved result for the oscilla- 
tions of a pendulum with increasinst length has been obtained by using Gegenbauer polynomial 
approximation. Secondly the oscillations of a pendulum whose length is dccre^^sing at a certain 
exponential rate have been investigated. Thirdly an approximate solution of the nonlinear 
differential equation depicting the motion of a simple pendulum which is excited parametrically 
by small vibrations of its support, has been obtained, by using Denman's linear approximation 
and V\KBJ approximation. 

1. INTRODUCTION 

The differential equation for 0, the angular displacement at any time / > 0, 
of a simple pendulum whose length changes at a certain time rate is given by 
[6.P.413. 

(1 1) 'd + + -j sin 0 = 0 

Now by virtue of sin 0 (1*1) is a nonlinear equation. If 0 is small enough, 
sin 0 and (1*1) may be expressed in a linear form, the solution of which can 
be obtained in terms of Bessel functions [6, p. 41]. An application of a pendulum 
of varying length is Jound in an overhead crane [6, p. 43]. 

The nonlinear equation 

(1-2) ^ + (“'o " ^ j sin 0 = 0 

where w, Wq, and L are positive constants with iJL small, depicts the motion 
of a simple pendulum which is excited parametrically by small vibrations of its 
support [9, 10]. 

In recent papers [2, 3, 4, 5] the linearisation of the nonlinear ordinary 
differential equations has been accomplished by approximating the nonlinear 
torque by ultraspherical polynomials or Gegenbauer polynomials. 

The object of this paper is three fold. Firstly we improve upon the previous 
result [6, p. 42] by using Gegenbauer polynomial approximation tor sin Q instead 
of assuming sin 0 equal to 0. Secondly we study the oscillations of a simple 
pendulum when the length of the simple pendulum is decreasing, i.e,, when 
Thirdly we obtain an approximate solution of (1*2) by using Denman’s 
linear approximation and WKBJ approximation [1, p 253]. With thcscj^approxi- 
rnations the differential equation (1*2) reduces to that ot the resonant circuit 
with varying capacitance [I, p. 254], and the salution obtained in this case may 
immediately be adopted. 
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2. GEGENBAUER POLYNOMI\LS 

The Gegenbauer polynomials (*) on the interval (- 1, 1) are the sets of 

polynomials orthogonal on this interval with respect to the weight factor 
(1 — each set corresponding to a value v. They may be obtained from 

[8, p. 276]. 

(2-1) (1 - 2xt + cl {x) 

Gegenbauer polynominals include the Legendre polynomials for which v = 

On the interval (- A, A), the Gegenbauer polynomials are defined as the 
sets of polynomials orthogonal on this interval with respect to the weight factor 


(I . x^jA^) 


|2\V - i. 


This gives rise to the polynomial (*M) 
3. THE WKBJ APPROXIMATION 


There are a number of physical problems in which the varying coefficient 
executes only relatively small changes about a large mean value. If the system 
can be described by a second order equation, this equation can be put in the 
form [1, p. 253] 

(3-1) |i + [G(f)rx = 0 

where (f) includes the varying coefficient. Function C {t) has a relatively large 
mean value about which small variations take place. If 


|G 


G . 

2 G ^ \ G j 


then the solution of (6’2) may be written as 

(3 2) x=[G (t)] - * [4 cos $ (f) + 5 sin <j> (I)] 


where 


^ — J 


G (t) dt 


4. APPLICATION OF THE GEGENBAUER POLYNOMIALS TO THE 
EQUATION (1-1) ABOVE 

Approximating sin on the interval A, A) with the Gegenbauer poly- 
nomials linear in 6, one obtains 


sin* 9 = {9/A) 


f-.l 

f «>' 

r- 

-h 

Cj {9/ A) sin 9 dg 


C {91 A) ^ 

■i 

fl 

Hicq 

1 


2 V j (1 - X®) * X sin Ax dx 
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(4-1) 

where 



Now 


numerator 


%v r(v + I) Jv +1 (^) 

wr 


2 v r(i) r(v + i) 

denominator = 


Hence 

^ + i) r(v) j iAK 

(4-2) a^- ^ ^ 

and 

(4-3) sin* 0 = /v+i (4 ® 

For 0<^s 3 radians it has been found in [21 thaphe value of v corres- 
ponding to minimum maximum (minimax) error is approximately - 0 * 21 . 

5, SOLUTION OF (M) 

Substitution of (4*3) in (1^1) gives 

In [ 6 , p. 411 til® problem considered is that of a simple pendulum whose 
length increases at a constant rate a, so that / = /q + ai. Substituting this 
value in (5-1) we get 




g r(v + 2) /v+i (■^) 

( (/o + at) 


Writing 


^ a 


(5*2) becomes 





d® e 

2 de . ^ 

■ = 0 

(5-3) 


+ 4 . 

zdz Z 

where 




(5-4) 

= 

g nv -f 2) 

+ 1 M) 


We observe that in (5*4) is amplitude dependent and is no longer a cons* 
tant, as it is in [ 6 ]. 

The solution of (5'3) will be 

(5 5) B=^Z-nA]i{2kz^) + B r, (2 k z^)] 

If the prescribed initial conditions are 

0 =z A and ^ = 0 , when t == 0, then 

(5 «) » 


f 926 ^ 



wher6 


w 


and 


2gi (io + ai)^ f r(v + 2) _ J 

= ^ \{AI2y + X '^'+1 ^ J 






2 g Iq 

■“a“L (^/2) 

6. PENDULUM WITH DECREASING LENGTH 
1 = ke- then (M) becomes 
(6 1) - 4.',9 + sin 0 = 0 

Making use of {4'3), (6‘1) becomes 
(6-2) 0 - 4^ + x’* = 0 

g r(v + 2) j , 

where !• 

Substituting 9 = y iu (6’2), we get 
(6-3) +(X.,>i-4)j. = 0. 

The solution of (6*3) is [7, p. 355] 

( 6 - 4 ) y — CiJ% ^2 U 

Hence 

(6-5) e .= ^0 + ^2 ^2 (X et )} 

Let the initial conditions be 0 = 0(j & = ^ when f = 0. Now since 

Ji W 2a (^) “A (^) 2^1 W = " 

the application of initial conditions will give 

^g.g^ e = [r, {x)j, (x *0 - A W n (A «*)]• 


(7-1) 

Let 

(7-2) 

(7-3) 


7. SOLUTION OF (1*2) 
Applying (4*3) to (1'2) wc obtain 

cos wt 


+ 


l\ 

I L wl 




0< ^ 




<< 


w 


*2 
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and 


wlL 


then the solution of (7*1) will be [1, p. 254J. 


(7-4) 



0 = ze;* - i |l + 
^ sinze;/| + 


—jT cos U)t 

4 

B sin w* 
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operational formulae for the solutions 6f P-EQ,UATl(jN 

By 
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1*1. ABSTRACT 

Burchnall (1941), Carlitz (I960) and Chatterjee (1963) have employed the operational 
formulae for Hermite laguerre and other polynomials. In this paper we deduced the 

operational formulae for the solutions of F-equation, which are of hypergeometric character. The 
results of the above authors have been obtained as particular cases of the results of this paper, 

1-2. We shall prove the following formulae : 


( 1 ) 

( 2 ) 

and 

(3) 

(4) 

Proof \ 


( ” ) F( + n - r ) DJ(z) 

r=o\^ I 

F{z,ci) TT , 

9 = 1 L 




A2) 


_ , F{z,a + 1) 
^ P(z,o) 


== [ 
z[l)y 


/(«) 


= z~^y IT 

r 






]/(.) 


D + 


y{z 




Consider, 

_n-« A«) = t FM /(^^l 

where F{z,o) satisfies the F-equation [ 9, p. 15] 

= F{z,o. -h 1) 

?z 

and f{z) is any arbitrary functian ol s. By expansion of the right side we get, 
(^) .fl-n M ( " ) F{e:,^ + n - r) /(z) 


where 


^ = r 

dz 


A-17 
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Now using the tnown results [«e 5, p. 164] 


(5) 

where 
we obtain, 


D^m = TT 

j and 

( X)» [e^Mfiz)] = eHi) [D + 4,Hz)rf{z) 


^ = z ~ 
3^ 


and 

iC) 


M_n /(2) = n -j 4- 1] ^ 

J=1 


- M - [exp (log F(«,a) /(^j 

F{z, 


F{Z>a.) j^£> 


. - s->“ + l)ln . 

+ F[z,«.) J /(«; 


^a.\S{z)=: D^[y{z,o.)f{z)-\ 

where j{z,<i) satisfies the equation^ 

^y{z,o.) ^ y[Z,o. - \). 

Again using [7, p. 90] 

y(Z,o.) =: ^ 


where 


From (5) we get. 


<l>iZ,a) = qla) exp [p^{z] + a p^{z)] 


(6) 

( 7 ) 


"".S) ( ” ) ~ ^ 't/lz) 

L nz,a) J 

~ Jfe“) fjD 4- _i. + J) 1” , 

>•3. I- 

(i) wheay(z) ~ I then hom (2) we get, 

F(z,a ~j- n) =z F(z,a) [/)-(- -|- J) 

L ' J J 
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Mfc can 



hence 


_ r_ P{z,o^ + 1) ? + '”) 1 

F(«,a- + m + n) = F(^,a) p + 'F{z^\ [ F(^,“) J 


( 8 ) 


P{Zi^ + » - r) 


-m 


VF{z, ^ + m ) 1 

L nz>o:, 

(ii) If we substitute /(-^) = 1 in (1) we get, 


r'-J 


FM 

F(^:,a n) = ^jjrr l> 


^”-1 F[z,o. + n - I) F{Z,«- + 1) F(g,a + « - 1) 
FM~ + 


F{Z,a) 


(9) 


-(n-1) 


F(^:,a + n - 1) 


1*4. Particular cases 
(i) Let [9, p. 21] 

F{Z,«) = exp i-Z^) Hal-z) 
then from (2) when a = 0, we obtain [2, p. 101 




H,„ («) D^fiz) =\D- 2zr f(z) 


(ii) Let [9. p. 21] 

F{z,a) = r(a + 1) {-z)-^-^->^ e-^k l[ (1/^) 
then from (2) and (1) whcn/(^) = 1, l/^ = * and a = 0 we get, 
[5, p. 169] 

b a;® f b + n- xln 

and 

[3, p. 220] 


Sb) 


1 


+ i + 6 - x] 1 

n/ ,=,1 

(tii) from (7) when f{z) = 1 and n = 1 we get [7, p. 96] 

Ffe« + » + ''te» - 1) = 0 

(t») when 

F(^,a) = exp (-^*) i?a (-4:) 
then from (8) we get [8, p. 188] when a = 0 

min Kb) 2’’ n ! 


( m 1 



(») Let [7, p. 95] 

FM = (-r 

tj,{z,o.) = ( - )a 

and yiz^a) - Ja{2Vr) 

then from (6) we get, 

(2 Ve')DV(4 

= Z ( ” ) ^ - (2 ) [^ + j ]' /(■') 

In particular when /(^) = 1 we get, 

7a.. (2Vr)= Z ( ” ) ^ - ^’'^Va+.-. (2v"f ) ^ j’- 1 

when a = 0 it reduces to well known transformation, 

7.H(2vr) = ( - )’7«(2vn 
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AN INTEGRAL EQUATION INVOLVING JACOBI POLYNOMIAL 

By 

K. a RUSIA 

Department of Applied Mathematics, Government Engineering College, Jabalpur 
[Received on 2nd July, 1966] 

ABSTRACT 

In this paper we solve an integral equation involving Jacobi Polynomial by the application 
of Mellin transforms. We also discuss a particular case, 

1. INTRODUCTION 

Inversion integrals for integral equations involving Tchebicheff, Legendre 
and Gegenbauer polynomials respectively were given Inversion integrals 

with other polynomials and functions in the kernel have also been obtained. 
Bushman® used Mellin transforms in deriving his results. By applying the same 
method as used by^, Srivastava^ has reoently shown if 

(i) k and n are integers with 0 < fc < « ; and - [ < jS < | 

{ii) (1) = 0, (1) = 0, for 0 < m < 2 A 

and/^^'+i (x), are piecewise continuous for 0 < a ^ < 1 then the 

integral equations 

( 1 - 1 ) = , 

(12) (^)li(O* -/i(*) 

have the solutions 

(1-3) g{t) = f ^-2n+at+2^-i 

^ 'Ty) J dy 

(1-4) g^rt) = j J-a.^+2,^-2/3+2 

X ^-y-^ ~y yWh+^M f^(j) j dy 
respectively for 0 < a ^ f < 1 where 

" 2^=-ir(n-fi3) 

r 933 1 



(2;Ka-l) 


» r(« + A+j8) 

,<i.« f,)„r(»-t)«(i.«v-^ (2*«-i) 

jP^* t)eing Jacobi polynomials. 

In the present paper, the solution of an integral equation involving Jacobi 
polynomial has been discussed under somewhat different conditions than those ot 
Srivastava^. The method adopted is that ol Bushman®. 

The restrictions oj>- 1, j8>-l are placed in the definition of Jacobi poly- 
nomials (a?) for the convergence of the integrals involving the product of 

n 

Jacobi polynomials with their weight function (1 -a;)® {l+x)P. Considered as a poly- 
nomial or defined in terms of Rodrigue formula, these restrictions seem to be 
unnecessary, hence we have taken the liberty to voilate the condition j8 > - 1, 
It will be observed throughout that this does not affect the validity of the theorem 
established in the paper. We conclude with a particular case which has not been 
worked out previously and can not be derived from the results of others. 

2. Results required in the proof. 

We shall represent the Mellin transform 

F{s) = J /(a?) dx, Re s > by 

(21) F{s) = ; 5} 

We have from [5, p. 307, p. 308, p. 31 Ij 
(2-2) (-1)^ [s-n\, F{s-n) == M { / ^ } 

(2-3) F^{l-s-a+l3) = M |jc“ J" \ ^ j 

(2-4) A-i B{v, sjh) = M ; s} 

jR^ J > 0, A > 0, V > 0 

(2*5) B(l-v^sJK y) '= ]\s} 

h ^ 0, Re V 0, Re s <C h •• h Re v 

3. Theorem. If 

(x) n and a are positive integers and B is an integer such that jS < n + a -f ) 
(it) y 2 a +2 ig piecewise continuous for 0 < ^ < ;v < I and f(l) = == 

=3 yaoL+i (ij == 0 I j \ j j \ j 


then the integral equation 
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iias the solution 
(3-2) gW = 
for 0 C fl < t < I where 

(a B) (”) * 

P,\ fHJ / ^\ 




p- ■■-' (X) = 

n 


(a-f-n) I 


>>/3) 


^n ^ {n+'Ia-p+ljl 


Proof : 
(3*3) 


First we shall show that for « > 1 

(u_l)a«+i „-(«+ 2 a+s) 
= (Va+1)! 

The relation (3-3) can be written as 


(»; dv 


Jiu) = r iuv) [ C/(«i;-l)]. (t;) t l-U(v-l) ] 

« 0 n 


(3-4) 

Applying the convolution theorem (2*3) to the relation (3*4), we get 
(3-5) M { /(«) ;s} = M («) [ U (u-l) ] ; i } X 

M { (u) [ l-U (m-1) ] ; 1-^ } 

from Rodrigue formula for Jacobi polynomial, we get 

(3-6) 


(') - (ir) 


«+a-j8+l 


[- 


2(X(-j(3 + 1 ^21 1 


and 
(3-7) 

71 . 

+ i {«+2a-/3 + l) ! 

Using the results (3*6), (3*7), (2*^), (2*5) and (2*2), we get 

(3-8) M { F°'^ (») [ U («-l) 

|3-£,) M ( d"/' (.) 1 1-a (.-1) ] : 1-. } = 

Hence from (3-5) we get 

(3 10) M { 7(tt) ; J } = (2^4^! -B(l+n-,f, 2a+-2) 
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(3-11) 


fiut from (2'5), we gel 

g(l+n-j. 2«+2) _ ^ I (M-|)aa+x »-(»+2a.+a) ^ ^ -j 


(2«+l)! 


(2«+l) i 


J 


Hence the formula (3’3). 

Now substituting the value of from (3*2) into (3*1) and changing th 
order of integration, we get 




(d \2a + 2 

HI 


/(_y) } \dy 


] 


If we write v = — : and u 

y 


, the inner integral becomes y J{u), there- 


fore, we get 
(3-13) 


“ IJJTTjTll \y 

Successive (2a +1) integrations by parts and application of the conditions 
{ii) of our theorem yield I(x) == f(x). 

Thus the theorem is proved, 

4* Particular case : 


If in the theorem in the section 3, we take a = ^ = 0, we get the case of 
Legendre polynomial, and we have the following theorem : 

II /''{x) is piecewise continuous for 0 <a<;t<| and /(I) =/'(!)=: 0 
then the integral equation 

has the solution 

(4-2) sw = /] (:r • ' ) { tf)' [ 

tor 0 < < / < [ 

The following two points should be noted : 

(i) The argument in the above kernel is different from that ol^ 

[ii) I be above case can not be derived from the results of^ or* 

acknowledgment 

In conclusion, I wish to express my grateful thanks to Pref, B. R. Bhonsle for 
his valuable guidance during the preparation of the paper. 

REFERENCES 

3. Ta~Ji, A new class of integral transforms, Proc, Amer, Ma\h, Soc. 11 j 290-298, (I960), 

2. Bushman, R. G An inversion integral for a Lctrcndre transFoimation. Anier. Math, 

Monthly, 60 : 288-289, (1962). 

3. Bushman, R. G. An inversion integral, Proc, Amer. Math Soc. 13 i 675-677, (1962). 

4. Srwas^va,^Jv.N.^Inver«on integrals involving Jacobi polynomial. Proc, Amer. Moth. Sot 

5. Erdelyi, A. Tables of integrals transforms. Vol. 1 McGraw-Hill, J^em Tork, (1954), 

L 936 J 



bilinear generating relations iNVOLVlNG lAguerre 

POLYNOMIALS 
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INTRODUCTION 


L In this paper we have estabished four bilinear generating relations 
involving Laguerre polynomials by using the method of series manipulations. 
Formula (2-1) is a generalization of Hardy-Hille formula [3, Vol. 2 ; p. 190], 
Bottema’s formula^ and formula (7T) given by Rangarajan.® Formula (2*2) 
generalizes a result of Brafman^. Rangarajan^s formula (7*1) can also be 
derived from (2*2) by a ^ limiting process. Another formula (7*5) obtained 
by Rangarajan® can be derived by a similar li^niting process from the formulae 
(2*3) and (2*4) which are similar in nature to (2'2). In the various formulae 
we have used the following definition of the Laguerre polynomial [5 ; p. 200J : 


(M) 


(a) 

i {x) 

n ^ ' 


n ! 


iFj (“ n ; a I x)^ w’here (a),^ has its usual meaning. 


(1-2) 

CD 

(b-n) 
Jb \ 

n=sO 

n 

(1-3) 

CO 

X 

n = U 

{n-\-k) ! 
nlkl 


Other results that we require in the proofs are : 

= (1+^)^ which is formula (19) in [3 ; p. 

.f„ vnl 1+i w R-) 

which is formula 9 in [5 ; p. 211]. 

(>■*) (K)- r] = 2 0^ w<“. 

which is formula (3) in [5 ; p. 202]. 


00 / \ 

(1-5) {a ; b ; X y) = J 5 x) y\ 

which is formula (2*3*2) in’ 

(1*6) {a; b; x) = (b-a; b; -x) Rummer’s transforma tion, 

which is formula (2) in [5 ; p. 125]. 
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2. Clenerating kelations. We shall prove the following formulae ; 

(2-1) „S (i+«)n(i+6)„ iy)*"' 




exB r 1 f' ( 1+^+^) 

^ l-t 1 ! (l-t-4 


k I J?!-!'? ja 

r(l+i)r i-' 


- ; .1 

X Jl . 

L i+i+^ j i-< J 


^ \-n,d-, 1 (b) . 

.?« ’^•1. +<..*, I 


where ^4q{ «> a, a, b, b’\ c, c‘,c'-, x,y,z)= 2 (gk t+w+P l^k (^ ')«, 

^ • m,n,/i = 0 m! (^)„j(cO„+p : 

is the confluent hypergemetric function of three variables.'* 

, . ’ ' ■ {b-n) - ' 

(2’3) a^’i { -n, d-, l+a; x ) Ln {y) t^=e-vt (l+t)i (d,~b; l + a; 


where (a,- i; c; 




.r=o (o«;„ ^ 


is the confluent hypergeopietric function of two variables 3, vol. I ' j p. 225J. 

11^ 7(1 + «)7i^” ^ ( - «> 

' ( 3 )' 

= (1+0^ 3'1’jj^ (^, 'f, - 1+a, 1 -r aiyi, xjt), 

(2} CO 

where (a, b, b', b; c, c\ c'“, x, y, z) = 2 m „« 

■ - ™.".«=:0 m! n! 

is -the confluent hypergeometric function of three variables.* 

3. Proof of (^'1). We first establish the following lemma : 

(3-1) £ (l + ^+^)u+r («+t)! j\b) . . ' 

„ = 0 (1 + %+^ «! r! ^n+r ' : . 


[ 938 ] 



= exp/-^ 


mt 


F jiJ (-yy-^ 

{r-p)lpi {1+b)^ L l+bH-r-^p ; J ' 


Consider the series 


V (l + ^+^)n+r 

r.^0 (1+%+^ 


(n+r)f {b) 
n\ r\ n-\-r 


{y) 


V V (i±i±^ 

B = 0 f = 0 (i + i)jl 



n\ 

{n-r)\ r\ 


p’* = 


B = 0 (l + i)n 


x (^) (Hp)” - 


= (1-;-d)*i-6-£ 



I + H^ ; -j, ff-}.;,) "I 


r=0 rl(l + Z>V 


1 j 

- l + i+r ; 


1 ( - vyY 

l-fj (l-i)a’"- 


X (1 -.^Y^-h-h-r^ 


= (l-rt-i-^'-i S ll+AzAk+E p ri-fb+k+r -yt ~\ {-yY v^+P 
r! /,! rl-4.« 11 Ut J (l-f)^ 


,,p=0 r\ p\ (1+'% - - 1 

= (1 - /)-i-6-* exp( ~r^ ), ^ 2 — (l+^ + ^)y I" ’ ; ■ ' 1 

1-i f=0 p = 0 />! (1 +^),..5, 1 _L;._j.j._j(,. 1-^ J 


by (1‘6). We can now obtain (3-1) by comparing the coefficients of o’’. 
Hence, L. H. S. of (2-1) 

r! (1+^V n ^ ..: 

= ^ (I+^+^in+r (”+’’, )! jji) / ,, \ (-XtY . ' 

:.. . . B,r=cr‘ . (i+^-in+r «!-r! ,n*r -(.l+a)^' .. 
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1-/) ^Qf±o{r-P)'.pl (l+-i),.Ml+«)r ^ " [ l^b+r-p;^-t J 

^ ^ (^*^) 


CO '■ ‘ ' ' ' ' ' ' '■. r 

= f\-t)-^-b-k exp ( ) E ^^ + ^+^W p; HO p \ - k ; ^ I 

■ ® P rf^o r\ pi (1 + i), (l + aUp [ l + b + rT^-t J 

- ^ V i-jy 


y i-yY 


: (l_^)-i-j-t exp (^ ) E (^+^+^)r l_3y^ X J7 r 1 +A + A+r ;_: 5 n 

^ PM-^H^Or!(l+aV(l + H \ (M* j ^Hl+a+rj J 

yM -H 

[l+6+r H ^ J 

= <i-f)-i-5-A pvp (^+jy) 1 y _(iii+A)r f xyt I’’ 

L 1-^ J ^=or!(r+a)^U+6)r \(l-0"j 

I r7 K^^yc-e) ; 

L l + a+r; * U L l + J+j-; J 

fhich proves (2'1) : 

When A Is a postive integer, the formula (2*1) can be written as follows r 
5-2) -£ «! I{\+b+k->rn) :^{a) , , j^{b). , 

. ^^0 iTn-«+n)rfi+i+7) ” 


— I 

t 1 

li 

■^8 

{xytY p j 

-r- 

-va 

"f 

1 

«3 

1 *' 

L l-t J f^o^'-lV+^+r) 

{UtfT 1 

L \ + a+r ; ^ ^ J 


roofof{2'2). In (2-2), 
S. = (l-<)-’-6 


X Z,'""” (X',. 
yt '1-t ' 


■i ' (1-0*^ 


= (l-<)-3-6 exp (H-) E ( -xt.yn / xt 

l-t m.i,p=o ml klpl [1 +a)i+jp ' 1-} ’ ' 

0-»-^-exp (j:^) v 

!T ’94b n 


% 



-vt A (d)h4.v)(^a-b)h f VI. {xyt)P {\-Vb+p)h 

= (i-r« «xp ( H l\ (i+s'w ‘ 1-' 

= ..losTl^lSSraW ' R 

■ = a-.r- -P ( i) '* < A >■ 

= f' (--,;) f",by(l’3) 

„:^0(l+a)/ n\k\ «+'*= 

y y (-n)j_(^. ?. £(^)(^)in^ a^J a:] 0)<”, 

- *=0*!(H-«k- " »=0 Ll+a; J 

which proves (2*2). 

5. Proof of (2-3). We first establish the lemma : 

(51) ’fff <-') '* = +‘'‘'‘’ 4'"*’ <•’ >• 

n - 0 * * 

Consider the series 

"^0 *=0 (n-/:)!^! 

= S (:>>)(»+«)”= (1 + a+O^ e-2/(®+«, hy (1-2) 

B=0 n 

= (1+i)'' (1+ V' S {^'(1+0 ) 


X ( j— ^ by (1-2) 

whence we obtain (5-1) by comparing the coefficients of t;*’. 

Hence, the L. H. S. of (2’3) 

’ = V x^‘ L^^~^\{y) tn^ . .; , , 

■:\:;^Qfyik\{l-ta)M ri *^0 (i + «)i- ■' 
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= ^(i+i) }, by (5-i) 

*=0 + 

I ..... , ' . . • . ' ■ 

= «-’/*(!+<)& E E i — ^ / ( 1 +;), 

, ^ r=0 (1 + )/:' ^ !+<■ kl H {l + b-k),/ 




i<i)k+ri~l>)li ( [xt \* 


I I xt 

UT^j 


* ' ' ' ' $ct 


A, 7^0 k\r\ 11+^)/,+, 

which proves ^2*3), , 

6, Proof of (2*4). We first prove the lemma : 

(6-1) % H )*+‘(-*). tt. R r -»-i. ] 

■=" Ll+»-»-if J 

‘ , ' ', ' ' ' ' -. •/•■•'■.' 
k ' ' ' ‘ \ "■ ' 

(1+^)6 r (ttfr (1 +<)-*+’■ (i+;'<)-<»-’'y. 

Consider the series 

|, (- 1)”+^ (n+k) ! ^ r -n-k, d; 1 ^ 

n.*=0 (n+kTl I - - ’ 


(1 




r /ty d y 1 

“,4 — ^’ 1 '' -* <'+'>’- 2 ° 2 a " HI , 

• ”• U+b-n; J ;t^ 0'-0 nUm 


(i+^>l)j"~ 

X y (< + »)« 


— ^ (-1)" (~b)„+,.(d)r ® (-l))i+r /_a (j\ 

n.r=0 nlrl (l^i,.„.r)^J „^0~ HTT — ^y (^H-i')”+'' 

= (l+<+r')6 [l+yz-f-z/jj-^^ = 
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k 

{-v)T^ [l+t)-'^^^ {l^-yty^yr ■ • 

whence ( 6 * 1 ) follows on comparing the .coefficients otv^. 

Hence, the R, H. S. of (2-4; = (l+i)!> 2 


/..Jt.'^O • (1 4-«k-+r 


>= (ifjf w 


M)' 2 ^^^■y.r] 


-(!+«)' *,,^0 [A!rUi+«'/;+4H^j 
= ('+<)» t-TTTfT+sb (hj) (-’y^r (1 +;..)--’■ 

f 

- "+‘>‘ .1 ioTrferifeji ■“>* 

t -w, (/ ; 1 

.y J which proves (2’4) 


= 2 




n =0 (!+"): 


h n 


{x) 


7i 'Particular cases 

Putting A; = 0 in ^2*1), we have 


^ I 


(7-1) 


”• r(^). . ,(*) 


n=Q U+^)n n. ' ' ,, n 


■t'„ ■ {x) LJ ij>) 


\-t{x+y) 

= (l-i)-i-6 exp 


4*s 


r i 1 , 


xyt 

(I^a 


■, ^ ■ ■ V (-OV 'JC™/*' -■•S" .:. .. 

where $ 3 ( 6 ; c;x,y)= J^_Qm \ « ! (c),„+,' Humbert’s confluent hypergeometrk 

function of two variables [3 (vol. 1 ); pi 225]. This is formula ( 1 ) in®. ' 


Putting b - am (3-2), we get 


(7-2) 


” ^ • HI H~ a^k-\-ti) (a) 


(^), 


{I[\+a+n)}’^ .f„. (y). \ (y) <”.;, 
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k ! exp 




Bottema' has given a much more complicated expression for the summation on 
the left of (7*2 j. 

Taking A = 0 and a ^ b in (2*1), we obtain 


n\ {a (a) f ^ ] 

L (^) Ll \y) exp ^-J7t J i + « • (1-ij^J- 


+ n - n 
This is Hardy-Hille formula [3 (vol. 2) ; p. 190] 
Taking b — ain (2'2), we have 


(7-4) 


(«) 

EiFx{-n,d-, Ha;x)L (j) 

/iSsO ' 


hyt\ rd; xyt I 

- (i-«)-i-‘ exp j ’ 

which is due to Brafman*. 

Changing x to xjd in (2*3) and then making co , we obtain 

^ w! [a) {b n) / i ^ . 

This is formula (16) in® and can also be obtained from (2*4) if we change y to yjd 
and then let -> co . 

Finally^ we may mention that (7*1) can also be derived from (2*3) by chang- 
ing X to xjd and making d co . 
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CfeRTAIN INTEGRALS INVOLVING WHITTAKER’S FUNCTION 


B. S. TAVATHt A 

Birla Institute of Technology and Science y Pilani 

lRec<‘ived on 2iid July, 1966J 
1. INTRODUCTION 

The integral equation 

HP) =P f dx, R{p) >0 (M) 

is called the Laplace transform and is symbollically denoted by 

HP) =T=/W ovf{x)==^ {p) (1-2) 

Meijer [6, p. 727] introduced the generalised Laplace transform 

J *00 ' . 

^ Wk+i,rn ipx) {px)-’^-i f{x) dx, R{p) > 0, (1-3} 

where Wi,m (^) is the confluent hypergeoraetric function. The integral equation 
in (1'3) can be denoted as 

* + J 

HP) ^ /(*)> (1-4) 

m ^ ' 


where 9(p) = p F{p). VVe shall call this relation the Meijer transform of /(a;). If 
we substitute k = min (1*4)3 then due to the identity 

(> 0 . 

it reduces to (M), where ^{p) — ^{p)- 

The aim of this paper is to evaluate certain integrals of the form * 

r“ {px)f{x) d<. 

/ 0 


We have given two theorems and with the help of these 3 we have 
integrals which we believe to be new. 

2. Theorem 1. Let (z) p 9{p) =% h{t) K{t)y 

(n) p K{p) == t>^ 

{in) p X{p) = h{t), 

and {io) p p{p) g{t). 

m 

Then 


evaluated certain 

(2-J) 
( 2 - 2 ) 
• (2-3) 

^ (2-4) 


f{p) = j ^ siy) dy J ^ e-iy^ JVtt-jm {yx)-^-' xl^ X{p-ix) dx, 


(2-6) 


provided the various changes in the order of integrations are permissible and the 
double integral on the right exists. 
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Proof. We have ffrom (2*1)] 

■ f{p) = f" e~n h(t) K{t) dt 

J 0 

= r hit) dt f ^(x) dx, [using (2'2)| 

= C ^{x) dx f” e<f+==)t h{t) dt 

:= r tp(x) X{p-\-x) dx, [using (2*3)] 

= ( x^X{p-Vx)dx\ e-iv^W!.+ ^,nt{yx){yx)-k-lg{y)dy, [using (2*4)] 

*y 0 *^0 

= ( 5(j') dy { eriv^ {yx) {yxyk-l # Xip-^x) dx. 

Hence the theorem. . 

Corollery. Let us put k = we get that 

if {Vj p 9{p) == h{t) K{t), (it) p K{p) == ^{t), 

(Hi) p X{p) = h{t) and (iv) p ’^{p) 

Then under the conditions of the theorem 


f[p) = g{y) dy) e-y^ x*^ X{p-\-x) 


dx. 


( 2 * 6 ) 


Theorem 2. Let (i) p 9{p) == h{t) K{t), 

(ii) pKiP) = t^Hy(), 

iiii) pX{p) = h{t) 

A + J 

and {iv) p ^{p) <-g(t). 

m 

Then 

? Q g(y) dy J ^ {yx) {yx)-lt-l X dx, (2*7) 

provided the various changes in the order of integrations are permissible and the 
double integral on the right exists. 

The proof is on the same lines as in theorem 1 . 

Corollery, Let us put k ^ we get that 

• if ii) P ^{P) ^ Kt) K(t), {ii) p K{p) = ^(1/0, 

{in) pX{p)^h{t) and {iv) p ^p) ^ g{t). 

Then under the conditions of the theorem 

P(Vi^)=J^ g{y) dy e-v-^x x-i^"^ dx. (2*8) 
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3 * Example on theorem 1 . 


Further let = f^-v rVf, K{p) = Kp^v i^VT)- 

HP) = r(i +t- - 2 k)p^’‘-i ^i/ 2 P Mv-hi 

- r(l + »- 2 ^) „ r l + v- 2 k; 

T{l + v-k ±m) - k±m i P-123] 

Substituting the values oiX{p), <P[p) and g{y) in (2'5) and evaluating th,e A;-integral 
j_3, p, 237], we get 

r 1 + - 2ii: • T 

^ em {py)y^-k-i dy 

i ■ 72(1 -{-p - 2k) > 0, 72(14-2 p- v) > 0 and 72(l-r-» — k±m) > 0. 

Example on theorem 2. ' 

Let ^(p) = pl^ tan-^ (IIP), 

r( l - M - 2k)t-l^ p-k, I -^p-k; ^2 ] 

g{ ) - ^i^p-k±m) A [l,^-\p-lk±\m,\Hlp-lk±\m-,~'^P' 1^‘ 

K{p) — - (1/^) [ci(p) sin (p) -]- si{p) cos (/>)]. 

Further let h(t) .= t, X(p) = p~^. 


1(1 - fi - 2k)t-l^ 
gW - r(l - p-k±m) ■ 


[ 7 , p. 71 ] 


Further let 


f'(p) = - r [ci(t) sin (t) + si(t) cos (i)] dt. 

J 0 

Now ci{t) == - Ci{t) and si{t) — Si[t) - 7 r/ 2 , 

••• HP) =■- e-n (Ci(t) sin (t) - |^A -(0 - ^ J cos («)} dt 

“/o cos(i)}* + f cos (t) dt. 

= ( 1 + 7 '*)'' K ^P - log (/>)] [ 2 , p. 178 and 154 ], 

Substituting the values of K(p), <P(p) and g(t) in ( 2 ’ 7 ) and evaluating the a;-integra] 
[ 3 , p. 237 ] after putting k ~ ^ - J't, we get 


e-P* cos (t) dt. 


C" .. ^ [hhli 

I V IP’i-p-imi (Py) I 3 _ P . 

0 Li T 


=/,i+lM (l^pi) 


± |m, I - ^ ± 
+ log (P) 1 , 


rijn 


7 ?(| - i l>-±m) > 0 , R(p) < 1 , 
t ?47 ,:i 



We shall now give a number of integrals calculated from these theorems and 
their corollaries in the form of a table. 


fo, 1 + z) - A - 2/: ; 1 

r(A^nrX) -1^(1 2A) r(l'i“y “• X ■“ f 1 -f M ~ 2^, — X 2^ , ”1 

= r(T+^M“2A:)T( ^ I’ 

i?(pt+X) > O 3 jR'(i + IX - 2k) > 0 and R{1 -{ v - X- fc±m)> 0 . 


h h 1 ; 


2 . r e {py) ^ 

0 

Vpa+l L ^ p 

R{k) > - 1/4, and > 0 


, “ 4 
5 


dy 


) + sin/i' 


:-'w]. 


3. 




dj> 

1 


(- l )”"jrr(ld-2 ii-{-2n - 4^) r(| + //.-[-n - k±m) 

— r(|-i-Ji) r(%d-M + n — 2k) r(l -h/t - k^^m) > 

n is a positive integer, - n + ^) > 0, i2(l + /x - 2k) > 0 
and R(i + /j. + n ~ k ±m) > 0. 


4. 




, .-«-!» Erfc (V,7) (p - „)-( log > „ > 0- 


5. J ei'Pv -i-iA+ia (A)-) -s'*' {y) dy 

r(,l+a+„) r(J+fl+n) r(2 + 2 A) Jfl»+1 - a - « - a - l 
- r(l + n) r(l + A) r(^ a){p- l)l“+i»z + jA + i~ ^x-a-n 

R(a) > ~ 1 and R(\) > - §. 


J co 

„ J^-iX-hi {py)yi^-^ [sin {m) (V 8 ^)+cos (an-) (YS^) ] dy 

~ ~ r(i+A) (-f-)} - I < R(v) < i and i2(A4i) > | w 

J CO ' 

0 ^-ix-hix (Ay) sin ( 2 -/^) j)) 1 A 4 ^ 

A a'^”^l(l + A) j!" / ’ ^ 
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CO 

r «*’’• w-iM.ii'- M w't.. ( j-) 

_ 2.« r(*+.+J±.) _ 

\-ii^ + k±o)>0,i-iJ--k±v^0 and - ^ < -R(») < J. 


” eiPv M^-3/2,0 (A>')'{[log {ry)V “ J-j = P~^ (Z*)!® +7 ’r®/''*- 

10. 

i 

P eln w „ ipy) Uv(V2Vy)Tyi^'-^ dy 

= (2^.-^). «(”)><>• 

11 . J" l-lv ipy) [-DEyCV 2 ji ) +D 2 „ {-y- 2 y ) dy 

r(.) I{2+2K)pi+i^ -l-v-X 

= r(i-») r(i+A) r(|+x-p) ’ ^ ^ ' 

12 . rfw i, +}<#-'> n.-t (W «’ 

rji+w'rH.jni+Id^^^^x ^ 

V,r2i‘'-2ra+x) V ’ ' 

J 

0 1 4 

sin [(X- 20- -J) t] r(J±a) qV ,\-p^ 

“ TT 

2^-i sin [(X - « - i) r] r (l+X) (1 - 2p)i^-^+i Vl - 2/ ’ 

0</)<l,-4<i2(o)<J and i2(\ - ti 4- > 0. 

14, 

r em W^i,, i+i^ {py)yii^-i C1+*V^>« Erf (tV7)] dy 

0 

-/x r(| + m) r{- i - m) !),-!< < - ^ 

15. J 

7 {V2^)']y^dy 
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ON THE RADIAL PULSATIONS OF AN INFINITE CYLINDER 
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ABSTRACT 

The stability of Radial pulsations of a finitely long gravitating cylinder, consisting of a 
compressible and inviscid fluid has been investigated. The density of the fluid is assumed to vary 
inversely as the distance from the axis of the cylinder. Tt is established that the pulsations arc 
stable. V . 

1. introduction 


The effect of magnetic fields on the gravitational stability of an infinitely 
long cylinder constituted- by a compressible and inviscid but infinitely conduct- 
ing fluid has recently been studied by various authors (Chandrasekhar and 
Fermi,^ Ejnar Lyttkens,^ Bhatnagar, P. L.^j. 

This paper studies the same problem with the fluid density varying inversely 
as" the distance from the axis of the Cylinder, but the magnetic field is absent. 

2. BASIC EQUATIONS 

Consider the radial pulsations of an infinitely long Cylinder of self-gravitating 
fluid. It is assumed that the pulsations are so small that square of amplitudes of 
displacement and their derivatives can be ignored in comparision to their first 
powers. 

In setting up the Eulerian equations of motion, we shall assume that the 
motion of individual gas particle takes place adiabatically. 

Let the pressure p, density p and gravity g in the equilibrium position, at a 
point distant r, from the axis of the cylinder be altered by 8P and respec- 
tively and let the displacement of material from its equilibrium position be Sr 
then the equations of small oscillations are : ’ 


(i) the equation of continuity 

1 7) 

SP = — (pr Sr) 

r dr 

(n) the equation of motion 

P<r^Sr sp + ghP 
(Hi) adiabatic relation 

sp = pg Sr - ^ (j-sr) 
(to) equation of equilibrium 



(v) where g = — — ■ 

y is the ratio of specific heats, G is the gravitational constant m is 
per unit length interior to r. . ’ 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

the rpASS 
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Let ail the physical variables vary as . 

Eliminating and SP from the equation (2) with* the help of the equations 
(1) and (3) j and putting 

rhr = r = xR (6) 

where R is the radius of the cylinder, we get 

xdj [ i^GpA ;1 j (r^R^x^fj 2gRxP 
dx^ dx \ ^ ^ i) yb yp 


AttGp'^R^x^ pgRx 
7^ f' ■ 




where 


Now P is assumed to be 


Then we have 


dH , dM di ^ P{x) , . 


aw = i-«, 

p V _ (t^R^x^p 2pgRx 4 ^Gp^R^x^ PgR^ 

^ I ^ ^ J~ ”■ 


u tx 

p = — p. is a constant. 

r ' Rx ^ 


r J 0 r 
^ Pgdr = - 47rGp^ log a:* 


= 47rGp 


Substituting these values in the equations (9) and (10), we get 

r -L 

P[x) = 1 - y - 47rGpy log a; ^ ^ 

1 


a(^) = 1 


Now we change the independent variable from a; to jv by making the substitution 
X ^ such that 

i=T» os* 

With the help of the equations (14), (15) and (16) the equation (8) transforms to 

dH I \ 

dy^ ’^"y dy"^ y -y} =0 (17) 

J = l-L. 


47rGp7 


; attempt a solution of the equation (8) under the boundary conditions 
gr = 0 for r = 0 1 
8j& == 0 forr — r\ 
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Wfe write the differential equation (1?) aS 


dH di 


By"^ By^ 
E~ Fy- 2 f - “3! 


where 


dy^ dy 

E = A~B and F=l+B 


By^ 
- w! ■ 


.]«= 0 , 


Attempting a solution of the equation (21) in the form 

CO 

^ = 2- 
« = 0 

— Co -T H~ . . . + Cuy'^'^''^ + . . , 

at jv = O5 the indicial equation gives = 0^ i.e. the two roots are equal* 
with O' t=r 0^ (23) becomes 

I = B c^y^ 

0 

Substituting (24) in (21)5 and equating the coefficients ofjv^. 

We have the following recurrence formula : 

j3 

(n + 1)8 c„+i= - c„.2 

B B ' B 


( 21 ) 

( 22 ) 


(23) 


(24) 


ri" 2j ^ji-3 "t" ^n~\ 


or 


+ . . 
n -2 


+ «! 


(n + 1)2 Cn+i + £ - F c„.^. - F X 


a 


= 0 


A=0(«-X)! 

Dividing (25) by (n + 1)2 c^, and proceeding to the limit as « -> os we have 


lim = 0 


(25) 


(26) 


The equation (26) shows that the series (24) is convergent forjr = 0. 

Thus for the given density relation radial pulsations are stable near the 
boundary of the cylinder. 

The full solution of the equation (21) is'^ 

i = Co. (Af + ^log;;) j^l + - jf-y + Jjy 

/ (-F)o (I 1 \ B \ 

■(■ll2. 22. 32 + (~ -P- I 12.3a + 22.3'^/+ + • . > 

. ,.r(-^) . F\ 

- 2 co.N I ][8 y dr ( I'a 722 (^ + +'22') 


+ 


/ (--g)» 
(12 . 22 . 


[-E].F 


32 (1 + J + ^) + ”22'' 32 ' a + ir) 
(-E) .F B 


M and A'' are constants. 


+ 1* . 32 (1 + i) + 2! 33 + • • • 


(27) 
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STABILITY OB COMPLEX DIFFERENCE EQUATIONS 

By 
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ABSTRACT 

Lyapunov functions have been widely used in the “Stability Theory of Di fferential Equa* 
tioos.’* M?king use of Massera’s method of constructing a Lyapunov function, the authoi 
has studied the Stability properties of Complex Difference Equations. 

INTRODUCTION 

Lyapunov functions have been widely used in the ^^Stability Theory of 
Differential Equations” Massera’s method of constructing a Lyapunov functions 
is considered to be the simplest one. Halanay has used Lyapunov functions to 
stability properties of real difference equations containing real functions. In this 
paper we extend this method to study the stability properties of complex differ- 
ence equations. We consider the difference equations 

x{Zk^-l) =fiZh X iZk)) 

jK^.Hi) = g {Zk,y {Zk)) for k 2, •; 

where x, y, f and g can be scalars or vectors, are complex variables, all 
distinct and 0) = 0 0) = 0, / and ^ are regular analytic in x and y 

respectively. 

Suppose x{Z]ci Zpi Xp) is the solution of (1) for k'^p with x Zp^ Xp) — Xpj 
x{Zp) = Xp. Similarly y[Zh,Zp,yp) is _ the solution of (2) for k^p with 
y[Zpi Zpi yp) — yp^ k and p are non-negative integers. 

First we give the following definitions of uniform stability and uniform 
asymptotic stability. 

(t) Equation ( 1 ) is said to be uniformly stable with respect to equation 
(2) if given any e > 0 there exists 8 (£) > 0 such that for any p^O 

Up -JVp 1 < 8 («) implies 

1 ><^[Zh, Zp, xp)-y[Zk, Zp'^yp) \ < for all A ^ 

(u) Equation (1 ) is said to be uniformly asymptotically stable with respect 
to equation (2) if condition (i) holds and if for any e > 0 there exists N (e) and 8^, 
such that for any § 0 

I x[Zk, Zp, Xp) -y^zk, zp,yp) ! < e 

whenever | Xp -yp J < 8o and k>p-\- JV(e). 

We may also assume that/( 4:^3 a;) and jp) satisfies a Lipschitz condition 
that is 

(w) 1 f{Zh, x) -fiZk, ^ ) 1 ^Lr{x-x) for all ^ 0, U 1 ^ ^ 1*1 = ^ 


A-21 
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(iv) 1 gUi;,J>) ~ g(^h y) \ - kr\y~j I for 1 | ^ n 1 j- |^>-- 

TAeorm 1. — Suppose equation (1) is uniformly asymptotically stable with 
respect to equation (2). Let the functions «:) and g{Zi;,y). satisfy the 
Lipschitz condition. Then there exists a Lyapunov functions F(#^, x,y) for A ^ 0, 
\zj.\ = 1 x-^y I <8 (So) which satisfy the following conditions. 

(a) a{\x-y\)^ F(t/„ x, y) '^b{ \ x - y \ ) 

[b) x[zk+i, Zk, x),y[zk+i> z-,y)) - titk, x,y) 

^ - C ( I x{zk^^ ;zk-,x) -y {Zk+i ]Zk-,y\ ) 

(cj 1 V [tk, X, y) - V [tk> > ,y) 1 £M[ U- J 1 + |] 

where a (r), b (r) and c [r] are continuous, strictly increasing lunctioiis for 
a[o} = b[o) = 0 and = 0 and M is a constant. 

Here the Lyapunov function F is a function of the real variables. 

Proof of theorem 1. — Suppose G{r) is a function satisfying the conditions 
mentioned in\ that is G[r) is a definite function for r>0 


G[o) ^ 0, &{o) = 0, G\r) > 0, G\r) > 0. 

Fora>],G^-^)<l G{r) 

As in^, suppose . . 

V{h ixiy) = ^p^G( I Zk> Xk) -y{Zk+i, Zk,yk) 1 ) 


where A, / are positive integers. Following the same line of argument 
asin^ and® we can prove that the Lyapunov function V{tk,x,y} satisfies the 
required conditions. The proof of theorem 1 is complete. 

§2. We now consider the complex difference equations 


—f{Zk>x{Zk)) Pi{Zk, x{Zk)) 

= g{Zk, x{Zk) + F, {Zk,yiZk)) 

=<lua«ons having 

pectiraly. ' •'>' solutions of (3) and (4) tes- 


... and J a,.;,! ofy)'.n"dr4?t*l;e*’.>l;l£ SfoStdS”’ 


* {Zk I zp I Xp)-y ^Zk IZpiyp)] <efyTk^p,p>Q whenever 
I I < 8x and I F, (zk, x,) | + | ir, 
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Theorem 2 . — If equation ( 1 ) is uniformly asymptotically stable with respect 
to equation (2), then equation (1) is weakly stable with respect to equation (2). 

Proof of theorem 2. — The proof follows from the proof of a similar result 
proved in the case of real difference equation^ 

Remark. — I. G. Malkin has proved a theorem in the case of ordinary differ- 
ential equations, that uniform asymptotic stability i]mplies total stability. This 
result has been proved even in the case of delay differential equations*, differ- 
ential equations of finite time lags^ and also functional differential equations 
in general. What happens if that uniformity is not there ? is still an open 
question. 
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ABSTRACT 


For the purpose of transmission of radio signals, an electromagnetic wave may be modulated 
by amplitude, frequency or phase modulating methods The case of modulation with damred 
waves has been previously discussed by the authors and it has been shown that the number of 
sidebands in a frequency-mod ulate I wave depen on the nature of the modulated wave, 't has 
been further shown that in such analysis positive zeros of transcendental functions are involved. 

The present communication deals with further work on the subject by bringing into considera 
tion the positive zeros of the transcendental function involved in the expression for the frequency 
modulation with damped sinusoidal wave when we retain second order terms in *t*. The mathema- 
tical analysis indicates the various values of the modulation index for which the sidebands become 
negligible. 

INTRODUCTION 

In one of our previous communications^ we have discussed the mathema- 
tical aspect of the theory of frequency modulation with damped waves. It was 
shown that for modulation with damped sinusoidal waves when the damping factor 
tends to unity, the side-bands almost vanish for a particular value of the modulation 
index. It was further shown that this type of modulation involves the positive 
zeros of a transcendental function and there might be several values of the modu- 
lation index for which the side-bands may approximately vanish. 

It may be mentioned that in the above analysis the expressions for the modu- 
lation wave M{t) were discussed only upto the first power of H\ and in the present 
communication it has been extended to the second power of H"" and the various 
values of the modulation index for which the side-bands become negligible have 
been considered. 


1 . General considerations 

In the case of frequency modulation with damped waves or short duration 
it has been shown^ that the expression for the modulated wave can be written as 

CD 

M(t) — Ag LJnW) ~ Jn W) ] COS { {Wg 4" ^ 4" 4^’’" }j (I'l) 

where the symbols have their usual meanings. 

There we have discussed the case when n = ± I subject to the condition that 
at approximates to unity and shown that for the modulation index «= 8-417 the 
side-bands for « = dr 1 almost vanish. We have further shown that there may be 
several values of ^ for which the sidebands become negligible. Mathematical 
analysis shows that numerous values^ of ^ may be obtained, depending upon the 
value of n and at, which satisfy the transcendental equation & t ‘ 

UP) - 0-PtJn'iP) = 0. 
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In the present case we have retained terms up to in the expression for the 

modulated wave and thereby we get 

Mif) = £ r + ^Jn{l3) } 

w— “00 L — 

X cos { {wc + nWfjY Hr } (1*2) 

A method has been shown to determine various values of the modulation 
index j8 for which the side-bands may be negligible corresponding to the above 
expression for M{t). 

The expression (1*2) may be cast into the form 

00 r r at 1 T ^ 

M{t) = - Ac at 2 i « + ^ (y8® - K®) - Jni^) - ^7n+i(^) \ 
ns=-“x L L * 

X cos {(Wo + nwvY + im } il*3) 

by virtue of the results 

(/3) + = O 

and ^JniP) - nJnil^) - l^Jn+l {^) 

If we examine for what values of (S, the sidebands almost die out, it is 
necessary to determine the real zeros of the function 




under the special case when /(<?;) ~ } 

The numerical values of ^ have been computed by solving the equation 

G,,(^)=|« + f [^) = 0, 

for w = Ij 2, 3, 4 and at — 1, 2, 10, ’•i-, f ; 

by the aid of the method required to determine the real zeros of the function 
associated with the even function 



2. Determination of smallest zeros of 

It can be shown that o- - numbers corresponding to the function 


r 


I 


1 


G„(i8) =■! n + 2 \ UP) - pjn+x iP) 

t m = 0 J 

are given by the relations 

( 1 ) Aq ^ t- 2 4:A^ (?2 4" 1 ) 


A. 


m 


4: (Aq + n) [n + 1) 


( 2 ) {A + n + 2 )^ +Hn+l) A, {A, - ll{n + l)} 2A^ 

\ Ai,i 2* (^0 + n)8 (re + 1)® (n + 2) (^o + «)* + « 


( 2 - 1 ) 

( 2 - 2 ) 
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T (3) 


(T ' (1 ) ‘ 

n, 4,1 


L I 

■^0 + '2 + 6 


r 4o + n + 4-84t («+2)+32 («+l) (»4-2) j 


2®(4o+k) (k+ 2) (n + i) 
34, 


' +2»(4c+n) (n+3) (n+2) [n+i) 2®(A+k) («+2) («+l) 

3J<» 348 


+ 


■^22(4o+n) i«+l) (^o+«) 


(2-3) 


Replacing 2 by [z^ - v}] 


/TIsaO 


at 1 
2 " ^ 


we get Aq 


atn^ . 1 

' 2 . at 


.A 


at 


and 


Ai- 0 for all integral values of i> 1, arid the relations ' (2 -I), (2-2) and (2-3) 
reduce to the form, - ip+l, 

,91 {(ate-l)a + l-4a#}2+16a2«2 (n+1) a.HHat- 2 l{n + h) 

^ ' = 2*{(afra-l)2 + lp (n + l)“‘ («+2] + {(ate-l j^+l}* 


(T (3) 

a- (1) r<r (2) 

lull «v 


(2-4) 

(2-5) 


1 r 


( 1 ) 


a?[of(» 4-3)~~l] 


n,Ao,Ai 


'•do3-d,5. 


8(n4-2) {{a-tn-\)^ + \} {n+l) 


]] 


(gfa- 1)^ + 1- I2a< , , 9 - 6 ' 

+ 2’{(“^«- 1)^+1} («+3) (n+2) (n+l) ■^2H{“«n- 1)^+1} («+2) (n+D 

We shall now furnish the numerical analysis required for determining smallest 
zeros of associated with the function n + ~0* - ^ in the form of 

Tables I— V by means of the results (2-4), (2-5) and (2-6). 


TABLE I 

Smallest zero of G^ijS) corresponding to at 


1 . 


1 

2 

3 


f<r (0 

L Ai ^i3i 


r 


a- ' (r) 

I 3 Aq, Ai,i 


'a- (»• + 1) 

1 ) Aq, d,,i j 


Smallest zero of G,(^) 


1-265 

1-471 

1-493 


1-711 

1-539 




1-5 


TABLE II 


Smallest zero o/GjO) corresponding to at = 1. 


r 

ftr 

'"2, A„ A„i 

|“5r 

^ 2, 43^l5lj 

1 ('• + 1)1 
'‘"2, Ao, A,„\ 

Smallest zero of G^{(^) 

1 

1-549 


1-983 


2 

1-753 


1-784 

11 

3 

1-763 



- • 

' 
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tABLE lit 
Smallest zero of 



Smallest zero of Ggl^S) 


1 2-17 

2 2-595 

3 2-623 


3-106 

2-679 


^3ji5i — 2-64 


TABLE IV 


Smallest zero of Gj(/3). 



r (’') 1 

1 

' (0 j {r + l)lh 

r 



^^4, A^, Ao, Aj,j 1 Smallest zero of GAS) 


1 2-773 4-478 

2 3-524 3-71 5^45151 3-6 

3 3-585 


Repeating the process as given by Tables I - IV, we can obtain the smallest 
zeros of G,i(^) corresponding to a.t =■ 2, 10, as incorporated in Table V. 

TABLE V 


First zeros g^,a.t,i of G,j(/3) Jn+i(h for n=l,2,3,4 


n 



^?25l05l 



1 

1-5 

0-82 

0-93 



2 

1-77 

1-75 

1-938 

, , 


3 

2-64 

2-75 

2-944 

3-6 


4 

3-6 

3-76 

3-9475 

3-86 

♦ # 



SUMMARY AND CONCLUSIONS 


We have seen already^ that the first zeros 

/ \ 

of 


Pn\l^) — 


) /n(/3) - S Jn+\ 0) foi' « = 1, 2, 

4 are given by 




TABLE VI 



n 

Jnnn 


Jmion 

Jmin 


I 

5-1356 

1 -3565 

1-7352 



2 

2-2425 

2-6544 

2-8459 

6-38 


3 

3-6138 

3-9421 

4-156 

2-6501 

7-6 

4 

4-8248 

5-1009 

5-2934 

4-12 

3-003 
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it is remarkalDie to note in this connection that the first zeros corresponding 
to the cases w =1 ; ^ and w = 2 ^ functions in 

Table V and F,,(/3) in Table VI are not real. On the other hand we observe that 
the first zeros corresponding to the cases ;2 = 2, 3 ; coif •= ^5 f real^ 

of magnitudes 6*38 and 7*6 respectively, whereas the first zeros of G^O) corres- 
ponding to the same cases are not real. 

It is interesting to note that the first zeros of G.,^(p) are less than the index 
number n in cases when at ^ 2, 10 except when w == 1 and = 1 and 

when n = 3 and It might be further observed that the values of /3 in 

the cases when =10 are very nearly equal to the index number w ; whereas 
the zeros of behave in rather an erratic manner. 

It may be concluded that there may be a large number of sidebands in 
frequency modulation with damped waves, but many of them may vanish for 
various values of modulation index and consequently, reduce the distributing 
effect of such modulation. 


ACKNOWLEDGEMENT 

The authors convey their grateful thanks to Dr. S. S. Banerjee for his 
discussions and keen interest in the preparation of this paper. 

REFERENCES 

1. Mukherjce, S. R. Theory of modulation with damped waves. Prcc, Nat. Acad. Sci (India) 

Sic. A 35 : (11), 113-120, (1965). 

2. Mukherjce, S. R. and Bhowmick, K. N. Theory of Frequency modulation with damped 

waves. Acaptid^of publication in India Jout* of Pufc and Applied Physics^ (1966)* 

3. Mukherjce, S R. and Bhowmick, K. N, On zeros of a transcendental lunction associated 

with Bessel functions of the firtt kind of orders V and i + 1 ; iPart II). Accepted for 
publication in Proc> Nat, Acad. Sci, (India) ^ Sec, A, 36 i (1966). r. 


1 


[ 960 ] 



stubiES In TiiE synthesis of 3-(suBSTitubEb phenVL)-i- 
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IMPORTANCE 
By 
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ABSTRACT 

This paper deals with the synthesis of eleven new 3-(Substituted phenyl)-l-biphenylyl-2- 
propen- l-oties by Glaisen-Scbmidt condensation. The 2 : 4-dinitro phenyl- hydraroncs ol some 
of these compounds were also prepared. 

INTRODUCTION. 

J.enney et aP have reported that the compounds containing the grouping -G= 
G - GO - and the phenyl-hydrazones of some carbonyl compounds exhibited strong 
toxic action towards rats, though the latter were not so effective as the former. 
The wide spread antibacterial properties encountered in the naturally occurring 
antibiotics which invariably contain the above grouping, led Marrian et aP to 
prepare some amino-analogues of the above type. The biological importance of 
such analogues has been supported by the researches of Minorn et aP and also some 
other workers^-’. With this in view, it was considered of interest to prepare some 
analogues of the above type and their 2 : 4-dinitro-phenyl hydrazones. 

These compounds have been synthesised by condensing 4-aceto-biphenylyl 
with p-dimethyl-amino-benzaldehyde ; m-,p-nitro-benzaladehydes ; p-tolualdehyde ; 
p-methoxy-benzaldehydes ; j3-resorcyldehyde ; o-vanillin, vanillin ; o-veratral- 
dehyde, veratral-dehyde and piperonal (Table 1). 

TABLE 1 

Analytical data of ^-{Substituted phenyl)-l-biphenylyl-2-propen-\-ones and 
their 2 : 4 dinitrophenyl hydrazones 


Substituents ^6^ Formula 


% Found % Calculated D.N.P. % Na M P. 
C H C H Fcund Calc. °C 


3 -Nitro- 164 60 

4-Nitro- 207 78 

4-Metbyl- 187 73 

4-M ethoxy- 138 72 

4-Dimethyl- 

amino- 151 76 

2 : 4-Dihydroxy- 111 45 

2-Hydroxy- 3- 151 44 

methoxy- (decomp) 
3-Mcthoxy-4- 

hydroxy- 1 18 40 

2 I 3-DitDethoxy- 99 75 

3 ! 4-Dimetboxy 124 74 

3 1 4-Methylene- 195 78 

dioxy 196 


76-70 4-65 7660 

76-50 4-73 76-60 

88-60 6-20 88-59 

83- 90 5-95 84-t8 

84- 36 6 38 84-40 

79-71 5 16 79-75 

79-81 5-69 8000 


80-18 5-23 80-00 

, 80-00 5-90 80-23 

80-40 5*61 80-23 

80-61 4-63 80-49 


4-56 

13'50 

13*8 

214 

4*56 

13*6 

)3*8 

251 

6-04 

11*5 

11*7 

2li 

5*73 

ll-l 

11-3 

209 

6-42 

13 7 

13*8 

206 

5-16 

11*2 

11 3 

231 

5‘46 

— 



5*46 



_ 

5*81 

10*4 

10*7 

200 

5-81 

10*5 

10-7 

178 

4*87 

109 

11-0 

201 


CasHaoO 


CaiHisOaN 

CaiHigOsN 

CaaHisO 

CajHisOa 


CasHaiON 

G^aHi^Os 


CaaHieOa 


*Prisnt address Department of Chemical Engineering, Roorkee University, Roorkec, 
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EXPERIMENTAL 


General procedure : To a solution of 4-aceto-biphenyl (0*01 mole) and aryl- 
aldehyde (0*01 mole) in 25 ml aldehyde free ethanol, was added a strong solution 
of potassium hydroxide (5 g. in 5 cc of water) while shaking the ingredients. The 
mixture was kept at 17^0 for half an hour and finally at room temperature for 36 
hours. It was then neutralized with 5% hydrochloric acid, filtered and washed 
well with water. The acid of corresponding aldehyde formed during condensation 
was removed by washing its ethereal solution with 5% sodium bicarbonate. The 
ethereal solution was dried over anhydrous sodium sulphate, distilled and the 
product was crystallized. 
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ABSTRACT 

The purpose of this paper is to fhow that the integration of the various conservation 
equations is equivalent to the solution of a Cauchy problem with the shock front as surface on 
which the initial data is given. Using Cauchy- Kowaleski theorem, the condit.on which must be 
satisfied in order that there m^y exist a flow behind in the neighbourhood of the shock, has been 
obtained in conducting fluids. 


1. INTRODUCTION 

Pant and Mishra' obtained the conditions for the existence and uniqueness 
of flows behind three-dimensional stationary and pseudo-stationary magnetogas- 
dynamic shock waves by using the Cauchy-Kowaieski theorem. They applied 
the existence theorem after reducing the basic equations to the ‘normal’ form by 
making use of a new coordinate system in which for stationary (pseudo-stationary) 
flows, a stream-line (streak-line) is taken as one of the coordinate curves. 

In this paper we have taken a magnetic-line as one of the coordinate curves 
in the new coordinate system to find out the condition for existence and 
iiniciueness of flows behind three-dimensional stationary curved shock waves. By 
making use of this coordinate system and following the method of present paper, 
the Cauchy-Kowaieski conditions can be easily obtained for flows behind pseudo- 
stationary and unsteady curved magnetogasdynamic shock waves. For unsteady 
flows we are required to express the eq^uations of motion in a coordinate system 
moving with the shock wave. This has been done by the authors elsewhere^. 

2 BASIC EQUATIONS AND SHOCK CONDITIONS 

If viscosity, thermal conduction and electrical resistance are absent, the 
equations governig the three-dimensional steady motion of a continuous conducting 


gas are® 




(2T) 

~ ^5 

ui + uj a 

j Hi + Hi d/c = 0, 

(2-2) 

p w; 8j 

"F ‘bip - 

- 1 + biHu 

(2-3) 


Ui diP 

+ Pbi Ui = 0, 

(2-4) 


di Hi 

- 0, 

(2-5) 


Ui "diV 

= 0, 
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where Hi stand for the components of the magnetic fields ui for the fluid 
velocity components, p for the pressure, P for the density and V for the specific 
entropy of the fluid. The above equations are referred to a rectangular G irtesian 
coordinate system (z = 1, 2, 3,j and di denotes partial derivative with respect to 
Xi, Since there is no distinction between covarient and contravarient indices within 
a rectangular system, we may write an index as a superscript or subscript without 
modification of the value of the term in which the index occurs. Also it is to be 
understood in the above and in the following discusson, unless the contrary is 
stated, that an index which occurs twice in a term is to be summed over the 
admissable values of the index. 

In addition, the equation of state for a perfect gas is 
( 2 ' 6 ) p = exp{VlJCu) 

where ] is the mechanical equivalent of heat and 7 is the ratio of two specific heats 
Cp and Gy assumed constant. 

By differentiating (2*6) and using (^'b) we obtain 
(2-7) tiidiP = UidiP, . ■ . . 

where = 7/>/p, is the speed of sound. 

A quantity / if evaluated infront of the shock surface will be denoted by/;^ ; 
if in the region behind the shock surface, then by/. The jump in /across the 
shock surface is expressed by 

( 2 * 8 ) 

The expressions for flow and field quantities just behind the shock separately 
in teiTns of their values just infront of the shock are given by the relations 


(2-9) 


\H[] = - 

o o 

i)> 

(2-10) 

[^] ^ 

o ‘ -di O/f Xlii - 

■ t^xn 

(1 + ^1 ‘Sff) „ A 

(2-11) 

[|] = 

= '.A. 

1 

■ 8r 


(2-12) 

[P] 

O 5 








where 6"^ 

is the magnetic field strength 

of the 

; shock defined as 

(2-13) 





and 





(2-14a) 

A 

= <1 
o o ^ 





4irPi 



(2-146) 


O o O 0 



(2-14ff) 


n 0 0 

* aa- Hu 0a 




C 964 ) 



o 

Here are the rectangular Cartesian coordinates of a point on the shock surface, 
denote^ the ^components of the unit vector normal to the shock surface and 
= 0 OJ ATj 0 jgAfj ^re the ^components of the first fundamental form of the shock 

surface where 'da. Xi = 3 xilp°- ; being the Gaussian cordinates on the shock 
surface. In the above and in what follows the kernel letter ° denotes the Quantity 
at the shock surface. • ^ 


For a perfect gas, is given by the relation 


(2-15) 


O 


( A - 1) - 


A-1) 

2(1+%) 


(2+ Ai Sff + 7 Ai Sjff - y Sjff + %) 


i 


+ I ” ^1“ (2+A %+2%+^i %*'+'y AiSff - 7 %). 

a ■“! n 

If we assum^e that ^the flow and field infront of the shock are uniform then 
the values of 9a Hi, 9a 3a P and are given by the following relations. 

(2'16) 3a — ~ ^Ui^i da H^^n + ^in 0a ^i) + 3/3 X, 9a %> 

(2-17) 6aUi = ( I” ix 9fi Si - l) 0a % 


+ 


I % 

V+r Pi 


+ ids. 

4rPiKi,j (•+%) . / 




(2-18) 


/ o 

+ ^ “ 0/3 ^1 - ^ + ^l) ^ij 0a “in - % “rt 0a 


I 2Sjj 0 o o ^ ° n (34'(5'jy) o 

+ r+% “in 0a «in + 4^ 0a ^i/z ? 


(2-19) 


. ? Pl(l-^l) c. 

9(x P ~ ■ 5 0a ^II 


(1+ .dj %)*' 


2ix%(i+%)Sx / 1 „ A __i. . o \ 

o 1 o O Oct I 5 


and the value of da is given by 
f . . 



' ' o o o 0 HiR Hi^ I p 

(4 Ai-i-4 +2y Ai- 2y) Sff+Ai+ yAi - 7+4) — o 
- - ^ ' 4ff Pi ) 


O 

H,. 


r 


1 


2!r Pi [4ir Pi Ui^,i 


%(l+‘?^) (7 + 1+5//) {l+Sff) 

1 


- ii5if*>+%2(y-2-2Ji-^ A) + +A-4-7)| daHin 

i 

r O O O 

o * /4 o o 9^ 2 j 

- 2 «i„ ■{ — 0-? — 5/f(I+%) (7+1+5//) /?i8 1 — 1^(1 +5//) 


l^’TPi Ml*,, 

+ Sff (7^,* + V + 1-7)4 2^0,, Mi 




where 

( 2 - 21 ) 

(2-22) 

(2-23) 


3a = - aP'^ hfiah 

9<x — -* Uyy aP bj^d, 

O O O^. ^ O 

9a = - H,y a&y 


Here bafS are the components of the second fundamental form 'of the shock 
surface. 


3 THE NEW COORDINATE SYSTEM 

o 

The shock configuration S' in a three-dimensional steady flow may be 
represented by the equations Xi — xi 

O 

We assume that through each point of 5, one and only one magnetic-line 
passes. At any point Xi on a magnetic-line behind the shock surface let ds be the 
elementary arc length along the magnetic-line ; there the components of the unit 
tangent vector to the magnetic-line are given by 

(3-1) I""* = ^ = i/i ffi. 

c S ij 

Further, let x; be the cordinates of a point on the magnetic-line at a distance 
j from the shock ^rface m the region behind it. Through x^, let us consider 
a surface S which is such that when ^->0, S coincides with the shock 
surface 5. Its equation is, then, given by Taub* as 

(3-2) = Xi s), 

with the initial conditions , 

*»■ 0) = *»(j'Sy), 
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and 

Since Xi and da three non-coplanar vectors, we can express ui and Hi in 

terms of these by tbe relations 

(3 ’3) ~ Xi -J- da 

(3-4) Hi = H„Xi.+ H^da^h 

where 

(3*5^2) . Ugi^ = ul^ ^aj8 ~ S(X a -^a ^ Hi 

and 

^3*56) ~ Xi I H^^ = Hi Xi* 

At any point behind the shock surface, the flow and field variables are 
functions oty^^y^ and so in view of the above transformation we have 

H ' 

(3-6) 0j Xi = 8ij = jj djs + 9a Xi djy°-, 

and 

(3-7) aj/=|f + 9a/9iJ'“- 

Now multiplying (3‘6) by we obtain 

(3-8) 

Again multiplying (3-6) by e'^l^ cm. //^ 0^ x^t and using the relations 

(3-9) cm Hi = 0, 

and 

(3-10) = Hjk "da-Xj 0/3 x/., 

we get . . 

(3-11) djf' = TT 9/3 Xk. ■ 

Here andc^j^ are the components of the surface and space permutation 
tensors respectively. 

Further, multiplying (3*11) by Hj and using (3*9) we get 
(3*12) H^djy^^O. 

Furthermore, multiplying (3*1 1) by Xj and using the relations 
(3*13) 
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abd 

(3'14) ea0 *= 0a Xj 0^8 )if‘, 

we obtain 

(3*15) -Xj djy^ ~ ^ • 

Also multiplying (S'll) by 0y xj and using (3-10) we get 


(3-16) dy 

Multiplying (3-] 1) by uj, using (3'3), (3-15) and (3'16) we obtain 

(3-17) Uj H'^. 

Now by virtue of the relations (3‘7)j (3’8), {3' 12) the equations (2‘1), (2'2), 
(2‘3) and (2'7) assume respectively the forms 


(3-18) - if Hi 1^ Xj + ~ «„ ^ +UJ 0_; 9^ Hi + Hi da uj dj^-O, 

(3-19) 


pH cui , H ^ dtik V \ V ^ 

Hn "0-f 9^ * 9 j' 4;r ds 


+ 


^aP + Hk da Hjc ^0s + Ptij 0j'j“ 0a Mj = 0 


{3-20a) 

(3-21) 


lv“*S S + + “■ * »• 


e‘ % «», “* t* h1, 


08 


Eliminating — from the equation (3 •20a), with the help of the equation (3‘21) 
0’^ 


we obtain 

13-209) ^ -r 

Multiplying the equation (3*19) by Hi we get 


- “f It + TT ^ «i dir + 4«i Sij'" dap = 0. 

6 


pH 


dUi H rj -dHii „ dp , H „ dHi 


f; 1? - - «‘“1T - « §7 + s ^ »« 


Eliminating Xj from the equation (3*18) with the help of the equation 
(3*20^) we obtain 
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P-23) 


Multiplying the equation (3*23) by and eliminating -~^with the helj. 
of (3'22) we get 


(3 •24) 


/f 

tL. 


is \ 


HHn ^ U„ \ dp___^ 
p^,l 


+ I-- 


H'^ 

+ “J 9 iy‘ 9u j!"- Mj dj J" 3a 


0 jf/r 0// 

Now, substiiutmg in the equation (3' 19) the values L.nd fx'oin equa* 

tions (3-23) and ^3*24) we obtain 

H\ \ du, Hu, I / 1 H\ \ 

H„['~ u\ I cs^ 'H„ I ~ j 


lii \ ^ — . ^ Z- «• 0 • u 
72 I /,<• 4^« 


a 

\“,t 


//2 \ 
- Hf;, 0^ a/. - ^ dap + da Hk ) 


4irPUii^C^ J CS 45r 
+ 4^”' dap - da Hi {daP H/^ 3„ f/i j dij'^ 


p 3o Kj 


Multiplying the equation (3-25) by Z; and substituting the value of 

y. from the equation (3-203), we obtain for ^ , the equation 
' 0j cr 

(3 -26) 


f/u'* 

"H 


f.L _ J_ _ \ - 1 ) p «« s„ u, 0,r 

\ c* 4irPc*M2„ ^ 47rPM'‘„ / 0r \4irpM®„ / 

+ ? (sS-; - ' )•' " ii; "■' ) 

-1- ( 8a/'+ ^ Hj da Hj J 0iJ)“ Xi + P Mi 0i/‘ 0a Uj X,. 


Now if an analytic shock surface is given and if flow incident upon it is also 
given, then for the existence of the flow in the region behind the shock, we see, 
by the application of Caucliy-Kowaleski existence theorem, that the coefficient of 
'dpi'ds in the equation (3*26) must now be zero. This shows that the coefficient of 
'dUil'ds in the equation (3*25) should also not be zero*. From above considerations 
we obtain the following conditions : 


*'Ihe equfitioE (S*26) can be obtained only when the coefficient ol 0“/ 0 a in the eq' ation 
(3’25) is not zero, otbcrwiic wc shall not be able to eliminate Xi gui/Bf betwee’^ the equatiors(3*25) 
and (3-206). 


A-23 
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(i-2la) 



( 3 - 27 ‘) 

and 

{3'2Tc) % 0, 

which agree with the results obtained in reference^. 
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§1. INTRODUCTION 

The flow of Steady viscous incompressible fluid through circular and ellip- 
tical tubes under the influence of a periodic pressure gradient has been investi- 
gated by Sexl^ and Khamrui^ respectively. Later, Drake' has diswssed the 
flow of ordinary viscous liquid through rectangular channel. In the presen 
paper the laminar flow of visco-elastic Maxwell fluid through uniform elliptica 
tube due to a periodic pressure gradient is studied. The solution is expressed 
in terms of Mathieu functions and results of two cases of very small and very 
large frequencies are obtained. The solution of the flow of visco-elastic licpn 
through circular cylinder, and the results of Sexl^ and Khamrui are deduced as 
particular cases of this investigation. 

§2. BASIC EaUATIONS 

The flow of a visco-elastic fluid of Maxwell type (z.e. a spring and a dash- 
pot arranged in series) is governed by the ecjuations 


The stress-strain relations are 


T'd = - y; pi 



Opertating ^1 + using (3), equation of motion (1) becomes 

(' + ' I) ( » ”0 ■ ■ ^ ' 8«) f 

where W denotes the stress tensor, tV the deviatoric stress tensor, the strain 
rate of deformation tensor, g'‘-> the contravariant components of metric tensor, p 
the pressure, p the fluid density, x the relaxation time constant, m the coefficient 
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of viscosity, v the kinematic coefficient of viscosity, t the time (t — 1, 2, 3) the 

component of velocity. 

§3. FORMULATION AND SOLUTION OF THE PROBLEM 

We shall consider the laminar flow of visco-elastic Maxwell fluid through 
uniform tube whose cross section is the ellipse, under the influence 

of periodic pressure gradient. Taking .^-axis along the axis of the tube, the 
velocity components are 

j/j == 0 ffl = 0 = W {x, y, t ) (5) 

Using the equations (1) - (3) and (5), equation (4) simplifies to 


( 


1 + 


'D 


at 



(d^W 0W\ 
\ dx* dy^ ] 


(6) 


Since the pressure gradient is periodic with period 2ir/(i> we can write 


^ i - =.kRl eV (7) 

■W = Rlf{x,y)e^<^* ( 8 ) 

where A: is a real constant, <■> is the frequency and • Rl denotes the real part. 

Using (7) and (8) in (6) we have 



(f+iklw)=0 



Now we shall obtain the solution of the problem with the boundary condi- 
tion IT = 0 at the cylinder 


Changing (9) to elliptical coordinates by the substitution 
x-\-iy -i c cosA(| -f i’?) c = ^ a't - 


we obtain 




+ 


'b'^F 

dV^ 


-J- 0) c* 



(cos/i2§ - cos 2'/) = 0 


( 10 ) 


where we have taken 


F=^f+ikio> 

On separating the variables of (10), we have 

-^-rx-2?cosA2|] 0 = 0 (11) 

^f-+[X-2^ cos2i?] ^5 = 0 (12) 

where F = fl (§) tp{v) 
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and 


2q •= (n c 


2 { X w - i ) 


The fluid velocity is symmetrical about the a.xis of the ellipse and is single 
valued and periodic in V with tt, so ^ is a multiple of the Mathieu functions^ 
c of order 2n 0 is then modified Mathieu function c e^n (1* we have 

00 \ 


li 


?) c 

?) 

0 ^a/i — 

oo 

Z 

^(2«) 

cos;^ 2r ^ 

f=0 

2r 


11 

CO 

Z 

^(2») 

cos 2r V 

f = 0 

2r 



where the coefficients ri functions of q. 

Using the boundary condition 

F = when ^ = Ip 

and employing the usual normalisation relations, we have 

We shall consider two cases of very small and large frequencies. 

Case-.ia) For very small frequencies | <? | is small. In that case, we can 
expand r {i,q) and c {V,q) in powers of q and retaining only first powers 
we get 

= J 0 (<?»),/" = 0 (15) 

0 0 


Therefore 


j? - 1 

~ 2«) \ 


, n , cos/t COS 2n) 

1 + ^ ^ (cosA 2ln - cos 2'? - cosA 21+ 


, - , , cosh 2$ cos 2v 
cosA 2|„ - cos 2V - cosA 2t + 2go" 


which on using (8) gives the velocity of the fluid in this case as 

[ i k ^ . cosA 2? COS -,L l/n\ 

{xo> - {) (cosA 2^0 - cos 2V - cosA 2 ^ + J 


7-^2 V , , cosAQCcos 2^'' 

W «= ^ (cos (^t - .VO) sin (cos/i 2^o * 2; * cos 2n + < cosl 2§o 
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The presence of x damps the motion of the fluid. Transforming into 
cartesian coordinates by 

a ^ c cosh id 

b = c sink lo 

(17) can be expressed as 

W = {kf2v} (cos ~ w sin mt) (18) 

For a == we obtain fro.m (18) 

TT== [a^ ^ (cos to? - xaa sin to?) (19) 

4 »' ' 

This is the corresponding solution for a circular cylinder. 

When .r Oj from (18), we have 

W [a^ -r'^) cos < 0 ^ (20) 


which is SexFs* result. 

From^lQ) ^nd (20)^ it follows that the result of the visco-elastic fluid 
differs from that of an ordinary viscous fluid in the factor (jt/4r) (cos t»)?- sin t^?) 
in place of (^/4i^) cos to?, showing that the presence of relaxation time flattens the 
velocity profile. 

We can also deduce the result of Khamrui^ from (18) for an ordinary 
viscous liquid. 

Case {b) For very large frequencies of pressure gradient^ | q | is very large. 
Then replacing 2q by - 2q\ q^>0 and proceeding as before we have 

^ ^2;j (^5 ^ ^ ^ q’) 

0 

(f, -?')=(-!)" Z (-1)'' A^l^Kosiar! 1 /on 

f=:0 2r f ^ f 

0 e^n {% i') = (-1)" J (-ir cos 2r>) . 

t=0 2r 


From the boundary condition and the normalisation relations and rernem- 
bcring that A = 1, A ^ is sm'dl, when ft 1 (one). Thus we have the following 
asymptotic formula* 


C Bn 


(I, - 9 ')~ {~fsL.h^ ccs/zf- tan-i jtan {r'u-iii) | j (22) 
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where 


csq (0) c Bo (Itt) 
(0) 

A 0 


when q'>>l. 

Therefore we have 

ik ( cos/il^o , 

"" ir\ cosh})') -2/? (cos/j|« - cosAS )] iv,-q') (23) 

giving 

/— ^ [ ( cosh}ijcosh}^ )i exp { - 2\/'q' {coshU - cosh$)} cBo (’?,-?') - 1]. (24) 
The velocity of the fluid in this case is given by 
|;T = /i2/-^[ {cosh}$elcosh}i)i exp {-2y''q' (cosA - cosA §‘)} 

(’A -<?')- 1] ! (25) 

W = ^ sin 01/ -f M [ (cosAllfl/cosAil) i exp {- 2 V q' (cosA^o - cosA ^ ) } 

ceo {V ,-(?')] 

In this case we see that the fluid motion has boundary layer character. 
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ABSTRACT 

Recently, R.P AgarvNal [cf. Proc, Nat. htt. Set. India, Sec. J, 31 (1965), pp. 536-5161 gave 
a gcncrelization of Meijer’s G-function to two variables by means ol a double Mcliin-Barncs 
contour iDtc?ral in the form* 


b,q,s,r.t wA) 1 

^A, [C, £J, B. [D.F] r (i, 

(</)!(/)-' 

1 ri<c rice 

= (2^ J J (H'^) i> ‘n)x^ dv, 

where (a) denotes the sequence of A parameters 

^13 ^25 • • • 3 ^A) 

i.e, there are A of the a parameters, B cf the b parameters and so on, 

r[l - aj + i +»;] 

_ 


<^{^+v) = 


B 


J J/+1 jL\ + ^ + 

, (f, ,) = ii^[9+a ^ U,rD» - Q,;;,rfe +-] 

j 4U - ■'^+a j.;I, '[‘-'i- 

O^p^A, O^q^C, O^r^D, O^s-^E, O^t^F, 

the sequences of parameters 


%3 ^3 


3 ; <^13 ^^23 — • 3 3 «13 “23 • • • 5 3 ^13 ^2 5 • • • 3 ^11(1 /j, f^^ , A 

r[‘^J - 4],J = 1, 2, . . . , r and r[/i - *?], * = I. 2, . . . , ( lie to the right, and ihoee of 

r[£^j+i]3 2, ... 5 r [^^;+^]5 k=l^ 2, . . , J" and 2^ . . p 

he to the left of the imaginary axis. 3 3 • *3 

In the present paper we evaluate numerous integrals ^both finiti- • c \ 

certain products of the generalized Meijer function. ^ finite and mfimtcl containing 

A number of known resulU are exhibited as special cafes of our integrals. 


*The notation for the G-function 
from the one given earlier by Professor 


in two arguments that we discuss here differs markedly 
Agarwal, though in essence the function remains the same. 
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i. INTROnijCtlON 

Recently, Sharma [10, pp. 26-40] defined the generalized Meijer function 
of two variables by means of a double contour integral in the form 




] 

(a) ; ib) 


(M) 

S 

U , A 

\c-q , D-rj 

(c) ; {d} 

x,y 



F-}j 

W ; (/) 



P q T k 




.H T{aj^s-frt) V, r(l-c^+^) .Tr .TT 

^ J= ^ I J “ 1 

. V., .n r(6j+^+i) ._n T(cj-s) . n r(i-rfj+^) 

J—p-ri J—q+l J=TtI 


/ 

*1^1 

' X ^ 

. .‘IT T{eH) IT 

; j:j=A+l j = /+l ^ ^ 

where the contour in the j'-plane runs from - U to + 2 ® , curving if necessary 
so as to ensure that the poles ■ ofr(^/.; - J-) :|;j = 1, 2, . . . , r) lie to' the right 
and thd!pole of 1(1 - cj -f s) ij ^ J, 2, ^ and T(a^ + s+t) (J = 2, . . . , p) 

to the left of the contour. Similarly the contour in the ^-plane consists^ of 
the portion of the imaginary axis from - 'foo to -f- z® along with the neces- 
sary loops so as to ensure that the poles of - if) (j = 1, 2„ . . , , Z) lie to 
the right and the poles of 1(1 - ej -t- t) {j = l/2, . . . , andij T{aj ^ s + t) 
(j = 1, 2, ... 3 to the left of the contour. ! 

!; The positive integers /I, C etc. satisfy the following inequalities : — 

i) >l,i^ >1,^ > 1,^ > 1, ; 

'■ o^p^A^o^q^c^o^k^E, o^r ^"jD, o ^ I ^ Fy 


A *T G ^ B E and A -{- jE^ jS -j- F, 

The above integral converges under the following conditions 

2{p-{-q + r) > C'+A 1 arg. (;v) j < ( - I A - i B ^ I C - ^ E) 

2 ( /;+/:+/) > AArB-]rE-\-F^ | arg. (jr) | < (p-^k^^-l - - \ B ^ \ E - ^ F)TTr ^ 

If A-^E—B+F^ then we must have | ;^) ] < < 1 , | | < R^<,\ 

Here as well as in what follows (a) stands for the set of A parameters 
• ’ * 5 < 2*4 with similar notations for {h)^ (c), [d)^ [e] and (/). 


^ A-24 
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The point a; = 0, = 0 is a singular point of the partial differential equa- 

tions satisfied by S(x^y), The behaviour of S{Xiy) in the neighbourhood of a: - 0, 
is given by [9^ (36), pp. 23-24] 

j) = 0 ( I I y 1 ) 

where Aj. = 1, 2^ • . . , r ; = 1, 2, . . . , / 

Similarly the behaviour of the associated function j;) (which corres- 
ponds to the case = 0) at infinity is given by [9, (40), p. 27] 

= 0.( |A:f^ \yp~^) 

where j, == 1, 2, . . . , ? = I, 2, . . . , k. 

In the present paper we give some finite as well as infinite integrals involv- 
ing the generalized function of two variables and discuss their numerous parti- 
cular cases. 


2. FINITE INTEGRALS 


The first integral to be proved is 



\l-p \ B ] 

(a) 1 (A) 






(2-1) «^-i(1-«*)-{AP^i«(k) j- 

^ 0 

[c-q ; D-) 

(r) ; (d) 


i 

j 

t 

\ 

(«) ; if) 



■rp+2n , 0 1 

|^.d P i B 

A(2?Z3 a.)) ijx) j A ( 1 “j”A (it — 

-1 

A{m, i(2+A - /x+vy}, (A) 


(c%’,D-r ) 

(c) ; [d] 

x,y 

( k , 1 \ 

1 W ; if) 





where A («, «) stands for the set of n parameters — , ^ , • • . , ~ ^ The 

above formula is valid under the following alternative sets of condition” 

{i) 2(p~\-q-\-r) > A-\-B-\-C+D, | arg. [x) | < {p^g+r - ID) ■k, 

2{p+k-\-l) > AA-B+E^-F, j arg. (y) ] < (p^ k+l - ^A - ^B - iE ~ IF) 
Re.lk+2nd,,, +2nfiJ > 0 (A, = 1 , 2, . . . , r ; A = 1 , 2, . . . , /) 

(ti/ ^■i-C<B-tD, A-i-E<B+F(A+C=B+D, A-i-E=B+F then \x \ ,\y\ < 1 ) 

Re.(X+2nd^^+2nf,,^) > 0 (A, = 1, 2, . . , , r ; = 1, 2, . . . , /) 

Re.{n) < 1 
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To prove this formula substitute the double integral in place of*S'(;v, j) 
occurring in the integrand of ( 2 ’ 1 ), interchange the order of integration and then 
evaluate the inner integral with the help of^ 


I 


1 

0 


,,A-i 


(1 - (m) du 


I(\) 

r{i(i+A - M - >')} r{K2+A - ^)} 


Re. (A) > 0, Re. (f^) < 1 ; 


and make use of the Gauss’s multiplication formula [3, p. 4] 

m-X 

limz) = ( 27 r)i-l«‘ tt i^z+klm) 

k crsO 


Regarding the interchange of the order of integrations it is observed that the 
2 /-integral is absolutely convergent if Re, {X^2ns-\‘2nt) > 0, Re, (^i) < 1, the 
double contour integral converges absolutely under the conditions referred to 
earliers and the convergence of the repeated integral follows from that of the 
integral in ( 2 ' 1 ). Hence the interchange of the order of integration is justified. 

Particular Gases, (z) In (2*1) on taking^ = 5 = 0 we get 


( 2 - 2 ) 




XU 


.271 




du 


- 

\2n , 0 1 

|_o , 2 n J 

A (2n, A) ; A {n, i(14 A - /^ -v)}, 



A {n, i(2+A - A*+v)} 



{c-q\ D-r ) 

W ; {d) 

x,y 



{d) ; (/) 



valid under the conditions 

2 (^+r) > C+Z), 1 arg. [x) j, < \D)Tr^ 

. 2(A;+/) > Z+F, I arg. (j/) [ < (A: + Z - - \F) tt, 

Re,{\'\-2nd]i^ > 0 ( /zj^ = 1 ^ 2 , . . . , r ; /i 2 ~ ^5 2 , . . . , 

Re.[ii) < 1 

C < D ,E < F, (If C = £ = F, we must have | a; | < 1, 1 JV | < 1) 

+ 2 z^/ij) > Oj Re,{ij) < 1 - 

(u) Next we take A = E == k, I — 1, /i = 0 and make ^ 0, then on 
replacing 4 - Cby by £3 + by 6 * along with the necessary changes in 

the parameters we get the following known integral [ 8 , pp. 226] 

fi r, s / \ (a) \ 

'(2*3) J ^ (1 - (m) ^ I j du 

. ^ r, .y+2n / j ^ (2w, X), (d) J \ 

"T ^J+2n, P+2n\ 1 (*), '^{n, MHA-f*- •')}» V {«, ^(2 + A ->+ •')}/ 
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where V (^3 stands for a set of r parameters 


Oj ot»d - 1 

3 J. 

r r 


, 1- 


a+r - 1 


and 


2(r+j) > A+B, I arg. (x) | < (r+j - - ^B), 

Re.{xi- 2 nbj) > 0 , (j = i, 2 , . . . , r) 

Re.{ij) < 1 

In case A^B, | a; | < 1 and \jf\ <1 
An interesting special case of (2‘3) is the known formula [ 8 ^ p. 228] 

rv-. , I 

r(i 8 ) Tjis + i) 


aX+.«r(x+i)r(/x+i)r{^( 8 - V -tr-f 1 ) {j( 8 +v -<^+ 2 )} 

^ p riSj JS+ij iU+y^+l), |(A+/*+ 2 ) ; ^1 

Li (8 — V — o'r\- 2 ), + 

where 8 = Re(s) > 0, Re{a-) < ( {see also [11], pp. 420-421, formula 

( 2 ' 1 ) with C == !) which follows when we make use of the relation [ 3 ,i;p. 218] 


1 , 2 

Si 4 


^+^5 a - Cj a-j-Cy a - h 


j = 7 rt 


(O-i 


{in) If wesetjS =A =m,B=n, q = k = C = E = I,r = l=l, D'i=F=p 1 
rfi /x = 0 and replace bj, 1 ~cj, 1 - dj, 1 - ej and 1 -fj by cj, bj, d., b'.; and d'e 
respectively, the generalized function %, j) reduces to Kamp^ de F^ntet’s double 
hypergeometric function. Thus (2- 1 1 gives us 


;2-4] (I - a2)- („) . p 





^I3 ^ 1 3 • • • 3 ^(03 e 


n c 




- -'13 ^2 3 • • • 3 I 

. P . ^13 ; . . . ; 5 I 


( 2 r)/^-] 


,n r { 4(^+1 - .-.+ 2 fe, 


X 



^13 ^25 • - • 3 <^/W3 A (2r, X 
^13 ^ 1 3* - • • i ^&3 
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valid if(m4-;) < ^ =n+/)-|- 1, then I^fj , |j;)l < 1} 

Re. (X) > 0, i2e(/x) < 1 

or if m-\-l + 1 > n + jf), then 

1 arg. (j)) I , 1 arg. {x) \ < (m+Z -n-p) ir/2, 
and , Re{\) > 0, Re[ij) <1. 

The second finite integi-al to be established is ji 



\4. i ] 

(«) ; {b) 


(2-5) JV (1 - h)/3 (1 - 2m) S 

(c-j, fib) 

(c) ; [d) 



i k, l\ 
\\EKF-l) 


1 


r(^+"±iLH)” 
I ” 



■["/>+ 2ot , 0 1 

A-p 5 BA-2m j 

A(m, f-fl), A(m, 1 - a-l-'r), (a) ; A{m, ^4-o-+wfi-2), 

A{m, 1 - a fiir-I-n), (i) 


X ^ 

( c% : zA, ) 

(c) ; {d} 

x,y 


( k , i \ 
_\ E~k > F 1 1 

(e) ; (/) 



valid under the following sets of conditions 


(i) 2(p-l-^-+r) > A+£ ^C+n, | arg. (a-) | <:(pA^-i-r- - iC- JD, jt, 

2(p-\k-\l) > AA-BAE-^F, I arg. (^) | < [pA-k^l -\A-\B -IC - tt, 
Re. (<r4-m4,+?n/ftj > - 1 {/ij = 1, 2, . . . , r ; Aj = 1, 2, . . . , 
Re.[p)>-\. 


(it) 


AA-C < B^D,A^E < B^F {ford + C= B^D, Aa E^B^F ; 

1 ^ I , i jf I < ] } 

Re. (<r+md/,,+w//,,) > -1, Re. (/?)>-!., 


The proof of this formula is parallel to that of (2'1), and the final result is 
obtained by using the known integral [4, p. 284] 


f ■ m"' (1 - «)/3 P„("./3) (1 _ 2u) du = 

Jo 

where Re. (rr) > - 1, and Re. (;S) > - 1. 


r(aH-i)r(8+«+i)r(a-cr-i-«) 
\n 1 (a. — (r) r(p-{-(r-j-a-l-2) 


Particular case.t. {i} Put A B = p = 0 and use the result [9, p. 40J. 
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We shall get 

(2-6 ) uF { 1 -«)^ (1 -2u) G^’ | !(/)) 

_ r(;3+B+l) (-1)” 

|« m^+i 



"C 2m , 0 ~\ 

0 5 2m J 

A(m, <r-i-l), A(m, 1 - a-fo-) j A(m, l3+<r+n+2j, 



A(mj 1 - a-J-v- n) 


X 5 

U,:i-r) 

(0 ; (d) 



{'k , 1 \ 
\E-k,F-l ) 

W; (/) 



The above result is valid under the following alternative sets of conditions 
(i) 2{q-\-r) > C-J-A I arg. (x) \ < [g+r - - \D) it, 

2{l+k) >E-{‘F, I arg. (j) } < {l-j-k- ^E-iF) ir, 

Re. (<r+m4,+?K//j, . > - 1, {Ai = 1, 2, . - . , r ; Aj, = 1, 2, . , . , 
Re\ (/S) > - 1. 

{ii} C <D,E <F{ovC = D, E=F, U | < | , | j | < [ ) 

Re. > 1, {}l^=\, 2, . . . , r j Aa = 1, 2, . . . i, /} 

Re. il3)>-\. 

{Hi) If we . take A = />, £ = A, Z = 1,/^ = 0 and replace A + C by 
Ay B-^D hy B,A a- qhy S together with the appropriate changes in the para- 
meters and then jnake j>-yQ. On using the relations [9, ^50), p. Sgi and 
(1), p. 215]j we then obtain 


<2-7) u- (1 - u)^ P^(",I3) (1 - 2u) I j du 




(x 


^A+2m, B+2m 
wherCj as before^ V a) stands for a set of n parameters 

-.1- 1-^ 


S/{^Yn.y )? V (?^3 1 

{b)y V K P+<^+n+2)y V niy 1 a-frr-;^) 


1 1 _ 1 a-f 72-1 

n ^ 


W-] 

The factors IF 
k 


n^} / 


n ' n 

^a-frr-lA m-\ /l-a + (r-n-|-A 




+^)and^no j present 


in the numerator and denominator T*p^'n#=>'Pf-itr^iTr 

.ion of .he G-fo„c.io„ [3, p. 207] „„ 
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be shifted to the denominator and the numerator respectively by means of the 
formula [3, p. 3] 


r(^) r(i-^) 


TT 

sin TT z 


so as to put (2-7) in the known form [7, p. 198] 

,2-8) (1 - (1 - 2a) ( xa™ | ) 


r(/?+£+J^ 




du 

V [m, 0 - 4 - 1 ), (a), A {m, a. -o- 
A <m, « - O' -fa), {b), V {m, /S 4 a--j-n-|-2} 


This resxilt is valid under the following alternative sets of conditions : — 
[ij 2{r-\-s) > A\B, I arg. [x] \ < (r4-^- \A - \B)tt 
R e. {<r + mbi,,,) > - 1 {h{= ],2, ... ,r) 

Re. W)>-\. 


(ii) A < B {ox A = B, \ X \ < 1) 

Re. {(r + mbii^,) > - 1, (Aj = 1, 2, . . . , 
Re. (i8) > - 1. 


Whenw = I, bi == 0, r = s = A and 5 replaced by 5 4 -I, the formula 
(2'8) reduces to an interesting integral given recently by Bhonsle [2, p. 188] 


3. AN INFINITE INTEGRAL 

In this section we give an infinite integral involving the generalized associat- 
ed function iSjiIa;, 7 ) of two variables. The formula to be proved is 




{a) ; (A) 


(3-1) J” (l4-K)-i [Ml4-(l4-M)l]2/\d'i 

{c-q’,D-r) 

{c) ; id) 

xT^yT : 


( k , 1 \ 

l\E-k, F-lj, 

\ 

(«).;(/) 



r(| - A - m) r(i 4- X + 

V •77 to - 



~r 2 ot , 0 1 

-A , B-A 2m J 

A(2m, 2x)j [a) ; A {m-\-ti, iH-Xd-M)) 
A {m-n, i + (A) 


X 

(4 ; ob ) 

(c) j {d} 

Bx^ 3y 


( k , i \ 

\ E-k , F-l ) 

\ (e) ; (/) 
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where ^ = m and « are positive and non-negative integers 

(m+w} {rri'^ny 

respectively such that ni > n and T — 


The above formula is valid under the following conditions • 

2(,q+r) > A+B+C+D, ] arg. (a:) | < {q-\r - ^C- |D) rr, 

2{k^ 1) > I arg. {y)\ < {k-\-l - \A - ^B - IE - IF) 

Re. (X+»24i+?”//is) >. 0 , (4 = 1, 2, . . . ) r ; 4 = 1, 2, . . . , 0 
Rs.{\ - X - IJ‘ - (m-fTi) ~ 2)]- > 0, {ji = lj2, ...j<7J7j = ]j2j.. . , k). 


To prove (3T) we substitute the value of the function S^{x,ji) in the integrand 
of (3T)j interchange the order of integration, which is justified in the light of the 
conditions mentioned above, then evaluate the inner integral with the help of 


/; 


I/X-I 


where Re (x) > 0 and i?e(| - A - /*) > 0 ; and 
(3T) follows immediately. 

Particular Cases : {i) If we take d = 0, £ = 0 and use the relation [9 (3) jJ. 42] 
we get 

(3-2) mX- 1 (I4.a)-i [al-)-(l+M)i]‘‘/^ 

- A. - /")_r(i+x±j!') ; 

Vt (ot [yi - 



“C 2?ft , 0 1 

0 , 2;n J 

A(2w, 2a) Ai(ni—H, i^-j-X-zr) 

■ 

/ ? . \ 
\ C-q , D-r) 

(c)i{d)'] 

Sa:, 8); 

( k , 1 \\ 
\E-k, F-lj\ 

, (^) 5 if) 1 



Valid under the following conditions 

Aq A-r) > C + D i\ arg. (a;) 1 < ((^ -}- r - |(7 - \D) rr, 

2{l +k)> E + F;\ arg. {y) \ < (k + I- ^E - hF) rr, j 

Re. (A+mdft, +»?/■*,) > 0, (A, = 1, 2, . . . , r ; ^ = 1, 2, . . . , /) =: 

Re. {i-X-F’-im+n) > 0, (ii--= 1, 2, . . . ,q ;j\= 1, 2, . , k) 

(ii) On the other hand if we set .4=0, B=n, q = k - C — E — I, r"'.= I = I 
D = F ^ p + h =fi = 0 and replace bj, 1 - c;, 1 - dj, 1 - e.j and il - Ja by 
Cj, bj, dj, b'j, d'j respectively, on using the relation [9 (1.) pp. 40-41J we gbt 
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(3-3) J“ (!+«)■* + 


h> *'i ; • • • ; 

Ciy C2 * • • i Cn 

^l5 3 • • • ’ ^Pi ^ p 


xT,yT 


X F 


( 


2m 

I 

Ti~\-2m 

P 


r(»-x - OT°^-i 

Vtt {m-\-n)^+^ {m - n)^~'^ 

A (2m, 2x) 

^ij 5 • • • j ^63 ^ e 

^t, ca. • • • > «n> A{w + k, i+A + /^}, At>« K, I - X - m} 

di, d i‘, dp, d p 


8 a:, Sj 


where 


8 = 


m > « and r = «»« + (1 + 


m-f-«)’^+« (m-n)™-“ 

The above formula is valid under the following conditions 


(i) Z + 1 > n + A 

I arg. x\ <{l-n- p + 1) ir/2, | arg. j [ <{1 -n-p + i) 

Re (X) > 0 

Re (J — X “ f*' 4* (W 2 + ?*) {l>j + ^'j)} (7 = ^ 52 ,.../) 

Or 

(u) I < n + p +1, 
i?e(X) > 0 

i?«{J — \ ~ I’’ (pi d) (bj ■{■ b'j)} >0 (j — 2, 1) 

(Hi) Lastly, if we take A=0, E= k, /=l,/i=0, replace j by -y,Chy A,BJrD 
bv B, together with te appropriate changes in the parameters (b), (c),{d), (e), etc., 
and then makej'— >0, use the relations [10, (34) pp. 31—39] and [3, p. 215], and we get 

(3-4) £ + ("^*1(1) ) 

r(4-x-M) 

r, 5+2m / | V(2m, 2x), (a) \ 

^ ^^+ 2 m, 5 + 2 m rl (i), vMn, l+X + Z^}, V{»n-«, / 

with the usual interpretations for the symbols used. 


The factors J I denominator of the 

contour integral representation of the G- function on the right 

when taken to the numerator, enable us to put the formula (3 4) m the known 
form [ 6 , p. 347] . 


A— 25 
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/ ' q [ ((zU 

(3*5) . J + + 

V'tt (m+f2)^+^^ 

r+m+n^ q+2m I ^ jV(2??2, 2x)5 W .• \ 

^ ^A+2m, B+2m ^ * lv{m+n, -^X-m}, (i), V{w-w, | + X ;*} / 

w lere 8 “ • (;7x _(- tz ) t-n ;2) 

This formula holds good under the following conditions : 

2{q+r) > A^B, \ arg. [x) \ < r ~ -y - j ^r,. 

- A - A - (m+w) (^/,. -* 1)} > 0 (A Ij 2^ . , . , q). 
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ON THE SPIRAL STRUCTURE OF THE GALAXY 

By 

A. C. BANERJl"^ and S. K. GURTU'^’^ 

[Received on 25th August, 1966] 

• ABSTRACT 

The formation of the spiral arm is examined under the influence of the galactic force law, 
for our Galaxy, given by '’ort and Bottlinger. The condition for the formation of the spiral 
atm IS also deduced from an expression for potential for our Galaxy as derived by Parenago. 
The 3kpc*arm is considered to be expanding as matter is being hurled in the galactic plane as a 

result of instability due 10 rapid rotation of a central mass. 

INTRODUCTION 

There is no dearth of theories for the formation of spiral arms. The 
problem is aggravated not so much because of the complexity of the phenomenon 
but is due to inadequate theoretical and practical tools,. Soundings on the 21 -cm 
line or natural hydrogen' has\ brought about a revolution in gjdactic structure, and 
a fairly coherent picture is gradually emerging. 

It would not be possible in this paper to give a detail account of the various 
theories that have been proposed to explain the spiral arm formation. We woxild 
give only fleeting references, and other references, though no less important, will 
be eluded, sin<te it is not the intention here to trace the entire history of the 
theories given for spiral arm formation. Earlier workers in the domain were 
Jeans®, Brown*^, Vogt^, and Lindblad^, who tried to explain the spiral structure 
of the galaxy with varying amount,' of success. Banerji'^s’^ arid also tackled 

the problem by considering suitable initial models for the galaxy. 

Magnetic forces exist in galaxies, even small magnetic fields, inspite of their 
small magnitudes produce, considerable ' interaction between the field and the 
conducting ionized matter, on account of the large linear dimensions over which 
they operate. Recently a good-ajnount of work has been done by Pacholozyk and 
Stodolkiewicz'®, Tassoul'^, and: Old et al'^\ who have been successful in explaining 
certain aspects of the spiral arni formation. 

According to the^ Danby®', ‘'No single theory will account for all type -of 
spiral structure’. The present paper is devoted in considering the dynamical 
aspects of the formation of spiral arms. The equations are those of Newtonian 
particle dynamics. They aVe used because of thorough investigations into the 
type of motion i that follows from these equations can be a useful prelude to the 
introduction of ‘more complex forces and less tractable equations. 

Case 1 

The motion of a particle ejected in the plane of the Galaxy under the 
attraction 'of a central force will be considered. Initially various interpolation 
formulae were proposed for the galactic force law. Oort®®, gave a formula of 
the type. . : . 

' ^Ex-Vic^ Chancellor .and Emeritus .. ErofesSox, Allahabad .Unwersity, 4-A, . Bcli Road. 

Allahabad. 

, ) **R\C5carqh Sxhol ar. Mathematics Department,, Alla hahad UnijVersity, Allahabad. 
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( 1 ) 


P(0) = ^ + 


where C, = 4*59 X and = 2*7 x 

The formula represents the force as the sum of the attraction of the central nucleus 
assumed to be concentrated in a mass point (first term) and of homogeneous 
spheroid on an interior point (second term). 

The condition for ejection of matter will be 


w 


Rx 


>C.+ . 






( 2 ), 


where r = i?i is the point where ejection commences as a result of instability due 
to rapid rotation, and is the angular velocity at that point. 


The equation of motion, in the equatorial plane, is 


cPu _ PjO) 




( 3 ) 


where h = Ri^ , and m ~ . Furthermore, as in usual discussions on the 
galaxies, we assume that the pressure and viscosity of gas, including turbulent ones, 
and the magnetic field can be neglected. 2du 

integrating 


Multiplying equation(3) by , and 




when r = R^, the orbit is circular and --= 0. 

dQ 


“h C 
Hence 


C = 


1 


2 

~h^ 


19j^-9±r^ \ 

\Rr 2 / 


(4) 


( 5 ) 


Assuming that v < Vg , where Vg is the velocity of escape, the velocity at any 
point of the path will be given by 

According ^ Ishida*®, 'all normal galaxies must have experienced enormous 
explosions of the nucleus 1-10 times in lOio years’. On the above basis he considers 
the 3 kpc-arm, which is moving towards us with an outward radial motion of 50 
km/sec, to be expanding due to an explosion of the galactic nucleus ~ X 10’ 
years ago We, however, consider it to be due to matter being hurled in the 
galactic plane as a result of rapid rotation of a central mass. 

The expression for the finite length of the arm, R,, will be given by the cubic 
iRiCi)R^^ + (2Ci - i?!® Ca - R^ ~ = 0 (7) 
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If 


( 8 ) 


(9) 


dr 


must be real, fiiritej 
It is therefore necessary 


2(71 n j C's r- 

V 5 ^ = D and E 

ft® hi 

equation (4) in (r, 0) can be written as 

j = ± ?■ -/Cra + Dr- Et^ - 1 

According to the former author®*, ‘for a spiral form 
continuous, and of the same sign as r changes with Q 
that the expression under the root sign must be positive’. The condition for 
which is ' 

Cr® Dr - Er^ > 1 

for values of r greater than R^. When the above condition is satisfied the. two 
values of which are opposite in sign, but equal in magnitude, show that two j, 

d0 , . . . I 

spiral arms may emanate from two diametrically opposite points m thd 
galactic disc. 

Case II 

The motion of a particle ejected in the galactic plane of our Galaxy, under 
the influence of a central galactic force law, given by Oort as P{0) = + Cgf, 

has been discussed. This formula, however, suffers from a slight disadvantage, it 
is surely not applicable near the galactic centre where it predicts an infinite force. 
Bottlinger®® proposed formula of the type 


P(£i) 


ar 


l+ir® 


( 10 ) 


where a and b are constants. This formula fulfills the condition that for small t 

the force should be proportional to r as expected inside a homogeneous sphere or 

ellinsoid and that for a large r outside the system the force should approach the 
inverse souare law. It would be interesting to investigate the motion of a particle 

under the above force law, since it is quite compatible with the general expected 

trend for our Galaxy. Bottlinger®® also proposed the formula for the galactic 
force law, as : 

p.jys- . ~ ( 11 ) 

where fti, b„ and b^ are constants, this expression is essentially quite similar to 

equation (10). ■ 


The condition for the ejection of matter will be 


w 


" \+bRi» 


( 12 ) 


[ 9^9 3 



The equation of motion of the particle, when effect due to viscous, magnetic 
forces, etc. are neglected, is given by 


dH __ P(B^) _a 1 

‘ IF+b 


putting b ^ 
Integrating equation (13) 


+ ms r 
\dsj ^ ~ y, 


or 


4 - r 


(13) 

(14) 

(15) 


Now, as before, when m =r p the orbit is circular and ^ 0, 'Hence, 

-^1 


^ 1 2a r , ^+gRi . ^ 2-gR^ 

^ ~ V'3p?, 


(17) 


The velocity at any point of the, path will be given by 


3g^ } -+ V S j 

■ 0^gRt+%,^.)K Vs f§] 




(18) 


For a finite length of the arm let a = 0, and there the corresponding value 
for r be R^, which will be given by the equation. 

• log , 4. ^3 tan-' - ^^*4. 


y^sgR, 


2a 


- log 


^+gRi , , 2- pR, 

(WWW - wk " " 


(19| 


Equation (16) can be written as 


(dr \ I 

W) = ± V' 


Cr* - r® 4- 

^ 3g®A® 


■°« (nr ^TsV-). +V3.»n- g,:|J (201 


from if" that the Condition for the ejection of matter, 

Irom two diametrically opposite points, will be 
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^ - Ss%‘ _ - 2 »« log 
- V3- o.> ta„-‘ 2— > 0 


(211 


for values of r greater than i?i - 

CaaeUJ 

Parenago derived, as an approrimation, the potential for the galactic system 
as follows ; 


“ 1+Xr2 


where 


and 




(A - B)^ 
AB 

11 '3 X 10^* cm® /sec® 

X = - =-0288kpc- 


( 22 ) 


... . 423 .) 


In equation (23) A and B are the Oort’s constant of galactic rotation, and Rq is the 
distance of the sum from the galactic centre. 


Now 


P(?a) = 


2 X ^cr 


■(1+X r®)® 

The condition for ejection of matter will be 

2X<l>c 


tti'l > 


Rl (1 + Xi?i®)® 


(24) 


(25) 


The equation of motion in the equatorial plane, when effect due to viscous, 
magnetic forces, etc. are neglected, is given by 


d^u 


-f- u 


P{Pa) _ 2X<^c 


A®«® 


A® ■ ■ {M®-l-X)® 


Multiplying by 2l“ , and integrating equation (26) 
00 


( du\ 

\Je) 


® , , 4X ‘if’ 

dr = 


-C'L 

J (m®+; 


rr, du 


or 


(duy , 
It) 4 M® = - 
\dd) 


A®' A (m®4X)® 

2X <l>6 1 

A® a®+X 

du 


4-D 


(26, 

(27) 

(28) 


Now when r = Ri, the orbit is circular, and Hence 

00 
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1 t 

The velocity at any point of the path will be given by 


. Rj^^+2X’P, 


( Rx^ 

\l+xi 


and the expression for the finite length of the arm, R^, will be given by 




2X <j> c {Rx\zA^) 

:Hxi2i2)'('i+xV) 


From equation (28) 


/da^ 

\^) 


E 




+ £) - «» 


2 X ^ 

where E = , E and D are both positive 


or . K* 

'' \de} «Hx 

where F = Dx- E and G = D - X 
Changing equation (33) to polars 

__ ^ iFr^+Gr^'Zl 
\d9}~^ V ~T+xr^- 

The condition for the ejection of matter will be 

Fr* + Gr* > I 

for values of r > 


(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 


We have determined the condition for thp 
equatorial plane. At present, quite unfortunately,^ we c^n Cdlv 
ascertainn^ definitely which of the expressions for the ga lac tk force . 

given by Oort, the second bv Bottline-er anH c? i the first 

expression for potential as given bv Varp-naar, obtained from the 

ar^ formation hi a bettS quaHtadve «Piral 

because of lack of exhaustive and reliable rp1aHnn«f^\*^^ ^**^™j*® thwarted 
galactic centre, and the anLlar veWv 

centre. Once the impasse has been clear^rl approaching the galactic 

law can then be subjected to the ordeal of exnia for the galactic force 

path of the ejected particle^oo: cL°fh:^ bfd:S^^^^^ T^ie 

data appears extremelv essential ilimin-t. + 1 , * easily, t ne need of such a 
theoretical and praSl tS Le Sl- f is no less formidable. Better 
galactic phenomenon. necessary for a clearer understanding of the 

tA 
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The authors also feel the need of a more accurate expression between thfe 
galactic force law and the distance from the galactic centre. It appears that the 
expression proposed by Oort, Bottlinger and Parenago require revision because of 
recent 3.110. rapid, advances in galactic structure and galactic dynainics. 
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INTRODUCTION 


I. In deter<mining the electrostatic potential for a spherical ring of semi- 
angles « and p and in the determination of the fundamental wave length for a 
spherical Helmholtz resonator with two coaxial cii'cular holes Collins^ was led to 
the study of triple series relations of the type 


( 1 * 1 ) 


X (2«+l) Pn (cos d) = 0 (0 < 0 < «, A’ < 0 < tt) 

f2 = 0 

Gri 0) (0) <! 0 < ^). 

' n=:0 


f Z (l+^^JC„P„(cose)-/(0) 

J n^O 

1 £ (2n+I)C'„P„(cose) = 0 
«=0 


^ B < Ot, fi Q ^ 
(« < 0 < (8). 


In these equations P„ (cos &) is a Legendre polynomial of degree n, is a known 
coefficient depending on n,f(e) is a given function of the variable Q, and the equa- 
tions are to be solved for the unknown coefficients C„. Collins has given a method 
of solving these equations. 

These equations can be regarded extensions of the dual scries equations 
which have been extensively studied by various workers (for a detailed biblio- 
graphy see^ ). Recently a simple method of determining the coefficients C„ in 
the dual series equations 

„?’o IWn+ 1 ) f(i3-i-n-f 3/2) ^ < 0 < <l>, 

(To) ^ ^ ^ 

^ i.?o P(/3 -f « + 1) n-{- 1 12) P < e 


where P„(S^) (cos 6) Jacobi polynomials, f{e) and ^0) are prescribed, has 
been given by the author . The technique given in"^ is employed hero for study- 
ing triple series equations involving ultraspherical polynomials which can be 
regarded as the extentions of the dual series equations (1’3), 

We shall mainly be concerned with the triple series relations of the form 
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(1-4) 


0 < 0 < a, 


S U(x+n-l-l) r()i+K-l-3/2)]"'' C,; (cos 0 ) = / (e) 

n=:0 

CO 

(1'5) 2 [rU+K+l) r(x+n+l/2]]'^ C,t (cos 0 ) = m ( 0 ) a < 0 < ^, 

n=0 

(1-6) Z [r(^+« + l) r(x+n+3/2)]-» C„ P„(A.A) (cos 0)=« (0) j8 < 0 < :r, 

n=0 

defined as triple series relations of the first kind , and those of the form 

(1-7) £ [r(X+n+l) r(\+nH-l/ 2 )]-^ G„ P„<^.^) (cos 0 )=/ ( 0 ) 0 < 0 < a, 

n=50 

(1-8) S [ra+n+-l) r(x+n-|-3/2)]-i G„ P„(^.^) (cos 0 )=m ( 0 ) a < 0 <| 3 , 

B=0 

(1-9) X [r:\+n + l)r'\+n+l/ 2 )]-iC„P„(^.^)(cos 0 )-n( 0 ) i3<0<T, x>0, 

n=0 

defined as the triple series relations of the second kind. The functions I iff)} m ( 0 ) 
and n ( 0 ) are prescribed and the equations are to be solved for the unknown co- 
efficients Subsequent analysis will explain the utility of having the factor 
r(X+n+l) in all these equations. The main result of this paper is that the solu- 
tion of the either set of the triple series relations can be reduced to the solution 
of a set of Fredholm integral equations of the second kind in one independent 
variable. The analysis given here is purely formal and no attempt is made to 
justify the various limiting processes. 

2. Some results involving Jacobi polynomials : — It is convenient to list in this 
section some results involving Jacobi polynomials for ready reference. These 
results are given in^ and they are valid for « > - 1 , ^ - 1 . The orthogonal 

property for the Jacobi polynomials can be expressed by the equation 

( 2 - 1 ) f^'(sin 0 / 2 ) 2 “ (cos 0 / 2 ) 2 ^ P,,(“.^) (cos 0 ) (cos 0 ) sin 0 dQ 

J 0 

2 r(ct 4 -n + l) r(/3d' w+ 1 ) ^mn 

where Bm n is a Kronecker delta. 

It can be easily shown that 

( 2 - 2 )J“(sin 0 / 2 ) 2 “ (cos 0 - cos u )->/2 (cos 0 ) sin 0 rf 0 = ( 2 ^)i /2 

X (sin «/2)2“+2 P,,<'»+V2, P-i/2) (cos u) 

( 2 - 3 ) (cos 0 / 2 ) 2 ^ (cos u - cos 0)-^/2 (cos 0 ) sin 0 dd 

«/ 2 ) 2 ^+^ p^^(a-l/ 2 , 13+1/2) (cos u). 
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Other results which will be used in later work are : 

Tq (cos 6)} = sin e (sin 0 / 2 ) 2“-2 P^^^-biS+i) (^os q), 

(cos e)}= - -^^- sin 0 fcos 0/2)2/3-2 P„(«+i,j 8 -i) (cos 0 ). 

3 . Variants of Scklomilch’s integral equation :~Wesha.ll use the following two 

forms, which are easily deduced from the well known solutions of Schlomilch’s 
integral equation. They are : s 

equation and/'( 0 ) are continuous in ^ < 0 < ir , the solution of the integral 

co 

/ (0) = J (cos u - cos e)~i g(u) du 


is given by 


I d C 

^ 0 - cos K)-i sin df(e) 


(u) l{f{0) and/ '(e) are continuous in 0 < 0 < «, the solution of 


in given by 


/a 

Q (cos e - cos U)- > g[u) 


5k J„ ('^osK-cos0)-i sin0/(0)rf0. 


tP-91 T<1%^ relations of the first kind : -By using the relations i2-tl 

(2 2) and (2-5), (2-3) the equations (1-4) and ( 1 - 6 ) can be written ar ^ ’’ 

(4 1) Z (^) = (2/x)| (sin e/2)'-2A J® (cos u - cos d)-*-£ {fsin / 1 «)} 

00 

~ n?o + ” + r(A + «+|)]-i C„ P„(A-^,A^-_^) ((.Qg 0),o ^ 0 < a, 

(4 2) ;y( 0 )= _ (^os e/ 2 )i-sA | ^ (^os 0 - cos u)- i {(cos k/ 2 )sA„(„)} 

= Z [r(A+«+|) r(A+K+§)]-x c, P,(A+#. A-J) (,os 0 ) , ^ 

Let us write 

Jof''(*+»+')r(A+,+J)]-ic.P„<i.A>(cos«) _ |/(?J 

. j , , ■ : [ g (9) 13 < 0 ^ tt! 

"^heZtd^oloLlitfrclaSonT^^^ determined. From (4-3) and 
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,.■4) 

X (sin m/2 cos m/2)*^+i (cos m) 

where qn — (”) * + 2 ^+ 1 ) r( 2 \ + n + 1 ). 

If in equations (4*1) and (4‘2), we substitute the coefficients C„ from the 
relation ( 4 ' 4 ) we get, on interchanging the order of summation and integration, 
the equations 

(4-5) L{e) = ( * /(«) + m(u) + j'(m) j J{u, 6) du 

(4-6) N{Q) = /(«) + J*! »2(«) + g(«)j K{u, 6 ) du 


where 

(4-7) 


r/„ (fs- y ^-r— (sin «/2 cos m/2)5A+i P„(A,A)(cos a) 

J(«, 0) - r(\4-n+§l 

vy D (\-{. A+J) f' rriti fli 


(4-8) 


^■(m, 0) 


n=0 


?« 

’r(X + n+l) r(A + n4|f) 

X 


(sin m/2 cos «/ 2 )sA+i P„(A,X) (cos m) 
Pjj(A+>, A-i) (cos 0 ). 


With the help of relations (2'1), (2-2) and (2-3) it can be shown that 
( 4 - 9 ) J[ti, 0 ) = ( 2 ir)-i (cos 0 / 2 )-i-*A (cos m/2)*A sin u(cos 0 - cos m)-* H(m - 0 ), 

( 4 - 10 ) K{u, 0 ) = ( 27 r)-» (sin 0 / 2 )-'-®) (sin «/ 2 )sX sin m (cos m - cos 0 )-l H (0 - m), 

where H(<) is the Heaviside’s unit function. The equations (4-5) and (4-6; can 
be written as 

( 4 . 11 ) P(0)=(2^)t (cos 0/2 )®A+i L(0) - (cos 0 - cos u)-i (cos m/2)sA sin m m{u) du 


„ 1“ /(«) ■+■ j ^ ** ‘^**’ 0 < 0 < «, 

( 4 - 12 ) a( 0 ) = ( 27 r)i (sin 0 / 2 )®A+W( 0 ) - (cos m - cos B)-i (sin m/ 2 )®A sin u m{u, du 

V CL 




- cos 0)“1 (sin m / 2 )® A sin m rfM, /? < 0 < 


Let us assume that 
(4-13) P{e)^ 


r“ f{u) (cos 0 - cos m)-1 (cos m/2) "A sin m dM, 

J 0 
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(4-14) ■ G{d) = g{u) (cos u - cos 0)'* (sin sin « du. 

h 

These integral equations are the variants of Schlomilch integral equation 
and their solutions are given by the relations 


(4-15) (cos ul2f^ sin «/(«) = - 1/^ 

(4-16) (sin == j/, 

Hence (4*15) and (4*16) can be written as 

(cosm/ 2)2A /rf r« 


, <^0 9 

dd. 


(4-17) P(0)=i5’(0)i-l/7r 


/: 




^ (cos 0 cos 

A ^ (cot z^/2_ 

^ du I (cos 0 “ cos u)^ MJ /5 

-^(0) - j ^ G(y) 7?(t;j 0) 0 ^ 0 < 


(cos y - cos w)l sin y G(y) dv 


=P(0)-1/. J ^ (cos«-cos«)-fsin.G(.)rf.jrf„ 


(4-18) Q,{d)=G{d) - l/w f (/-f (cos a- cos o)"J sin v F{v\ dv\du 

J 0 (cos :( - cos 0){ \a« J It ) 


where 

(*a 

=G{e) + 

J 0 

(4-19) 

R(v,e)-^ 

(4-20) 

s{v,e): 


vr , , 1 f (cot «/2)2^ 1 

(cos w - cos uri -y{ — i_2— — J. 

J vj du I (cos 0 - cos zO 1: j 

'“i! f (CO, . . CO, 

0 ^ du\ (cos u - cos 0)1 ( 


du 

du 


V\’e can now eliminats either P(0) between the equations (4- 17) and (4' 18) 
to obtain a Fredholm integral equation of second kind for G(0), or alternatively 
elinnnate G(0 between these equations to obtain a Fredholm integral equation 
±ori^(0). If we eliminate i^^0), we obtain 


(4-21) 

where 

(4-22) 

(4-23) 


m = G{e) + G{x) T{x, e)dx < x,' 


^'fi) = (1(6) -l/nT P(V) S{V, e) dv 

J 0 

T{x,e) = l/9r2 J M(x, v) Siv, 0) dv, 


Alternatively, if we eliminate G{0), we obtain 
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(4-24) t(6) = F{e) - I F(«) u{x, e)dx 6 < d <; <*, 

J 0 

where 

(4’25) ^(0) = P[e) + I/tt f (^(y) R[v, $) dv, 

(4‘26) U{x^ e) - Ijrr^ f R{v^ e) S{v^ e) dv. 

Once G(0) or JP(0) are determined from (4*21) or (4*24) the other follows 
from (4’ 1 7) or (4*18), The functions f(d) and ^(0) are then obtained from (4T 5) 
and (4*16) respectively, the coefficients can be calculated from (4*4). 

5, The triple series relations of the second kind \ — We use (2*2) and (2*3) for 
rewriting (1*7) and (1*9) in the form 

(5'1) ■£'i(0) = (2Tr)"- (sin 1 (cos a-cos0)"i (sin m/2)*A i{^u) sin u du 

J 0 

= 2 [r(x+'H-^) r(x+n 4 -f)]-i c„ p<k+i,x-i) cos {e)> 6 < e < a 


( 5 - 2 ) jVi(e; = ( 27 r)-l 


(cos 0/2)"‘^"i 

Je 


(cos 9 - cos u)~i{cos m/2)^^ «(m) sin u du 


“ Z Cr(X+n+i)r(X+n+t)]-iC„P„(AfA + i)(cos0), |8 < < tr. 

n=0 

Now we suppose that 

(5-3) [ru+«+l) r(X4-«+f)]-^ c„ (cos 0)= m(e) a < 0 < /3 

i3 < 0 < TT, 


where /i(c)) and gi{d) are 'unknown functions to be determined. It is assumed 
that /i(e) and are continuous at 0 = a and 0 = ^8, i.e./i(a) = ?n(a) and gi[^) 
=m(lS}. With the help of (2-5) and (2'4) we have 


Z sin 0(cos 0/2)'*A-a p^a+i, X-i)(cos 

,.=0 “ r(x+«rr(X-i-n+|) 


1 Dc {/i(0)} 0 < 0 < « 

- 2iDc {w(0)} “ < 0 < /3 
l-Dtf {l-lC } ^ < 0 < IT, 


V r sin 0 sin 0/2)*k-2 Pjj(k-), A+I) (cos0) 

{^ 0 - 0 ) 

whore Dc { ) and Ds { } stand for the operators 


T-Os {/i(0) }, 0 < 0 < a 
= 2 iDs {m(0) } a < 0 < (8 
L^s P <0 

^ {(cos 0/2)2X { } } and 


Jg { (sin { 


} } respectively. 
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tJsing the orthogonailty relation (^*1 )? we get 

(5-6) C„ = - [/' nc ( /.(») } + A {».(«)} + /' A(a(.)} ] 

X (sin j^/ 2)2A + 2 p^^(A + J, A- j) (cos 2^) du, 

+ j! "*{’»(“)> +Sl 

(cos P^^(A-J,A-M) (cos w) C? 22. 

If, in equations (5-1) and f5'2), we substitute for the coefficient C,,. from (5'6) 
and (5*7) respectively we get, on interchanging the order of summation and inte- 
gration, the equations 

.5-8) - AW = [ /“ A ill «)} + Dc Hu ) } + Dc {^i(«)} jy, {u,8), du, 

(5-5) yVi(e)=j^ J“ Ds {f,(u)} + D, {«2(«)} + Ds {gi{u) }j iT, {U,B] du, 
where 

(5-10) ,) - r W.H-t)r(>.+ ^Tg 

p^^(A + /,A-|) (cos d) 

/5-11) KM = t iMn+imHli+2> P„<A-J,X-Ha) (^os u) 

P„(A-J>A+i) (cos 8). 

With the help of (2 'I), (2 '2) and (2 ‘3) it can be easily shown that 
(5-12) /i (u, 8) = {2Mi (cos 0/2)i-i'A (cos 8 - cos a)-i //(a - £1), 

(5-13) Ki (.u, e] - i2/-n-)^sm 8/2)'-^^ {cos u - cos d)‘i H{e - u). 



Thus equations (5'8) and (5’9) are equivalent to 


t5-14; - (;r/2)i (cos e/2)^A-i (g) ^ 


f“ i)c{/»}+ A {«(«;} 

V 0 J a 


+ J' 


i ^ ^ 

COS u)t 


(5-15 (^/2)i (sin0/2)2A-i jVj(0) =r j" A + f A M«)} 

-Jo J a 


Since 

^cos ul2Y'^f^{u) sin « , d ^ , 

dsj 0 (cos e - cos u)i t (cos e - cos w)i /i (w) (cos w/2i^A 


/a '“»] (J5T.^ 


COS 0)* 


/? < 0 < »•. 


a 

0 
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we have 


a 

- 2 I Dc {fi (w)} (cos 0 “ cos 2 ^)^ du\ 

J B 

sin B (cos a./ 2j^^ r / v , sin B Dc { /i (^)} j i 
L "■ (cos 0 - cos a)i ^ ^ J 6 (cos 0 - COS m)I 


f “ {/i(«) } _ ^ .Js 2 lfJ 3 ]!L- f U) 

Jq {cos9-cosu)i (cos 0 - cos a)4 

cosec 0 ~r du 

cosec ® (j (0 J ^ (cos 0 - cos «) i 


Similarly 

j d pe (sm«/2/>^gi(«) sin« (sin ff/2)"^gi(p ) 

J j8 ,cos«-cos0l'i ~ ® )3 (cos « - cos 0)i (cos /3 - pos 0)J 

After using (5-16) and (5-17), integrating by parts and using the fact that 
fj^$) and gi(d) are continuous at 0 = «, and 6-/3 respectively, we obtain the 
equations 

(5- 18) Pi (0) = ^ 1^ H2}i (cos 0/2)*^ -1 Li(0) + i J*^ ■'^(cos^?- cos ^ 

1 JL r“ (cos m/ 2)^^ sin «/i(») , sin 0 rir ( cos «/2)»^ sin a O<0<«, 

~~ -IT ^0 J 0 (cos 0 - cos 2®" J 3 (cos 0 - cos u)*l^ 


(5.19) (i,(0) = [^(^/2)>/« (sin 0/2 )»A-i JVi(0)+i J 


•P (sin m/ 2)^^ sin u g, (« ) 
^ (cos u - cos 0J®/* 


1 d (sin m/ 2)®^'* sin « g ](«) . sin 0 (sin «/2)®^-J- sin m/i(m) ^„ 
^ rf0 J 3 (cos « -- cos 0)^^® 27r J J (cos u - cos 0)*/* 


i 3 < 0 < IT, 


If we assume that 


(5-21) 

then we have 


(5-23) 


Pi(0) = 


«(0 J 0 (cos 0 - cos a)^/® 


1 £.!■» 

TT ^f0 J ^ (COS U - COS 0)^/ 


^ct p {Q\ 

(cos w/2)^^/x(w) ^ J ^ ^COS u - COS 0)^^'"^ 
(sin a/2)®^ ^i(a) = J ^ 


The equations (5-18) and (5-19) can be written as 

, 1 , M sin 0 r (cot »/2)®^ sm a / Wm, 

(5-24) Pi(0) = Pi(0) - J ^ ‘(COS 0 - coslIF*\J ^ (CO® " ' c®® “) ' / 


0 < 0 < ®, 
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F^{v)dv 


f5-25^ 0 <a\ — a ifl'' ^ f® uI2'A sin u ( r"- 

(5 25) a,x(^) - Gxie, - J ^ --(-3 „ _ ( j ^ 

j : ' ft <■ 0 K[ T 

On interchanging the order of integration wo obtain 

(5*26) P^i 0 ) = F^(d) - r G,{v) R^% 0 ) dv 




(5-27) 
where 

(5-28) 0) = — ^ C"" ^:^.t 

J V .cos 0 - cos (cos V - cos 


0 ^ 0 < a 
1 '^ ^ T 


(li{e)^GM - f Fx{v) S,(v, 0) dv 
Jo 

'S 

(5-29; Si{v, '0) =^^°Li. r'’ • (tan u/2)^^ sin u du __ 

J <i (cos u - cos oyi^ (cos u ~ coVvftF 


0 < .'( 


ft < y < TT 


dx 


ft < 0 ^ T 


(5-30) TM = G,(e)- f G,{X) T,{x, 0) 

where ^ ^ 

■■ ■ = diie) + f p,{v) s,fv, 0) dv, 

J 0 

») 0) dv. 

Alternatively 

(5*33) ^,(0) = i?^(0) _ r" Q ^ 

where ^ 

(5-34) 

(5-35) 


•Ziid) — Px( 0 ) + J'^ Q,i( 0 ) 0 ) dv. 

Ux{x, 0 ) = J* 


functSm fffl) from (5>28) or (5-29' the 
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INVERSIONS OF SOME INTEGRAL EQTJATIONS. 
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'• . abstract' 

In this paper inversions of three iDtec;raI equations have been obtained. The first integral 
equation involves a Jacobi polyaominal in the kernel. In inverting this finite Hankel transform 
and its inversion dieorera (Sneddon 1. N., (1951) Fourier Trsniforms, p. 83) have been utilised. 

The second integral equation involves integro-exponential function Ev (z) (Busbridge I. W , 
(1950), Q,uart. Journ Maths. tOxford series), 1,176-181). This integral rquation isintheform 
of the complex convolution of the Laplace transform 

The third integral equation involves a theta function in the kernel. _ As an example to the 
third theorem an integral repretentation of Dirac’s delta function involving the pi oduct of two 
theta functions has been obtained. 

1. INTRODUCTION 


In this paper we give inversions of three- integral equations. The first 
integral equation involves a Jacobi polynomial in the kernel. In inverting this 
integral equation we make use of finite Hankel transform and its inversion 
theorem [6, p. 83]. 

The second integral ec[uation involves integro-exponential function Ey{z), 
defined by Busbridge\ This function is used in problems connected with the 
radiative equilibrium of stellar atmosphares and in problem of neutron diffusion. 
The integral equation is -in the form of the complex convolution. Complex _ con- 
volution has been used by Srivastava’ to plve a non-linear problem of circuit 
analysis. 

The third integral equation involves a theta function in the kernel. The 
proof of this theorem is based on the convolution theorem of the Laplace trans- 
form Among the convolution theorems of the different integral transforms 
the convolution theorem of the Laplace transform has the widest physical 
applications. With the help of this convolution, Mikusinski* has built an entire 
operational calculus. , 

As an example to the third theorem, we obtain an elegant integral repre- 
sentation of Dirac’s delta function involving the product of two theta functions, 
which will provide wider applicability to the theta functions. 

2. Results required in the proof : 

We have due to Bhonsle [1, p. 189] 



2/3r(iS+n+i) 

n 1 x'^+13 


/a+j3+2n+3 


Re a > - I, Re 13 > - 'i . 


( 2 * 1 ) 


If/(.«) satisfies -Dirichlet’s conditions in the interval o, a) and if its finite 
Hankel Transform in that range in defined to be ‘ 
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fe) = 1*^ xf{x)J^[x li) dx 
where is a root of the transcendental equation 

7/x ( a I j ) = 0 

then at any point of (<?, a) at which the function/ (a-) is continuous [6, p. 83J 
f{x)= — ■ V 7 ('^0 - 

where the sum is taken over all the positive roots of the equation 
We shall represent the Laplace transform ^ 


( 2 - 2 ) 

(2-3!. 

(2-4) 


by 


Busbndge has defined the inte^lixponential function (z), by 


SO that 


'-Ev {z) = e-~» (l+a)-!' 


du 


and 


We have [ 2, p. 157 ] 

We have also [4, p. 131, p. 225, p. 137] 

1 C C |00 

. a „ /x + ll irrt\ . 

lep> 0, 


fx + lt 

i TV ^ \ 

\~2r 1 

/■= 7, 


3 . T heorem 


If 


^ «“^r(v+l, ay;) I I 


(2-5) 
( 2 - 6 ) 
(2-7) 

(2-8) 

(2-9) 

(2-10) 
(2-11) 
(2- 12) 

>0 (2-13) 


then 


“717 

« > -1 n ^ j 

^ ^ > (3-1) 

( 3 ‘ 2 ) 




C7 a+^+in+i {y $i )J* 
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where the sum is taken over all the positive roots of the transcendental equation 

/a+j8+2w+i (^i) “0 - (3*3) 


and 


^ (* fj) dx 


(3*4) 


provided that 

(i) ^{x) is absolutely continuous in the interval (0, 1) , and (n) ^(1) = 0 
Proof : We have 

~ J"q * Jo- ( ^ dx 

- j; ( * Si ) * j ~ (~)“ (i- 1 - ^^’)/(^) <!, 

- -'•’JI (7)”' (‘ - * 

Let xjy = then 

(li) = li) dz 

and because of (2*1), we have 

J] y /a+/3+2«+i (y li) y^'^fiy'^ dy 

n ! T i/i 

Now (3*2) follows from (2*4). 

4. Theorem 2 : 

Let 

p e {a{p-z)'}G{z) dz 


then 


Proof : 


Gip)=^ E-v {a{p-z)} F[z) dz 


(4-1, 

(4*2) 


liG{p)=^g{l), then we make use of(2-ll)to obtain the inverse trans- 

form of (4' 1). Thus we obtain 

f{t)=^[a\-tr’ g{t) (4 3, 

so that 

g{t) = {o-ftf f{t). ^ ( ' 

Now the inverse Laplace transform of (4*4) will give 

G(M = J— M-*'-ir(v+l, a(p-z) )Fiz) dz 

' 2 IT i J c-i« 

where [ 4, p. 387 ] 


r(v+l,^) = e-U'' 


dt 


= Z^V Wly,i (v+1) (^) 
= Z^*^E.y (Z) 
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hence (4*2) follows. 
’ . Example : 

Let 

then 


so that we have 


; G (z) El, {az\ a^~‘^ 

f{t) = 

+ 1^ 


Ev+y.{ap) = 2 ^ 1 / 1 ! Z 

Making use df the theorem, we have 


If 


Ei,{az) = 

5. Theorems. i j 




then 


g{t) 


■ 0^, 0 ^ 1 


0= ;g(o) 

= 0, 


-L 


f x-\-l\ i 

V {t ~ 


^ J 0 

v3 j 

{21 r~ 



0 ^ 1? < 

CO 

■J[o) =/' (0) = 

=■ 0 

_ i ft d 


/ a; -t- / 1 

tV {i - 

u) 

X j Q dl 

Os 

1 2a; ' 1 




) i/M 


') 


J'{u) du 


We make use of (2-10) and (2-12) to prove this theorem. 
Example : 

First we prove that 


S(t) 


= 1 f'A 9 ( 
xl J 


^"ti 

W 


iw (^ - ii) 


\ 0 /3 / 

/ 0/ 2x \l^) 


du 


where 8 (0 is the Dirac’s delta function. 

This is easily proved by taking Laplace transforms of both the sides. 
The theorem will, therefore, give 

Tl 2;^ 

r- ff ^ ' 

du 


{tv t \ 

) 


r^dj 

a;4 1 

1 w (t - u]\ 

J U dl ' 

■2a; 

* a:^ ) 


(5-1) 

(5-2) 

(5-3) 

(5-4) 


This is self-evident. 
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^ ABSTRACT 

The object of this paper is to establish connections between the Riemann-Liouville (frac- 
tional), Wcyl (fractional) integrals and Varma transform. Ihis has been done in the form of two 
theorems which includes as particular cases some known results. With the help of these theorems 
ccitain new fractional integrals containing confluent hypergeometric functions , , and 

have been derived, 


INTRODUCTION 


1. We call 

ijip) 




'M-' i(/x) 

the Riemann-Liouville (fractional) integral of order ij ., and 

1 


Kjufip) = PVf, = f{t) {t-p 

the Wcyl (fractional) integral of order /t, df/(0- 
The classical Laplace transform 

(^ 0 ) =P dt, 

was generalized by Varma [4, p. 209] in the form, 


"1 d( 


f{P} 


.p J” e- ipt) Wk>m {pt)f[t) dt. 


(M) 


(1-2) 


(1-3) 


(1-4) 


When/i; +m = h reduces to (1-3) on account -of the well known 

identity, - i PF 4 . [x) = e-i^ 

Throughout this paper we shall represent (L3) and (I '4)) symbolically as, 
L{f (f) : p] = HP) and ( /(<) :p} = <P [P) respectively. 

The obiect of this paper is to establish connections between the Riemann- 
Liouville (fractional) integral, Weyl (fractional) integral [3, p. 181] and Varma 
transform This has been done in the form of the general theorems which include 
as particular cases some known results. These theorems have hep further 
illukrated by means of suitable examples, so as to give few^^iore fractional inte- 
grals containing confluent Hypergeometric functions V' 2 ; ^ our invest i- 

lowing property of fractional integrals [3, p. 182] will be used m our investi 

gat ions, 


r /i(o = r Kj,f{t)f^{t) dt, 

Jo ® 

Wn {/i {l)lP} = Kl^fiP) a ^ 
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(1-5) 


where 



( 2 - 1 ) 

( 2 - 2 ) 


2. In this section we establish the relationship existing between kiematiii 
Liouyille (fractional) integral and Varma transform. With the help of this relal 
tionship few Riemann-Liouville (fractional) integral of confluent hyperffeometnV 
functions have been derived. ® '"■‘nctnc 

Theorem L 
If 

then I P) = 

- A. - I - A) {/(O ;p) =L{ if-^//(j!) 
provided that the Riemann-Liouville (fractional) integral of \f it) \ exist 

Proof ; 

We have [3, p. 202] 

where, R {ap) > 0 and R (p) > 0. Using the relations (2-1) and ^2-31 in the result 
(1 5) we obtain (2'2) after a little simplification. 

^«own result [ 3, p. 182], 


W Ip } 


then 




{/(<);>) = £{//(();/. j 


Example 1 . , . 

If we start with, 

^ (“ + M ; Y, y' ; aty bt) 

then [2, p. 223] 


L{/(0l^} =r(a)pi-a Fja,a+ n;y,y>.^. 
1 ' 


for R (a) > 0, Rip) > 0, R (a), R (J) 

(2-4) and 

I. 2^3], we get 

^ (“ + /*; r, y', at, bt) ; p) 


(2-5) 


*'>» obtaining inverse Laplace transforn, 

r(«) , , 

^ (2'6) 


for/f(a)>0 and R{u)>0. 

Burchnall and Chaundy [1, p. 124] have shown that, 

h (« ; c, c'; X, x) « «/?,/"’ ^ I (r+c'- 1) 

%, c', c+c-1 


; 4x 


(2-7) 
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and hence if we take a = iin (2‘6), we obtain 

R ^ (2-&) 

Knit s-' 3 y+7' - 1 J ria+f») 

, Kr+.--y,j 

\7, V , 7+Y-I / 

for /i(«')>b ii(;*)>0, which is a particular case of [3, p. 200]. 

hurthcr if wc put a -{■ n = y = y' in (2’6) then [1, p. 126] 


(2-9) 


ria) 

R,, {ii - « - exp {at 4- bl) -I- , 1-1 (2/! V aft) ; p}== 

X ^2 («; tt + ;<,“+ M ; ap) 

for /? (ci)>0 and R (M)>0. Similarly if we put a = 7 = 7' in (2'6) then we obtain 
[l,p. 126]. 

X exp {ap-\-bp) /a - 1 (2^ Vai j 

for R{i>) >0 and R{a) > 0. 

Example 2. 

If wc start withJV) = Sa (“' + f*. ^ i then [2, p. 223] 

R{f(t ) ; p } = IK) i* Bl (“'+ ^ ^ 1 

P(a') > 0, R(p) > 0, J? (i), 

Using (2- II) in (2'4) and then obtaining inverse Laplace transforni [2, p. 223] 
we obtain 

R,, £a -I- Ih b'l T' ; i i'} = ilHi) r T' ; ^2) 

for R{o.')^<d, R (f*)>0 and | l<i. 

Example 3. 

If wc take ^ ^ |S' + f*, 7 ; «= bt) 

then [2 3 p. 223] 


{/(<) ; /^} = nh'ip'-^' Pb ( P' + ^ r) ’ 


(2-13) 


for using (2d3) in l2-4) and then obtaining inverse 

Laplace [2, p. 223] transform we obtain, 


R„ {tP' - 1 gi K + «> 5 ^=r(i3' + /*) ^ 

for i? (^') >0> ^ I 
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(2-14) 


A-2a 



3. In this section we establish the 
(fractional) integral and Varma transform, 
few Weyl (fractional) integrals of confluent 
derived. 


relationship existing between Weyl 
With the help of this relationship 
hypergcoiuctric functions have been 


Theorem 2. 
If 

then 




(3-1) 

(3-2) 


^ M 5 / [t) ; /;} 4= K/ifii) ; p } 

provided that the Weyl (fractional) integral of |/(}) ( exist, 

m > 0. m > 0 and ii({- ± J . J) > 0, wl,c,-c ./'(,) .. 0 (,£) r,„ , 

Proof : 

We have [3, p. 187] 

R ill) >0 , j >0- 

Usin^^(3-1) and (3-3) in the result (1-5). we obtain (3-2) after a little sinipH. 

theorem on^Laplace transfom^^ flie^oSowh^ <.rausfonn wo olitaiu the 

If 


then 


W', {/©;«_ A', 


■fW 


- §±5)"? o‘wEe/ffl“T(“{) I ■" W>0. li W>0 and 

Example 1. 

If we „ar. „ith/(,) = 

\ p’ p)^ 

we obtain! obtaining the inverse Laplace transform 
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(3-6) 


^ - 1 ; 7, y'; 7 ); 

X ix-l; y,y' ; £, , 

for R{ft - /i - 1 ) > 0, R{i>.) > 0 and R(p) > 0 . Using (2-7) we get, when a = b 

M:, - 1 ^ r) ^ 


/a - - 1 , |(y + y'), I (y+y' - 1 ) 

ly, y'j y+y'--i 



(3-7) 


for R (a - M - 1) > O 3 R{ii) > 0 and R [p) > 0, which is a particular case of 
[3, p. 212]. 


Further if wc put, « - 1 


ri'u exp 




y' , in (3'6) then [1, p. 126] 

r(a-/* - 1 ) 


|2 


>P)- 


{I(a- 

X M+1; y, y'i ^ 


i)}» 




(3-8) 


for 7 ^ (« - /t - 1) >0, R (/*) >0 and R [p) > 0 . 

Similarly ifwe put, ™ - /n - 1 = y = y', in (3-6) then we obtain [1, p. 126] 


n V ^2 - 1 ; « - - 1, “ - 1 iy, 4)’ ^ ^ 

X exp||- + |- j 4.;a 


for i? (a - M ~ 1) >0, jR (n) >0 and R {p) > 0 . 

Example : 2. 

Ifwe start with,/(t) = («'-!> /3, y 1 h then [2, p. 223] 

L f[t) ; /;} = r(a' - l)p^+'^-“' «' 

for A’ («' - /<■ - 1) >0, A {p) > 0, A (i). Using (3'10) in (3-4) and then obtaining 
inverse Laplace transform [2, p. 223] we get, 

^ £a “/^"ij/Jjyj j> 
for A («' - /X - 1 ) >0, A (/*) >0 and A (/>) >0, A( 6 ). 
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Example 3. 

If we start with/W = Bi («,/^' - h li ; y ■, o, hi) (hen [2, p. 223] 

L m;t } - W ft ft ‘ \ ,3.,2) 

for i? O' - - 1) > O R (p) > 0, £0) Using (3- 1 2) in (3-4) and tlien obtaining 

inverse Laplace transform [2, p. 223] wc get, ® 






{,1-/3' 5 , ft - 1 , f), T ; ft -t ) ; y,}_ ‘ V« 

>1 Si (' 1 , P, l>‘ - I‘- <;y; ft|] , (3-13) 

for R(^' - ti-i) >0, /?0) > 0 and i? (p) --O, (/;). 
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ABSTRACT 


Influence of blue green algae (Anabeana naviculoidcs) on composting of municipal waste 
was investigated. By the inoculation of algae some saving of carbon and small increase in nitrogen 
was observed. Algae seemed to have some stimulating effect on solubilisation of phosphate also. 
Fixation of nitrogen due to inoculation of algae formed only a small fraction of the nitrogen fixed 
by the slow oxidation of organic matter aided by phosphate. 

Nitrogen fixations By l)hic gi^een algae is specially interseting in that these 
organisms assimilate carbonclioxicle and thus are independent of organic compounds 
and com 1 )incd nitrogen as well. Consequently they are supposed to be the most 
completely autotropic organisms known. Light is indispensable for them. Organic 
matter and phosphate have been reported to be helpful in their growth and 
activity (Pcarsal, 1932 ; Okuda and Yamaguchi, 1952 ; De and Sulaiman, 1942) 
The present investigations were undertaken to study the influence of blue green 
algae (Anabacna naviculoides) both in pi’esence and absence of phosphate on 
carl)on nitrogen clianges and availability of phosphate during the composting of 
municipal waste. 


METHODS AND MATERIALS 


The following medium was used for growing culture of Anabaena navicuL 
oides : 


KNOj, 

0'2 gm. 

K 2 HPO 4 

0-2 gm. 

MgSO.i. 7tIaO 

0-2 gm. 

CaCla 

0-1 gm. 

FeCl^ ( 1 %) 

2 drops. 

Distilled water 

1000 cc. 


The composting of municipal waste was earned m small shallow heaps. 
Phosphate was added in the form of Tata basic slag at the rate of 65 lbs. 
per ton of organic matter. The heaps were mocuMed with Anabaena culture 
grown in the above medium on 22nd August, 1963. The trials were con ii 
duplicate. After definite intervals of time composite samples were 
powdered, sieved and analysed on oven dry basis. Total carbon was ” 

by the method of Robinson, Mcleans and Williams (1929) 

K^ldahl salicyllic acid method (John-Brooks, 1936). 

nitrogen were determined by Olsens method as inodified by Richardson (Piper, 

1942) and available phospliate by Dyer’s method (1934). 
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RESULTS ANT) DTSCUSSTON 


Analysis of Tata basic slag % 

SiOa . . 33-G4 

FcaOa . . G'QS 

KaO . . 0-907 

GaO . . 30-30 

MgO . . 2-287 

Total PjOi . . 7-906 

Available PaOr, . • 4-061 

TABLE I 

Effect of blue green algae in presence and absence of basic slag on carbon 
content of Municipal Compost 

FIRST TRIAL SKCIONI) TRIAT, 


Un-Phosph»ted muni- Phosphated municipal (Jn'Phosphated Fhosohated muni- 
Date of cipal waste waste municipal waste cipal waste 


Sampling 

U nino- 
culatcd 

Inoculated 

IJnino* 

ciliated 

Inoculated 

Unino- 

culatcd 

Inoculated 

Unino* 

culatcd 

Inoculated 

20*6-63 

12'938 

13*016 

12-981 

12-967 

13*140 

13*192 

13-120 

13*121 

20-7-63 

10-734 

10*764 

10-086 

10-071 

10-926 

10*911 

10*225 

10*226 

20 8*63 

9-204 

9*435 

8*086 

8-295 

9-394 

9*265 

8-224 

8*413 

20-9-63 

8-136 

8*317 

6-856 

7*104 

8*325 

a-531 

6*988 

7*296 

20- 10 63 

7*336 

7*719 

5-995 

6-345 

7*526 

7 867 

6-126 

6*S6l 

20-11-63 

6-737 

7*223 

5-301 

5-734 

6-296 

7*302 

5-432 

5-952 


TABT.E IT 

Effect of blue green algae in presence and absence of basic slag on M'/rogrn 
content of Mimicipal (lompost 

20-6-63 0-5210 0 5221 0-5218 0-5208 0*5214 0-5244 0 5244 0-5165 

20-7 66 0-6197 0 6212 0-7009 0-7001 0-6155 0-C184 0-7101 0-7061 

20-8-63 0-6881 0-6962 0-8308 0-8379 0-6871 0-6947 0 8425 0-8498 

20-9-63 0 7393 0-7493 0 9301 0-9472 0-7453 0’7549 0-9420 0-9599 

20 10-63 0-7791 0-7958 1-0014 1-0248 0-7805 0 7947 1-0052 1-0252 

20-11.63 0-7563 0-7767 0*9746 1-0061 0*7573 0-7768 0-9776 1-0088 
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tABit lii 


lilfccl of blue green algae in presence and absence of basic slag on JVH^ - JV 
contenl of Municipal Compost 


I'lRST TRIAL 
Uo-Phosphated muni 


Phosphated municipal 
waste 


SECOND TRIAL 
Un-Phospbated Phosphated mutii- 


Sampling 

I-'-” * 

Uninocu 

latcd 

Inoculated 

Unino* 

culated 

Inoculated 

Unino- 

culated 

Inoculated 

Unino" 

culaied 

Inoculated 

20-6-63 

0-0108 

00113 

00U8 

00116 

0*0126 

00121 

00120 

00126 

20-7-63 

0-0215 

0*0211 

00279 

0*0276 

0*0226 

0*0221 

0*0292 

0*0293 

20-8-63 

0-0288 

0*0411 

0-0402 

0-0290 

0*0283 

0*0283 

0*0440 

0*0432 

20-963 

0 0341 

0*0330 

0-0492 

0*0484 

0-0332 

0*0324 

0*0502 

00490 

20-10-63 

0-0376 

0*0369 

0*0537 

0*0534 

0-0370 

0*0365 

0*0541 

0*0534 

20-11-63 

0-0344 

0*0348 

0-0491 

0*0501 

0*0330 

0*0339 

0*0496 

0*0508 


20 6-63 
20-7-63 
20-8-63 
20-9 63 
20-10-63 
20- 11 -63 


TABLE IV 

/ of blue green algae in presence and absence of basic slag on JVO 3 -JV 
content of Municipal Compost 


O'Oiei 
0'0309 
0-0443 
0*0565 
0-0631 
0 0591 


0-0160 

0-0306 

0-0425 

0-0545 

4-0615 

0-0588 


0-0165 

0-0442 

0-0695 

0-0869 

0-0996 

0-0939 


0-0170 

0-0445 

0-0680 

0-C851 

0-0980 

0-0931 


0-0190 

0-0324 

0-0448 

0-0556 

0-0639 

0-0594 


0-0180 

0-0327 

0-0428 

0-0537 

0-0626 

0-0589 


0-0176 

0-0441 

0-0571 

0-0873 

0'0999 

0-0982 


0-0174 

0-0448 

0-0659 

0-0856 

0-0987 

0-0918 


TABLE V 

Effect of blue green algae in presence and absence of basic slag on Available 
1\0^ contenl of Municipal Compost 


20-6-63 

20-7-63 

20-8-63 

20-9-63 

20-10-63 

20-11-63 


0-1135 

0-1462 

0-1715 

0-1883 

0-1982 

0-2016 


0-1142 
0-1480 
0 1729 
0-1990 
0-2024 
0-2079 


0-1125 

0-1790 

0-2267 

0-2536 

0-2671 

0-2768 


0T129 

0-1768 

0-2273 

0-2580 

0-2749 

0-2859 


0-1275 

0-1602 

0-1781 

0-1891 

0-1965 

0-2002 


0T261 

0-1598 

01757 

0-1901 

0-2001 

0-2064 


0-1270 

0-1867 

0-2309 

0-2651 

0-275G 

0-2815 


0-1246 

0-1852 

0-2325 

0-2691 

0-2817 

0-2910 


T1.C, .coordXSr tabks 

oxidation of compounds phosphate in the form of Tam 

luidergo slow oxidation m air and oxidation is appreciably increased, 

basic slag is also alkalinity favours 

This may Im due to the alkaline namic 
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oxidation is a well known fact. During the composting process a progressive 
increase in nitrogen concentration has also been observe. ^ increase in 

nitrogen is more pronounced in systems containing slag. This is due to the fact 
that more nitrogenous compounds are created from the air per unit weight of the 
carbon oxidised in the presence of basic slag than its absence (Dhar, 19o2). 

It is further observed that when municipal waste is inoculated vv'ith Anabaena 
naviculoides, there is some saving of carbon and shall increase in nitrogen. This 
seems to be due to addition of organic matter by the growth of algae and its 
consequent oxidation and fixation of nitrogen. Moreover in presence ()f phosphates 
growth and activity of algae seems to be further enhanced. This is in line with 
the finding of Okuda and Yamaguchi (1952) who reported^ increased growth and 
activity of algae in Japanese rice soils on the application of calcium carbonate and 
dipotassium hydrogen phosphate. Dey and Sulaiman (1942' also observed that 
phosphate and calcium supply appears to be the important limiting factors for the 
growth of blue green algae. 

The experimental results also show that available phosphate of the system 
increased with the oxidation of carbon and it is greatly enhcinced when phosphate 
is added. In the algal sets the inci'ease in availability of phosphate is slightly 
greater in the sets without algae. This increase in availability of phosphate 
appears to be due to the production of more carbonic acid and organic acid and 
also to dephosphorylation of the organic phosphorous of the nucleic acid and 
nucleotides etc., of the algal material (Thompson and Black, 1950). 

It is fascinating to record that the increase in nitrogen fixation diic to inocu- 
lation of algae is very small as compared to nitrogen fixed by the slow oxidation 
of orpnic matter aided by phosphates. Similarly, Gupta (1954) has experimen- 
tally’shown that algal contribution in enriching soils is very small as compared to 
that of the organic matter undergoing oxidation. 
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ABSTRACT 


In the present investigation, the efFect of diflerent organic materials lihc wheat straw, 
mixture of grasses and paday straw alone and in conjunction with i&ta basic slag and German 
basic slag on the yield of paddy and wheat crop and also on soil fertility were studied It was 
lound that by incorporation of all types of organic materials and basic slags much higher ertp 
yields are obtained and at the same time it was also observed that land fertility can be consider>> 
ably increased by this method. 

The outstanding feature of Indian soils is that they arc not only defi- 
cient in nitrogen and other materials but also in organic matter. Dhar and 
Mukerjee (1935) analysed many soils from various parts of India and found that 
most of the Indian soils contain about 0'04% total nitrogen. Thus the problem 
of increasing the nitrogen status of our soils is of foremost importance. Artificial 
fertilizers are of little use as they do not improve the nitrogen status of the soils. 
It, therefore, becojmes quite desirable that organic manures may be used to 
supplement the essential nutrients lacking in our soils and build up soil fertility. 

One strong school of opinion is gaining ground who doubt the wisdom of 
composting and advocate the direct application of plant materials to the land. 
Dhar (1952) in his presidential address to the National Academy of Sciences, 
India, has emphasized that the direct application of plant materials to the fields 
before composting is more beneficial to crops, because, the energy materials like 
the carbohydrates, lignins, fats etc. when added to the soil, are partially oxidised 
and in this process nitrogen of the air is fixed. Hence, much 3nore humus (which 
is a combination of protein with lignin or cellulose or carbohydrate mixed with 
microorganisms) is formed and added in the soil when plant materials are 
mixed in the soil direct instead of their addition after composting them 
elsewhere. The method of direct application of plant materials to soil without 
composting has been adopted in farms in Sweden, England and Pennsylvania and 
California, U. S. A. It has been reported in Rothamsted (1935-39) that under 
favourable conditions uncomposted refuse material could be directly applied to 
the land with beneficial result on plant growth equal to, and in some cases even 
superior to, those obtained by the application of compost manure prepared from 
refuse. 

That phosphate fertilizers improve the fertility of the soil apart from increas- 
ing yield, especially that deficient in available phosphorus, is an universally 
acclaimed fact. It is no wonder, therefore, that extensive rescrach work is being 
carried on the use of phosphates especially basic slags, in land fertility improve- 
ment all over the world, particularly in Europe. A number of excellent reviews 
(Volkaerts, 1954 ; Schmitt, 1954, Glastra, 1955, Gericke, 1955) are available. In 


A-29 
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acid soils basic slags has been found superior to super-phosphate (Franclc 1954) oi* 
equivalent to hyperphosphate or rockphosphate. Lask (1954), Weihling ( 1959) 
Balfour (1961), Bell (1952) and Barmann (1957) reported beneficial effect of 
basic slag on crop yield. 

In the present investigation field trials were conducted on a farmers field 
(Village-Jograypur, Allahabad) inorder to study the influence of different organic 
materials like wheat straw, mixture of grasses and paddy straw alone and in com- 
bination with Tata basic slag and German basic slag on the yield of paddy grain 
paddy straw, wheat grain and wheat straw and soil fertility. ’ 

METHODS AND MATERIALS 


The field selected for the experiment was more or less uniform. The expe- 
rience of the resident farmer was utilized in the selection of the site. The soil was 
of the alluvial type in which crops were grown for a number of years. The field 
was ploughed and amendments were mixed with the soil on 14-6-1962 
The field was kept moistened with water till • the rain started and six ploughings 
were given during the decompositions. of organic matter. Paddy was transplanted 
bn 3.-8-1962. , After harvesting of the ^ paddy ^ erpp the ^i eld was again 
and wheat was sown. Wheat was harvested on 26-3.-1963. , Paddy wL airam 
sown in the. field without any further. treatment. . Canal water was used for irrma- 
tipm of the paddy and wheat crops. ■’ ^ 

, Design of the experiment was Randomised Block lay out and area of each 
plot was l/60th of an acre. The details of the treatments are as under ; ^ 

Soil alone (Control) 

Soil+Wheat straw @ 10 tons per acre. 

SoU+Wheat straw @ 10 tons per acre +60 lbs 

PjOs per acre as Tata basic slag. 

S<^+Wheat straw @ 10 tons per acre + 60 lbs. 

PjCg per acre as German basic slag. 

Soil+grasses @ 10 tons per acre. 

SoU+grasses @ 10 tons per acre + 60 lbs. 

PjOg’ per acre as Tata basic slag.' 

Soil+grasses @ 10 tons per acre+60 lbs. 

PjOg per acre as German basic slag. 

Soil+paddy straw @ 10 tons per acre. 

SoU+paddy straw @ 10 tons per acre + 60 lbs. 

P2^5 acre as Tata basic slag. 

Soil+paddy straw g) 10 tons per acre + 60 lbs. 

acre as Geriinan basic slag. 

Soil+Tata basic slag at 60 lbs. per acre. 

Soil+German basic slag g) 60 lbs. per acre. 

harvesT^VS\KJrpaddy^crop™ a^nafysed.^^^"*^^ amendments and 


Ti- 

Ta- 

Ta- 


T.- 

T.- 

Ta- 

T,- 


Ts- 

T»- 

Tio- 


‘•ir 


ABBREVIATIONS 

T. B* S. for Tata basic slag. 

G. B« S« for German basic slag. 
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RESULTS AND DISCUSSIONS 


Analysis of the soil under field trial 


Moisture 

1-63 % 

liCl extract determination 


Loss on ignition 

3-9153 % 

Total HGl insoluble 

81-6130 % 

Total nitrogen 

0-0553 % 

Sesquioxide 

11-2071 % 

Organic Carbon 

0-5648 % 

F e^Oa 

. 4-2630 % 

NHa-nitrogen 

0-0041 % . 

Gap 

0-9863 % 

NOg-nitrogen 

0-0061 % 

PaOs 

• 0-0815’% 

Available P 4 O 5 

0-0164 % 

K^O 

. 0-9578 % 

pH 

7-8 

MgO 

0-5990 % 

G. E. G, 

■ 12-8 Mc/lOO gm soil 



Mechanical Analysis 



Sand 

63-9 % 



Sil 

15-0 % 



■ Clay 

20-5 % - 



Analysis of organic materials, utilised (Yo) 


Composition 

Wheat straw 

Mixture of grasses 

Paddy straw 

Total carbon 

36-6124 

35-7274 

34-3135 

Total nitrogen 
C/N 

GaO 

0-6024 ■ 

60-7 

0-6001 

59-5 

0-5368 

64-1 

0-7562 

0-8325 

0-7053 

P»Or 

0-4869 

0-4727 

0-3987 

KaO 

0-6945 

0-7126 

0-6641 


Analysis of basic slags 

Tata ba.nc slag % German basic slag % 


SiOa 

33-64 

Fe.Oa 

6-95 

K 4 O 

0-907 

GaO 

30-367 

MgO 

2-287 

Total PjjOf, 

7-908 

Available PaOs 

4-061 


22-75 

16-20 

0-952 

33-55 

5-50 

17-905 

9-396 
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DISCUSSIONS 


A perusal of the preceding results reveals that by the addition of different 
organic materials like wheat straw, mixture of grasses and paddy straw to the 
field better yields are obtained than in the control set in which no organic matter 
has been added. Moreover, when phosphates were incorporated with these 
organic materials much better results were obtained than the treatments in which 
only organic matter was added. The order of efficiency of different treatments 
in increasing the yield of paddy and wheat crops is as under : 

Prosphated wheat straw > Phosphated grasses > Phosphated Paddy Straw 
> Wheat Straw > Grasses > Paddy Straw > German basic slag > Tata basic 
slag > Control. 

The results recorded in Table I show that application of organic materials 
and slags both in combination and separately gave significantly higher yield of 
grain and straw of the first paddy and the following wheat crop over control. In 
case of last paddy crop, however, all the treatments except slags alone recorded 
significantly higher yield over control at both the levels of significance. The 
yield difference in case of two types of slags when applied alone were not signi- 
ficant. Application of phosphate along with organic matter recorded significantly 
higher yield than organic matter alone. 

The 2nd crop of paddy gave lower yield of grain and straw as compared to 
the 1st paddy crop. This is because the preceding crops of paddy and wheat 
have taken up certain part of the plant nutrients. Similarly, Russell (1951 ) 
reported that a dressing of dung given once in four years produced a marked 
effect in its first year and less but quite distinct effect in the second, third and 
fourth year. 


TABLE I 

Tield of paddy and wheat crops in KgjHeCn 




1 St Paddy Crop 

Paddy Paddy 

Grain Straw 

Wheat Crop 

Wheat Wheat 
Grain Straw 

Ilnd Paddy Crop 

Paddy Paddy 

Grain Straw 

Tx 

= 

1567-9 

4075-5 

1302-6 

2993-6 

1513-1 

3834-6 

T, 

=: 

2613-1 

7365-5 

2080-7 

4994-3 

2043-6 

5112-9 

T, 

= 

3383-4 

9514-4 

2907-6 

6772-7 

2537-3 

5928-0 

Tx 

=r 

3673-9 

9855-3 

3118-1 

7335-9 

2599-4 

6194-8 

T5 

= 

2563-9 

7300-6 

1957-7 

4727-6 

1951-8 

4933-1 

Te 

= 

3340-4 

9266-9 

2778-8 

6372-6 

2402-3 

5631-6 

T, 

= 

3571-6 

9618-2 

2958-1 

6772-7 

2457-2 

4401-5 

Te 


2420-1 

6550-4 

1827-3 

4475-6 

1932-5 

4520-1 

T, , 

= 

3001 -5 

9040-2 

2531-3 

6002-1 

2326-2 

5335-2 

Ti« 


3235-2 

9336-6 

2716-5 

6624-5 

2389-0 

5705-7 

T,i 


1790-3 

47 72-0 

1482-0 

3453-1 

1674-7 

4045-9 

Txa. 


1834-7 

4920-4 

1562-0 

3675-4 

1693-8 

4149-6 

C. D. 

. at 5% 

154-12 

284-54 

228-23 

240-08 

213-40 

326-04 

G. D, 

. at 1 % 

129-46 

224-19 

191-71 

201-67 

179-26 

272-38 
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Composition of soil after harvesting of last paddy crop (%) 
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The results recorded in Table 2 show that in spite of the large removal of 
nutrients by the raised crops from the plots where organic materials and phos- 
phate were applied, they still contained greater amounts of total nitrogen, avail- 
able nitrogen, available phosphate and total carbon. The reasons for this re- 
markable effect of organic materials and phosphates is not far to seek. Dhar and 
Goworkers (1961 ) in a large number of experiments extended to several years 
have found that all types of organic substances like cow dung municipal waste, 
grasses, straw and other plant residue etc. and phosphates, when incorporated in 
soil can build up soil fertility permanently by fixing atmospheric nitrogen and 
supplying available nitrogen, phosphate, potash, trace element and humus. Simi- 
larly, Karraker working in U. S. A. obtained the results showing marked fixation 
of nitrogen by a mixture of manure and phosphate : — 

Average of the three Nitrogen in soil Corn yield 

field treatments (Ibs/acre) (Bushel per acre) 

No menure 1 600 1 7 

Manure 1760 36 

Manure-}- Phosphate 1990 51 

Recently, Lady Eve Balfour (1961) of the Soil Association, New Bells Farm 
Suffolk, England reported that the plot to which basic slag was added to the 
straw, contained the largest amount of nitrogen and produced the biggest cron 
(30-4 Cwt. barley grain per acre) and the land to which 112 lbs. of nitrogen was 
added yielded 22-8 Cwt. barley grain per acre while the control plot produced 
only 14 Cwt. barley grain per acre. Similar results were obtained at Burdwan 
Mindapore and Birbhum, Bengal, India (Ghosh, 1963) by theincorporationof 
straw and Phosphate together. Bell (1952) and Barmann (1957) also observed 
remarkable effect of basic slag in increasing crop yield. 

From the foregoing field trials, it is evident that ploughing in of organic 
materials especially wheat straw along with basic slag— a byproduct of the steel 
industry, certainly increases the land fertility permanently and increased vields 
are obtained. ^ 
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ABSTRAOT 

In this (papc|’ some infinite and finbe integrals, involving H~function and confluent byper- 
geotnetric funt^Uops, have been evaluated. 

INTRODUCTION 


1. Fox [L p* 408] introduced the H-functioii in the form of Mellin- Barnes 
type integral as 


(M) 


1_ 


m n 

^ r(i- 

C j= 1 irJ __ 

^ irT{l - bj + pj s) TT 
j=m+l j=n+l 


aj + ajs) 
\;{aj-a.js) 


ds, 


where a: is not bqufkl to zero and empty product is interpreted as unity ; p, q, m 
and n are integti^s satisfying < /» ; ay (i=l) • • •) P)>P^ (i=l» • ■ •» ?) 

are positive nupnbets and ajij=l,...,p)bj[j = l,...,q) are complex num- 
bers such that alp pole of Y{bh - Phs), {fi'= 1, . . . , m)concides with any pole 
of r( 1 - j) (i = 1, . . . , n), i.e. 

(1-2) + O 9^ («i - « - 1) 

(| ^7 =S Ojlj •• •• * • f h - — ' 1 j ^ 711 y 1 *“ 

Further the contour T runs fro'm o-- i co to cr d- such that the points : 


(1'3) j (h= I, . . . ,m; V = o,\, ), 

which are poles of jS/i (A == L . . . j ^0 lie on the right and the points : 


(1‘4) 


J (^ = u . . . , n ; 77 = 0, 1, . . . 


which are the poles ofFfl - + «?; .y) (i = L . . . , m) lie to the left of T, Such 

a contour is possible on account of (L2). These assumptions of the H«function 
will be adhered to throughout this paper. 

Recently Gupta and Jain* have denoted (IT) symbolically by 
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^5 ^ r ^ I (%> ^ 1)3 • • • > (%>> <v)l 

'? L 1 (^15 ^ 1)5 •• J ^ 9 ) J 


and in a more compact form by 


r ^ I 1 

?^3 (7 L Ai)}J 


A (7 L ^(/)}J 

where y^,)} stands for set of the parajmeters {fi, . . , (/,., 7r)* 

According to Braaksma [3, p. 278] 

^ m, « r . I , <^p)}l 0 l\x 1 “ ) for small x, 

P,q I '{{hq,liq)]\ V ' / 

P Q h \ 

where “i ~ ^ ^ ^ ^ ~ 7^5 | A, J ( A = 1 , . , . j ?// ) 

and 

" ’“■"f 0 (|«|^!)r<.,lar!^.,v, 

P>gl l{(*r/, ^,y)}J 

g n f) n q 

where Z «i ' £ < 0 ; 2 +£ i8|, - £ =^. X>0, j arg^i<^X7r 

‘ 1 1 «+l 1 «+l 


j0 = max 




1, . . , 11). 


The object of this paper is to evaluate some infinite and liuilo internals 
involving product of the /i-function, and confluent hypcrgcomctric functions 
As the /i-function is a very general function, we get, on specializing the paral 
meters, many cases, some of which are known and others arc believed to be new. 

. 2. In this section we state the properties and results, given by Gupta and 

Jam® which will be used m our present work, y V'- auu 

The ,W.function is symmetric in the pairs a,), . . . , 

(6“,X * ' • ’ • • • 1 

If one of (a_jf, cy) (j = 1, . . . , n) is the same as one of (6/,, «/,) {k == >» 4- 1 

. . . , ?) or one of (^, 0,) (A = 1 , . . . , vi) is the saine^ as onc^ ol A]/) 

if r n^A //-function reduces to one of lower order i. e '^c&ch 

otp, q and n or m decreases by unity. ^ 


(2-1) 

fj ” r 1 {("iJJ “f>)} 1 


A?L \{(1>U> ^q)}\ 

(2-2) 

H ” r AT b 


A ? L ' /8s)} . 


”f a:| + ‘^ ®li-» «i^)} j 

? L Hh 'y Hu) /3a)} J 

'bwf J I {(1 -b,j, 

(!, p L®| {(1 - Up, ap)}J 
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• I ' * ' \ -J 

.2-3) \=oh'^’^ \xA ■(,’ 

A^L I {(% / 5 ( 7 )}J a S' L !{(*?> C/3gr)} J 

where c > 0. 

,„.4.s u '”> ” r I = (27r)(i-f) ('W+«-i f/* 

^ ^ A(zL 


XH 

<A L 


{(A (it, ap), aplt)} 

{( A(^, Ifq)} Pql^)} 


:]■ 


where /«, T and {( A(«, /,), Yr)} stand for the quantities 

^ + IP - hi Z “J ” X I ("F’ '^’') } ’ {(“<”’ ’ ■ * ’ 

respectively, provided that t is a positive integer greater 


1;han 2. 


(2-5) it''’’" *»1 = G ” r . 1“*’ • ■ • ■ “"1 

A S' L \{{h> ^)}J P> ^ [. h> • • • 5 bq\ 


(2'6) H \ X P’ P’ = iJ (fli, . . . , ap ; bi, . . . , bq; x). 

^ ^ g + l,i'L I {("i” 

(2-7) H ^ i A!® j(^ / - 4 y, I), + I V, 1) j = 2^’^ x> Kp (a:), 

where Kp {x) is a modified Bessel function. 

2, or 1 (i“A+l,-l) ■|=:^2g|.u 

,2 [ ^ |(/ + + Ij 1)> + ^’ *) ,J 


( 2 - 8 ) 


H 


1 (i-A+1,-1) 

|(/ + ^^ + Ij 1)> ~ ^ 


(^), ■ 


where Wx,i>. (*) is a Whittaker function. 


hP 

(2-9) ^ A S + i 


{(1 - fljp, «i.)} 

(0,1), {(1-A^, /3ff)} 


* r(ay 4- "-f) ( - *)’ 

2 ±=J . — 

I r(6j + Hjr) r ! 
J-l 


The above scries was studied by Wright [7, p. 287] and has been called as Wright’s 
generalS hypergeometric function and is denoted by the symbol 

(2-10) « [ * 1(0. 1). ( - '. '*1 ] = ri rrh^ H 

[ 1025 ] 


■f f^>‘) 




A— 30 



where (x) is Maitland’s* generalised Bessel function [ 8 , p. 257 ] 

(2-11) ' i/ I’ I = (1 + 

1 L ( } J 

3. In our discussion, because of large number of parameters the notation 
(A (8j a±b), I) will stand for (A (5, a b), 1), (A {8, a ■ 6), 1). 

The following integrals will be evaluated in this section : 

(3'1) r*P->sin(.*i).-i W,,,,,{x) zxm\fy^^'^)'\dx 

•'o '{(% i®?)} J 

<? t> 

= (27r)i(i-S)+(i-W'«+a-i?^-f'/) ^ + + 8^+^' 

11 


f ( - W 8^ 

,T0 


^ ^ tm, tn 4-28 f (A(8> - 4 l’-)> 1), {(A(fj ap), o^)} j 

4* 2Sj ^? + 8 ^ {( A(#, ig); /Si/)}, ( 4(8, - P - r 4 A - §)» 1)J 

P q 

where 8 and t are positive integers, ^ aj - jSj ~ t 0, 

1 1 

n p m q 

^ ~ S “i "h P3~ ^ ^ ^ z\ <i Xv and 

I n+1 1 m+ 1 

Re {p 4^ h/fih) > \Re p\-l {h = 1, . . . , m). 

(3'2) /■ ^"’’"r^SK 

q p 

s(2,r)i (i-8)-t-a-f) (m+n-i i>-i t ^ b} - 8''+*-i 

11 

X 

r=0 ^ • p )r 

^ ^ tm, tn 4 28 f I U(8, ^ - P - r ± p.), ]), {(A(f, %,), ap)} •] 




'{(A{t, bq), Pq)}, {A{8,k-P~r), 1 ) 


where 8 and t are positive integers, ^ “j - ^ By — < 0 , 

1 1 

n /» m q \ 

S “V" 2 “i + 2 " ]£ = ^ > ^> I arg -2 1 <i A.7r and 

1 B+1 1 W+l , 

■ Re iP+8lt. bjJ^/^) > \Re P \ - i (k = 1, .[m). 
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(3’3) 


j" */>-■ (•«*) 


= {27r)i (i-8)+(i-0 (m+n-4 ^ aj + i /> - |? + 1 (I 

1 i 


V (1 + X)f (i +.:^Lr. __ 

l\ ' Ti'l 


1 


( -a'‘)r 


f =0 (■rT2X);‘ ■ f(l + X+v>r)r(l+X-.'+r) r 


^ ^ im, l.ni~n 


( 


(zf )* 


(A(s, 1){(A(<» «p)) “p)} 

:{(A(«, 6-7), (AlS.A-P-^-*'), 1) 


1 


p ' q 

where 8 and t are positive integers, V a; - ^ 

11 . 

V a, - V af + f, By ■ 2 ^ > 0, 1 arg ^ | < I and 

1 ■ n+1 ' 1 w+l 

P + X + ~ . 'y ^ > I i?« M I - I (/i = 1> • • . , nj). 

( 3 . 4 , j; M„(«) H ;;; [«-» j * 

<? ^ 

= (27r)Hi«8)-f-(W:)(tn-hn-4 ^ * j - + J ~ 4 (Z + .^ jg-Z^'P-^ 

1 ‘ i ’ 

(J+A: + (J')r ( “ ^ll^y 

X Z (2 + i )7n 

„ im, <n-l-28 T u (A(8,-'>-F »'i'0= 1)> {(A(/, «7>W)} I 
^ ^ //; + 28,<<7 + 8L ^ ^ ^l/\lt. bn). Bn)\, (A(S,-P-Pi X-|-r), 1)J 


l{(A(i, bq), pq)), (A(S,-P-Pi X-i-r), 1)J 
A- 

Y 


where B and Z are positive integers, ^ ^ ]S — r ^ 0^ Re (a) > 0 

A I 

(>+(<+*■ 


1 n + 1 

;!.'^> li?e V 1- 1 (A = 1, . • • >"»)• 
[ 1027 } 



(3-5) f {a-x)y-^ ,F,(« ; jS : : *) [ z{a-x)^l* Jjf ’ 1 dx 

•'o P>9i {(»!7. Pv)}J 

= ( 2 >r)a-«(«+«-l ^ + M-H + 1 r(A') 

(a)^ 


>=o 


A 


X H 


trrii 


^?+sL 


UfVa^ (A (S3 1-7)3 l)j {(A (^3 a2i)y aj^>)} 1 

. , ■ j{(A(^ bq), fiq)}, (ACS, \~I3~7- 0,1)} J 


where S and t are positive integers, Re {^) >0, ^ ^ r ^ 0, 

2 - 2 “/ + 2 Pi " 2 ) arg « l<iA and Fe /y . _S \ > q 

1 nfl 1 n+i \ 

(A = !,...,«). 

Proo/: Initially we start with 1 in the integral (3-1). Expressing the 
//-Ihnction m Its integrand in the form of Mellin-Barnes type of inteeralM-n 
and interchanging the order of integration, which is ' justifiable under the 

conditions stated in (3‘1), we get : 


I f ^(bj-l^j s) T 1 ( l-a,--f-aj j) 

(3-6) ^ i=l ‘ 

27^1 3 j‘ q p 


. r(H'+PyO JT r(a,--a-o 


<2* ds 


X J" x^s 8-1 sin (cxVO «-.r /2 ^(x) dx. 


After evaluating the Ar-integral with the help of the result [2, p. 407(28)1 
and using the Gauss multiplication theorem for Gamma functions [6, p 261 
( 0 * 0 ) reciuces to ■ i a i • j> 


(3*7) 


(2^)i(‘-8) £ ^5— 

f=0 *' • yiiJr 


-i-f tW 
2’^* Jr 


jr(*rPi^) ,y r(i-nHai^)V 

^ = l 'n=:0 \ _ ^ 

5”*l 1^*4"“ ^ 


i=»+i %»o\ 

X WsoSi/^. 

i?=o V s / 

, vu in accordance with the definition (Ml of the H-function, (3-7) 
yields the value of the integral (3'1) with t == 1 as 
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(3-8) 


m,nJr2^ f g (M^, - p - r ± i^), 1), {{op, <>.p)} j 

^ "y;+2S, {(% fi,)}> ( A(S, - P - r + k-l), 1) J ’ 

In (2-4) replacing x by {z x^l*) and using (2-3) we get : 
f3-q\ h'"’ 1= Vn+n-iV-h ^ aj+^p-^q-^l 

^ ' P,<ll {{h> M J * * 

!. X 

tp, tq 

I P 4 

where r stands for / 2 'y - S 



By virtue of (3-9) the integral (3-1) can easily be deduced frojn (3-3) on 
making proper substitutions. 

Following the same procedure as above and using the results 
r2 p. 407(30)], [2, p. 409(37.)], [2, p. 410(43)] and [2, p. 401(1)] respectively, the 
integrals (3-2), (3-3), (3'4) and (3-5) can be easily established. 

4. Particular Cases : In view of the section 2 by setting the parameters 
suitably, the H-function and confluent hypergeometric functions, involved in the 
integrals, evaluated above in the section 3, will yield many simple functions and 
thus so many integrals may be obtained as their special cases. However, few 
interesting cases, some of which give generalisation of certain known results, are 
mentioned here. 

Taking = flj “1 { j p-, h = q) in (3T), we come to a 

known case, recently obtained by Bajpai^ as : 


r* 


sin. [c . 


.2 X^li • 


b„.. 

i 


q P 

(27r)(J'-0 (“+»-! l‘-iq)+i-kn i -S bj- S P - i ?+l 
^ “ f-Ws’’ 


" r:o r! (f)., 

pirn, tti-\-2B fi'-ri'-qu A(S,-P-t±P')s A(if, a^), . . . , A(<5 «p) "j 

^ tp+2?i, /jd-fiL " A (it, *i), . . ■ , A{t, b(j), A(fi, -P-r+k-l) J 

wheii: S and t are positive integers, p q < 2 {m + n), 

I arg'^ I < Re 1 1> dj) < | /^ | - 1 (j 1, . . . , m). 

In (3-1) replacing m, n,p, q by p,1,q -h ^,P respectively and setting the 
other parameters suitably in view of (2’6) we obtain 
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/ oo 

xP-'>- sin (cxi) e-i^ Wi.,p.{x) E{ai> . . , , ap ; , bq ; zx^H) dx 

0 

= (2^)^ (l-8)+i (1-0 ipng+l) ^ f " f h-^P+k+h 

X », 

fsO ^ ! (f )r 


tp, <+28 r A(s,-p-r±/.), A(<, 1 ), A(<, b,), ..., A{t, bq)l 

^ <7+<+2Sj tp-\-B L ^ A(<, Cl), . . . j A(<j ap), A(8,~P-r+A:-|) J 

provided that t and 8 are positive integers, q -j6+l = t 0, 6- p-f 1 = a, > 0 
I arg I < f a ’r and /?e(P+8/i! > | Re{t>.) | - 1 (7 = 1 , . . . , ’ 

Putting m = g = 2 , n = p = 0 , b^ = - \v, b^ = i/+|i' and /?, = 5, = 1 

the integral ( 3 ’ 1 ), in view of ( 2 ' 7 ), reduces to 

J **® /3 

0 xP -1 sin (ca;!/*) (a;) Ky[ 2 YzX^'^t) dx 


= f S’’ (4)’’ 

r=o !• ! (fj; 


^2<. 28 
'28, 2<+8 


8 « 


A(S, - P - 

A(S> A(6> - p - r-f-A: 


where S and / are positive integers, | arg ^ | < tt and 
Re[_p+Slt > I /A j • 1 . 

Taking m = g = 2 , n = 0 , = 1 , a, = / - x+ 1 , 61 = i + /+., 6. - i+/ - » 

and o-i — r= 1 in ( 3 ‘]) and using ( 2 * 8 ) we get 

J OO 

0 e-i^-i-‘‘^^'\p+T sin [cxV"^) Wi.,p. (x) Wx>v {zx^li) dx 
= (2ir)i(^“^"0 ii+l+AgP+A 

f=0 r ! (§)y 


A(8,-P-r±/i), A(U-X+1) 1 
<+2s, 2<+8 L )S A«,|+/±v),A(8,-P-r+i--iJ, 


^ positive integers, ] arg ^ | and /f+P+S/<(i+/±i')]> 
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In (3*1) replacing m, n, 9 by JD, 9 + I respectively and choosing the other 
parameters suitably in view of (2'9), we obtain 

(4-5) sin (exf) Wji,f^(x) 

P Q 

i) a; - ^ *“ 


X 


t} 


itiL 

3 

I' 


»-!(Sh 


^ ^ll2s7«l+HS L^^'"^'^^1(A(hO),lH(A(bl-W<^ 1)] 

p q P q 

where 8 and I are positive integers, s a^- - S % - 1 = r < 0, S ay ~ S /Jy+1=A,>0, 

] arg z 1 < Re{(>) > 1 M 1 ~ 1 • 

In (3-1) setting ?« = 1, « = /; = 0, 9 = 2, 61 = 0, = - v, = 1 and 

jSj = <*', it, by virtue of (2' 10), reduces to 

(4-6) J sin (ai) (a!) {zx^H) dx 

^ ( - c^liy 8" 

= (27r)iO-8) i-v c^P^-h ^2/ r ! (f),. 


t, 28 r 

^ ^28, 2t+8 L 


38 


A(8j - p - r ± 1) 

A(«,0), 1), (A(#,->')5 P-'), (A(S,-P'r+A. 




provided that 8 and t are positive integers, - 1 < p < 1 , 1 arg 2; [ < i (l-<*)7r and 
Re{p) > \ Re Pi- I . 

With OT = » =/» = 9 = 1, «i «= I - ’'j = O3 aj =» j8i == 1 in (3*1 ) and using 

(2’li),weget 

(4'7) I* *P"’- sin (c *’■'*) ^^hix {x) {[-yz X ^1*) dx 

- (2^) p8P+^ ^ Jo , / (iy;-- 

V. r- <+28 r „sl 1-'^) T 

id-28, <+8 L I -P-r+k-^) J ’ 

where 8 and t are positive integers, j arg « | < w and Re {t>) > j iJe | -1 , 
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Proceeding on similar lines as above and using the results of the section 2, 
the integrals (3*2) to (3*5) will also yield many integrals as their particular 
cases. 
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ABSTRACT 


horizons of the alkali soil profile which is easily 
Kv aratnoa um chloride solutions, and not 

j hydrochloric acid or even by normal hydrochloric acid. This 
at the fixed K and NH4 can be replaced by each other and not by any other ions. 


The ability of soil to adsorb and hold potassium, is of great importance 
because it serves to decrease leaching and provides for a more continuous supply 
oi available potash, The amount so fixed is usually directly proportional to the 
amount 01 colloidal matter in the soil, being greatest in the heavy soils and least 
m the light or sandy soils. Fixed potassium moves slowly, if at all, in the soil. 
X he first detailed study of this fixation was that of Volkb His results pointed 
out that (rt) drying the soil was extremely important in the process, {b) the clay 
sp.e Iracticm was primarily responsible but the quality of clay was also important 
since a kamme clay sample and two latcritc soils with large amount of clay size 
iracUon did not fix potassium, ((;) hydrochloric acid treatment of a soil dccrc^ised 
the fixing power wlicrcas treatment with NagCO-) or Ga(OH )2 increased it, 
[a] long continued K “fertilization resulted in decreasing the K-fixing power and 
increasing the muscovite-like component of the clay size fraction and (c) the 
greater the amount of potash added, the greater was the amount fixed upon 
drying but the smaller was the percentage fixed. 


^ The next important contribution was that of Ghaminadc^ who related the 
fixation to the exchange capacity of the soil. Truog and Jones^ and Kolodny* 
indicated that the exchangeable ions were the seat of the fixation process. 
I age and Baver® put forward The lattice hole theory^ for the fixation process. 
Although most of the early work indicated that appreciable cationic fixation 
occurred only on drying, it soon became clear that fixation takes place in moist 
condition also, Stanford and Pierre*', Stanford’, Sears^, Ghaminade^ and All- 
way and Pierre^ found large amounts of potassium fixeition under moist condition. 


A considerable reaearch work has been carried on the release of the fixed 
potassium in the soil and 'minerals. Hoagland and Martin'® found that fixed 
potassium cannot be released even by leaching with 0*2 N acid. Blumc and 
Purvis^' reported that fixation of K is highly reversible and that potassiiim 
in fixed state is released and again fixed in a comparatively short time. Breazeale 
and Magistad'^ found that alternate freezing and thawing and prolonged 
treatment on a steam bath with 0*05 N HGl released no potassium. 

The present investigations were undertaken with a view to study the release 
of fixed and adsorbed potassium in alkali soil profile and the influence of various 
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extracting electrolytes like NH^-AG, NH4CI, NaCl and HCl upon the release o! 
fixed potassium. 

EXPERIMENTAL PROCEDURE 

Soil profile for the present investigations was collected from a village situated 
at a distance of 18 miles from Allahabad. 2*0 gm portions of soil from each 
layer of the profile were taken and 250 c.c. of distilled water was added and 
stirred for one hour. It was filtered and then washed with 40% ethanol. Soil 
freed from soluble salts was transferred to a 400 c.c. beaker. 250 c.c. of neutral 
normal solutions of NH^-AG, NH4CI, NaCl, HGl, and 04 N HCT were added, 
stirred and kept overnight. Next day, the samples were leached with the above 
mentioned solutions in order to collect 1 litre of the extract which was analysed 
for K, Ca, Mg and Potassium was estimated by sodium cobaltinitrite 

method^^. Calcium and magnesium were estimated by precipitating them as 
calcium oxalate and magnesium ajmmonii^ phosphate respectively, as given in 
C. S. Piper’s book**. Sesquioxidc was estipmated by ammonia, precipitation*^. ; 

The value of fixed potassium was obtained by subtracting the amount of K 
released by NaCi from the Amount of K released by neutral N NH^ Cl and 
NH4-AG. The amount of fixed potassium released was calculated in lbs. per acre 
foot on the basis of the weight of soil = 4,000,000 lbs. per acre foot (U. S. Deptt. 
Agri. Handbook No. 60, 1954). 

In order to find out net negative charge, two sets of ammoniu\m saturated 
samples were subsequently leached with neutral N KOI and neutral N Nad in 
order to obtain 1 litre extract. The amount of ammonium ion released was 
determined in an aliquot portion of the extract with ignited MgO. The amotmt 
of NH4 ion released by Na ions was taken to be equivalent to the exchange capa- 
city of the soil in m. e./lOO gm. soil and that released by N KGl was taken as 
gross negative charge on the soil colloids. The difference to the amount of NlTj;. 
released by K and Na ions represented the net negative charge occupied by the 
fixed potassium ions. 

RESULTS 

Description of the pz^ofile and the analytical results are recorded below : 


DESCRIPTION OF THE PROFILE 


Date of collection 

State 

Country 

Soil type 


2Cth March, 1962. 
Uttar Pradesh 
India. 

Alkali 


Geographical land-scape 


Geology 

Microrelief 

Condition and culture 


About two and a half miles from Babu- 
ganj Bus station, (Phulpur), Allah- 
abad. 

Alluvial origin. 

Plain field where nothing was grown 
due to alkalinity. 

Whitish patches all over the area. Few 
patches of gi^ass like Gyanodon dacty- 
lon were observed. Unfit for cultiva- 
tion due to alkalinity. 
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TABLE 1 

Chemical properties and mech anical composition of the alkali soil profile 


DEPTH IN INCHES 



0-6 

6-18 

18-30 

30-42 

42-54 

54-66 

66-78 

Loss on ignition % 

2-65 

2-82 

3-04 

4-80 

5-10 

5-30 

3-62 

HOI insoluble % 

84-32 

83-40 

81-25 

71-95 

68-05 

75-86 

79-00 

Sesquioxide % 

7-15 

8-12 

10-34 

30-25 

11-30 

11-82 

10-65 

FegO* % 

4-12 

4-45 

4-62 

6-50 

4-90 

5-32 

5-82 

CaO % 

1-20 

1-24 

1-28 

5-45 

11-20 

5-25 

4-96 

MgO % 

1-23 

1-33 

1-45 

1-65 

1-80 

0-60 

0-58 

KjO % 

0-79 

1-15 

1-30 

1-52 

1-86 

0-80 

0-72 

PaOj % 

0-135 

0-145 

0-168 

0-170 

0-186 

0-138 

0-126 

GaGOa equivalent 

2-48 

1-75 

2-20 

10-50 

17-00 

10-35 

4-42 

Garbon % 

0-2108 

0-1946 

0-1805 

0-1802 

0-1778 

0-1776 

0-1568 

Nitrogen % 

0-040 

0-040 

0-034 

0-030 

0-030 

0-026 

0-025 

pH 

Electrical conducti- 

9-3 

9-5 

9-4 

9-2 

9-1 

9-0 

8-8 

vity m. mohs/cm. 
at 25°G. 

11-85 

12-20 

11-75 

11-02 

10-32 

9-02 

8-15 

Gallon exchange 





15-52 

12-23 

11-45 

capacity m.c. % 

14-54 

15-65 

17-30 

19-65 

Exch. Ga. m. e. % 

4-62 

5-23 

6-65 

8-05 

7-15 

5-25 

4-85 

Exch. Mg. m. e. % 

1-70 

1-55 

1-95 

2-75 

2-62 

2-46 

2-40 

Exch. K. ra. e. % 

0-20 

0-26 

2-28 

0-32 

0-36 

0-30 

0-34 

Exch. Na. m. e. % 

7-52 

7-85 

8-05 

8-42 

4-26 

2-65 

2-42 



Mechanical composition ' 




Goarse sand % 
(2-0-0-2 mm.) 

8-45 

2-62 

2-40 

1-65 

1-70 

9-46 

17-54 

Fine sand % 
(0'2-0-02 mm.) 

45-50 

40-00 

25-24 

21-45 

22-45 

38-54 

48-62 

Silt % 

(0'02-0'002 mm.) 

32-50 

40-20 

47-52 

49-82 

48-32 

26-62 

20-42 

Clay % 

(less than 0'002 mm 

,.) 13-10 

15-20 

21-62 

24-45 

23*42 

23-35 

8-82 
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TABLE 2 


Release of fixe I and adsorbed potassium in calcareous alkaline soil profile by 
different extracting solutions [m. e.jlW gm.jsoif overt dry) 


DEPTH IN INCHES 



0-6 

6-18 

18 - 30 

30-42 

42 - 54 

54 - 66 

66 - 78 

N NH 4 -AG 








K+ 

12-65 

14-65 

20-65 

30-42 

35-56 . 

22-54 

26-42 

Ca++ 

26*24 

28-05 

35-26 

46-52 

55-24 

37-23 

43-24 

Mg'^+ 

4-95 

5-06 

5-48 

8-25 

9-16 

6-15 

6-75 

N NH^Cl 




• 




K+ 

12-26 

14-02 

20-06 

29-65 

34-02 

22-00 

25-90 

Ca++ 

28-62 

30-62 

37-54 

48-42 

58-65 

39-40 

45-06 


5-15 

5-30 

5-70 

8-76 

9-80 

6-62 

8-26 

N HCl 








K+ 

2-06 

2-00 

2-21 

2-40 

2-62 

1-80 

2-12 

Ca++ 

105-60 

109-00 

128-60 

156-50 

188-50 

130-82 

134-24 

Mg++ 

18-80 

20-60 

35-80 

62-62 

85-40 

28-45 

21-62 

R2O3 

1-32 

1-60 

2-00 

2-35 

2-56 

1-72 

1-82 

0-lNHCl 








K+ 

0-29 

0-30 

0-46 

0-73 

0-82 

0-54 

0-66 

Ca++ 

36-20 

40-00 

50-56 

58-25 

71-42 

52-45 

54-65 

Mg++ 

5-52 

5-80 

6-02 

11-05 

11-86 

10-14 

10-50 

N NaCl 








K+ 

0-18 

0-16 

0-26 

0-65 

0-70 

0-48 

0-54 

Ga++ 

24-62 

26-46 

28-26 

24-85 

27-42 

19-50 

19-56 

Mg++ 

1-62 

1-75 

2-80 

4-95 

6-01 

3-54 

4-16 


C 1036 ] 



TABLE 3 

Adsorbed Potassium in calcareous alkaline soil profile {m. e./lOO gm, soil^ oven dry) 


Depth in inches 

Noruial ammonium acetate 

Normal ammonium chloride 

0-6 

12-65 

12-62 

G-ia 

14-65 

14-02 

lf5-30 

20-65 

20-06 

30-42 

30-42 

29-65 

42-54 

35-56 

34-02 

54-60 

22-54 

22-00 

66-78 

26-42 

25-90 


TABLE 4 

Exchangeable potassium in calcareous alkaline soil Profile {lbs. per acre foot soil) 
Depth in inches Exchangeable potassium (lbs.) 


0-6 

312-4 

6-18 

406-4 

18-30 

437-6 

30-42 

500-4 

42-54 

562-8 

54-66 

468-8 

66-78 

531-6 


TABI.E 5 


Fixed potassium in calcareous alkaline soil profile [m. ^./lOO gm, soil^ oven dry) 


Depth in inches 

Normal ammonium acetate 

Normal ammonium chloride 

0-6 

12-47 

12-08 

6-18 

14-49 

13-86 

18-30 

20-39 

19-80 

30-42 

29-77 

29-00 

42-54 

34-86 

33-32 

54-66 

22-06 

21-52 

66-78 

25-88 

25-36 
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TABLE 6 

Fixed potassium in calcareous alkaline soil profile {lbs. lacre foot of soil) 

Depth in inches Normal ammonium acetate Normal ammonium chloride 


0-6 

19500 


18885 

6-18 

22660 


21672 

18-30 

31884 


30964 

30-42 

46552 


45348 

42-54 

54512 


52104 

54-66 

34596 


33652 

66-78 

40472 


39656 


TABLE 7 



Release of fixed potassium not released by hydrogen and 

sodium ions by leaching 

with neutral normal ammonium chloride {m. 

«./100 

gm. soily oven dry) 

Depth in inches 

O'lN hydrochloric acid 

Normal sodium chloride 

0-6 

11-85 


11-90 

6-18 

13-64 


13-76 

18-30 

19-52 


19-70 

30-42 

28-88 


28-95 

42-54 

33-17 


33-28 

54-66 

21-44 


21-49 

66-78 

25-22 


25-32 


TABLE 8 

Release of fixed and adsorbed ammonium ions in calcareous alkaline soil profile saturated 
with ammonium ions by ammonium acetate [m. e.jlOO grn, soil^ oven dry) 

Determination of gross and net negative charg es 

Depth in inches Gross Exchange complex Net 


0-6 

20-45 

6-18 

25-06 

18-30 

33-65 

30-42 

48-62 

42-54 

48-06 

54-66 

28-62 

66-78 

32-24 


7-93 

12-52 

10-44 

14-62 

13-03 

20-62 

18-24 

30-38 

31-64 

34-42 

6-36 

22-26 

5-84 

26-40 
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DISTRIBUIION OF EXGH. 'K.’ IN ALKALI RELEASE OF FIXED ‘K’ IN ALKALI SOIL 

SOIL PROFILE IN Lbs. PER ACRE FOOT PROFILE BY N NH* AG 

OF SOIL j 



•loui I = iqT ooji anvos 

los AOOJ aiiov Bad soNnod ni aasvaiaa .x. aaxia 



•tnui 1 = -sqT qOI aiVOS 

atnc! 1 00-1 H «nv RM SQNaod Ni oasvaiaR .Xi ‘Hoxa 


RELEASE. OE FtXED *K‘ IN ALKALI SOtL 
PROFILE BY N NH|, Cl 



FIG. 3 


DISCUSSION 

The foregoing results recorded in table 2 sliow that the fixed K is present 
in the profile in all the horizons, which can eavSily l)c released with >ientrai 
N NH^-Ac and NH^Gl solutions, and not by N NaCl or OTN HCl or even by 
N HCL Hoagland and Martin^° and Joffe and Levine’^ could not obtain 
any release of fixed potassium by prolonged treatment with hot 10 N HCL It 
indicates that H and Na ions are not able to enter the interior of the- crystal 
lattice of the colloidal matter or they are not able to pass into the lattice hole ” 
as pointed out by Page and Baver^, while NH^ ions can pass through the lattice 
‘‘hole’’ and replace the fixed K ions. The release of amount of Ga and Mg by 
OTN HCl exceeds the amount released wdth N NHj,-AC and N NH,j01 and 
N NaCL Release of Ga and Mg by N HGl is much greater. There is no release 
of sesquioxide by N NH^^AG, N NH, Gl, OTN HGl and N NaGl, but, there 
is considerable release of with N HGl. TJiere is much release of K with 

normal HCl as compared with OTN HGl which is due to the breakdown of the 
colloidal complex. 

Joffe and Levine^® used normal Na^COa in releasing the fixed K ions and 
found no release of K and R^Oa. This further points out that the fixation of K in 
the alkaline conditions in the soil is more pronounced than in the acidic conditions. 
Also, alkali soils are more susceptible to K fixation than the acidic soils. It is clear 
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from table 1 that the release r)f K is greater in the fifth horizon but there is a 
decrease in cation cxcJxangc capacity. This indicates that some of the positions 
in the exchange complex must have been occupied by the fixed K ions which has 
lowerecl the exchange capacity. Levine and JolFe^^ also showed that with 
increasing K lixation, the decrease in the exchange capacity becomes larger. 

The results recorded in lalxlc 3 show that the amount of adsorbed K obtained 
by extracting the soil with N NH^-^-AC is slightly greater than that obtained by 
extracting with NH4GI. Hoagland and Martin'® «and •Ghaminade^ reported that 
the nature of anions exerts no influence on K fixation. 

The values of exchangeable K recorded in table 4 are the amounts of K 
released in lbs per acre foot of soil by extracting the soil with N NaCl solution. 

By substracting the values of exchangeable K (table 2) from the values of 
adsorbed K (Table 3), the values of fixed K were calculated in lbs per acre foot 
of soil and arc recorded in table 6, The values of fixed K released in lbs 
per acre foot of soil were plotted against the depth in inches and are shown in 
Fig. 2 and Fig. 3 for NH4“AC and NITiCl respectively. There is a great simi- 
larity between Fig. 2 and Fig. 3 indicating that the amount of K released by 
NHt-AG and NH.J.G1 docs not differ much. It can be observed from table 4. and 
talffc G as also from Fig. 2, Fig. 3 and Fig. 1 that there is a great variation in the 
amount of fixed and exchangeable K between the horizons. This is due to the 
type of minerals present in thean. 

From table 7, it is clear that there is a considerable release of the K which 
was not released by extracting with ‘OIN HCl and NNaCl, and the amount 
of K released is just equivi)lcnt to the amount released by directly leaching with 
neutral N NIIiGl when the amount of K released by OTN HCl and N NaCl and 
the amount of K released subsequently by leaching with N NHj^Gl are added 
together. 

Results recorded in table 8 represent the gross and net negative charges and 
the negative charge on the exchange complex, i,e. the exchange capacity. Gross 
negative charge is the amount of released by cxtiracting the NH^Gl satu- 

rated soil with N KGl and the negative charge at the exchange complex is the 
amount of NH^ '" replaced by leaching with N NaGL The net negative charge 
is the difference between the gross negative charge and the exchange complex. 
The value of net negative ehai’gc is just equivalent to the amount of K released 
with a small variation. This shows that fixed K and NH4 can be replaced by 
each other and not l)y any other ions. 
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ON DUAL INTEGRAL EQ^UATIONS 
By 

K. N. SRIVASTAVA 

M. A, College of Technology^ Bhopal {Tidia) 

[Received on 30th September, 1966] 

Let us consider the dual integral equations 

(1) r“ Ciot) ^{a) {a xy'+^ Ma x) da =f(x), Q < X < I, 

J 0 

QD 

(2) (a xf + ^Jy(a a:) rfa = 0, > 1, v > - 

where G{a) a.ndf(x) are prescribed and (h((^) is an unknown function to be deter- 
mined. In this note, we shall give a different way of solving equations of this 
type. It will be shown that, by using a niethod analogous to that of Lebedev 
and Ufland^j^, these integral equations can be reduced to a Frcdholna integral 
equation of second kind which can be solved by well known methods. The 
analysis given here is purely formal. 

We set 

J 0 

where ^(|) is a function to be determined. Since [1, p. 48 (7)] 


_oo 

J ^ (a x) Jy+^I^ (a da = (2/^)>/2 (A:/,«)v+l/a H{^~x), v > - 1, 

where H(<) IS Heaviside’s unit function, the equation (2) is automatically satisfied. 
On integrating (1) with respect to x from 0 to x^ wc get 

(t) f(.) .. f ' /(*) * _ j- G(,, (. ,) 

Let us represent the function C[a) in the form 
(5) G(a) = a [1 + i2;a)]. 


This can always be done in practice, it being assumed that i?(a) = - 1. 

Now substituting the values of ^(a) and G(a)from (3) and (5) in (4), we get ^ 

{x!ky+V^ {x <x)Va;v+i (« (a $) di da 


0 (x/iy+Vi «)i/2 Jv+iti (“ i) da = F{x), ;v < 1 . 
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The first integral in (G) is equivalent to 

(7) r' g{^) di f (a .v)Vi (a X) f (a |) da 

= (2/7r)V2 f” iiil it 

Here wo have used the result [1, p. 47 (8)] 

00 

(a.v)'/Vv+i (« •'•) /i'.|-i/9 (™ §) flf» = (2/ir)i/a (|/x)’'+V2 (^a - ^3)-V2 H(;<f - |), v-| 
The second integral of (6) can be written as 

( 8 ) f' g(.*) dh f” (« (« (a da. 

Jo *^0 

Since 

the second integral of (8) is equivalent to 


where 


(2/^)Va (jj K^) (* '0‘/V,.+i (« «) (-‘ «) ] An 

~1W P 


H (M, .v) = W2V''’ f«/.v)''+V2 r /2(a) {x a)V2J,,+i (a x) (a a)*'® /^(a u) da. 

/ 0 

Hence equation (8) can be replaced by 

(9) 2/^ .^?^d« j d|. 

Substituting the values of the first and second integrals of (6) from (7) and 
(9), wc obtain 


(10) 


x; 


j?ii) 


Al 


2/- /;,?({) 


: F{x), 


We know that: AbePs integral equation 


(11) 

has the solution 
( 12 ) 


/,(v)= r 

II\X) - j ^ a, 

f t.\ o ^ ^ h(x) j 

5(f) = ii J „ (|rn^2)i Ax. 


X <, \, 
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Using (11) and (12), in equation (10) we obtain 

(13) ««) + 4/,> f' M',, {) i( =. , < 1, 

where 

du. 

Integrating by parts, we get 


(14) 


f; "(-'.aKIf 


w li{w) 
(^2 - 


rf^£; j 


[-<«■« I .r:„" 


?(| h{ui) 


a „ „,a)t 




I) 




where 


O h{w) K{x, w) 

J 0 


dw. 


K{x^ w) = w 


M(x, I ) 
(1 - 


M'i".{x, i) ' 

J w "(5® - 


This finally yields 


(15) 


h{x) + 



h{w) K(x, w) dw = P{x'^, X 


1 . 


This is Fredholm integral equation of the second kind with a kernel wliich 
is weakly singular, therefore the classical theory for sucli eciualions can he applied 
for finding h{x). Knowing h{x), we can calculate g{^) from (12) and h-nct; </>(<») can 
be calculated from (3). 
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ON THE STRUCtURE OF THE BARRED GALAXIES 

By 

A. C. BANERJI* and S. K. GURTU** 

[Received on 30th December, 1956] 

ABSTRACT 

The possibility of the motion of gas, for a barred galaxy, under the influence of gravitational 
force, has been investigated. A homogeneous cylinder, rotating uniformly, has been assumed to 
represent a barred galaxy. Another rotation mode], a homogeneous elliptic cylinder has also 
been considered lor the barred galaxy. We have dealt with the problem assum ng the resistance 
due to the medium, encountered by the gas, to vary as the velocity. For both tl e models the 
cartesian coordinates, * and^ have been determined as a function of the parameter ‘i’, 

Numerical solutions, for the first model, confirm the outward flow ol gas. The case has been 
treated when motion cooamcnces from a point on the a^is of the bar. The time, for the outflow of 
gas, from Xq = 0, is lound to be ^ 1'5 x 10® > rs, 

INTRODUCTION 

Burbidge have considered a prolate spheroid of uniform density, 

in unifonn rotation, to represent a barred galaxy. They found the model to be 
convenient in determining the mass of the barred galaxy. The model 
appears to be an oversimplilication, considering the central condensation and the 
density distribution of matter in the bar. Aarseth^j® has considered a sphere 
with symmetrical cylindrical bars, all being of same density and in uniform 
rotation, to represent a barred galaxy. He has determined the density distribu- 
tion in the bar and has obtained some homology relations. Oki et have discus- 
sed the outward flow of gas, along the bar, and the formation of trailing and lead- 
ing spiral arms, for the Aarseth’s model. They have suggested that the ^-shaped 
barred galaxies may be transient features ajDpearing at a late stage of the evolu- 
tion sequence. As an improvement, in connection with the dark lanes of the 
galaxies, they have proposed a composite model of the galaxy. It consists of the 
prolate spheroid main body and the oblate spheroid disc. 

In the present paper a somewhat simple model has been considered. We 
have proposed a cylinder of uniform density rotating in a solid wheel like manner, 
for the barred galaxy. This model has been chosen, because the Large Magel- 
lanic Cloud, (previously considex'ed to be an irregular galaxy, but now generally 
supposed to possess a barred symmetry) can well be considered as a rotating 
cylinder the axis of which is perpendicular to the direction of rotation. An analy- 
tical solution, to the motion of gas element, was not possible for the sphere- 
cylmdcr model of Aarseth. The orbit was deduced under certain assumptions. 
It can be seen, however*, for our model exact numerical solutions a.re possible. 

Basic Equations : 

Case L — Cylindrical Model. 

The equations, in rotating coordinates, under gravitational forces alone, are 
given by® 


*Ex-Vicc-ChancelIor and Emeritus Professor, Allahabad University, 4-A, Bcli Road^ 
Allahabad* 

**Departinent of Mathematics, Allahabad TJDivcrsity, Allahabad. 
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( 1 ) 




where -Q- is the angular velocity of uniform rotation^ of the barred galaxy, about 
the ^-axis. The x-y axes are the two perpendicular axes to it, which lie in the 
equatorial plane. 

X 

The expression for the A?-component of the gravitational force, due to the 
cylindrical bar, following Oki et is 

Zc = - 2 ^ G P (2) 


G being the gravitational constant and p the mean density of the bar. 


The following condition is always required on the j-axis of the bar 


Tc + ^aJy = 0 


(3) 


Hence from equations (1) and (3) 


dH 

"dW 


-2-n. 


dx 

dt 


(4) 


Integrating equation (4) and applying initial conditions, 
when X — Xf^, ^ ~ have 


^ = Fc - 2 .n. (« - a;#) 

From equations (1), (2) and (5) 

^ = - {2^Gp + 3 .nJ )x + {2 .n. Vo + 4 .n. “ x^) 

The solution of the above equation is 

X = Cl cos {2 IT G p + 3 .nJ)l < + Cj sin (2 IT G p + 3 _nJ)l t 

, 2 .fl. Fq + 4 .0.% 

2 IT G p + 3 _[i_* 

where and Gj are arbitrary constants given by 

_2 IT G p xo - 2 .n. Vc - -a.%' 

^ " 2tGp +■ 3 ".n.a ■ ■ . 

C'2-0 


(5) 

( 6 ) 

(7) 

( 8 ; 


The complete solution of equation (6) is 
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( 9 ) 


f2 •!r G p Xa - 2 _fi. Vc - .n. 


2 G p "i" 3 .n.® 




cos (2 IT (? p 4- 3 


4- ^ ^0 “i* Xo 

2 IT G p + sTrij” 

From equations (5) and (9) we find on simplification 

dy_ (Fc 4- 2 n !^o) (2 ^Gj_- 
dt (2 TT G p 4- 3 .a.“) 


2 _n- a:„ 4- 2 _n_ Fc - 2 IT G P 

+ ' 2 TT G p 4- 3 InJ* 


cos (2 IT G P 4- 3 _n.®) 1 / 


Let us assume 

a = (Fe + 2-n-;r o) ( 2 t G P -.ri J) 

2 IT G p 4" 3 fi* 

, 2 .n_ (.n.® A;o4-2_n.Fc -2 tr Gp X() 

* - 2TG7T^-n-®^ 


( 10 ) 


( 11 ) 


and c = (2tGp 4"3 _n_®) 1 

Thus on integrating we have 

y = jD 4" p t "jr — sin ct, (12) 

c 


Now when / = 0, 7 = Hence D = and equation (12) is thus 


j = /?! 4 - 


(F« 4-2.n-;^o) (2 ’r G_P -.a.^ 
2“wGp+'3.nJ 


+ 


2.n- (-fi-% 4- 2.n-Fc - 2 v G p x^) 
(2 TT G p + 3 .n:®) »/®- 


sin (2 ir G p 4" 3 _n_®)i t 


(13) 


The orbit of the gas element can easily be determined with the help of pai’a- 
metricequations (9) and (13). 

Case /i.— Gylindrics; 1 Model with I’esistance 

The gas element, in its outward motion, is bound to experience some resis- 
tance due to the presence of pervading gas and dust. In the present analysis the 
resistance, due to the medium, is taken® as Lv where £ is a small constant. The 
basic equations, in rotating coordinates, under gravitational and resisting force, 
are 


d^x 

dF 

tl ^2 

dt^ ^ 


- 2.nJ^-^J x=Xc-L 


.Q- 


dt 

It 


dx 

dt 


.n.®7=rc 


dt 


( 14 ) 


where as before Xc = - 2 v G p x, the other symbols have their usual meaning. 
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The following condition is always required on thej^-axis of the bar 


n + =0 

at 


( 15 ) 


Hence ^== ~ 2 .n. ^ 
dr dt 


On integrating above equation^ and applying the conditions, we find 

^ 0-2 a {x - .Vo) 

From equations (14) and (16) we have 


dy 

dt 


^ + L ~ + {2 ^Gp^t 3-nJ) A- = {2.a.Vc + 4 .nJ Au) 

The solution of equation (1 7) is easily seen to be given by 
A = e-kj [ D, cos V4 {2.G P^.aJ‘)-L^ « ] 

, 2-fl-Fc + 4-a-^ An 

2 ir (3 P + '3jfl '3 ‘ 

where and D.j are arbitrary constants, the value of which is giv(;n by 

_ 2 a- G P Ao - 2 -n. Fc -.n.® A„ 

^ 2 TT G P + 3.0 J 


(1C) 


(17) 


(18) 




Z (2 TT G P xq - 2 ■fl.F: - -a.‘‘ Ao) 


(2 IT G p + 3.n.®) ( -/ 4 ”('2 ^ G p + 3.n.''')'-~za)1 
Hence the complete solution of equation (17) is 


(19) 


X — e 


- f 

-{■ e { 


1 ( 


2 IT G p Ao - 2 .n.Vc-.nJ A, 


2 TT G P + 3.n.2 
Z(2 IT G P Ao - 2 .n. Vc - .ClJ Ao) 


!\ V4{2tGp+ 3.n.2)-za , ] 
/ ' ' 2 


1(2 tt G p + 3 .n.2) (V 4 (2»r G P4-3 .aJ) - IJ 

I 2 _n_ Vc 4- 4 .n.® A|) 

2 w‘ G p’+”3Tn..® 

From equations (16) and (20) we finally have 

dj' _ (F&+2.n. Ao) (2 TT G P - .n.®) 


sin V4(27rGp-t- 3.n_VZ"- ) 
2 '/ 


( 20 ) 


dt 


2 71 G P + 3 .n.* 


J 2-n-l-a_* A« 4- 2 .O-Vc -2 -xGpx^ V 4 (2 w G p + , 

L -(2^7r-G-p + 3.a.^) " """ 2 ^ 
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f 2 .n. L (.n.® + 2 -n. Vc - 2^ Gp a-„)\ si,, { 2 n Gp+3.aJ)-L^^ /2 1) 

+ |(V4 (27r Gp+3.ri_«) - JJ) (2^ Gp + 3 .aJ) \ 2 


Let 


_ iVc+2 -n-*o) (2^ Gp_-.n.®) 
“ 27r Gp + 3:fi.2 


and 


, 2.n. (-n.».v„ + 2.a.Fc -vr_GP 

27r Gp + 3.nJ 

2.rL L i.a. % + 2.n-Fc-2irG P«„) I 

^ (2^ Gp+ln.-'*) (V4”(2irGr+ 3.a?) - /.•“) 

c = (2 ^G p + 3.n--) -1> 

Hence .V = j {«, -1- /'i < cos c, , + Ih' rs ^ sin Ci^} dt 


y ^ + p, If 




sin / - 


/ '^1 i+ii'-fj- ^ 




cos 


( 22 ) 


(23) 

(24) 


When i! = 0> jv —'Jii hence F = Ri + 


+ « 


(25) 


n , / ^ _L. ^ / j ( / sin c I 




L 

er-^ 


cos Cl t 


(26) 


wKcrc tlic v^^lucs of ti-nd fire ^ivcn loy et^nsition. (22) p 

It is latercsting to see that if I -0 then we get the equation determined 
before^ when resistance is not considered^ namely 


j; =! -b -f. [b/c) sin ct (27y 

The orbit of the gas clement, when resistance is considered, can be deduced 
with the help of equations (20) and (26)* 

Elliptic Cylinder Model, 

It may be observed that if wc choose a homogeneous elliptic cylinder, to 
represent a barred galaxy, then the expressions for x and in terms of the para- 
meter V/ will be very much the same. The alterations will be in the value of the 
constants occurring therem. T)ie value of the constants a, b and c in equation 
(ll) will be given by 
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, / Gp 

(Fe + ,2 .n..Vo)( 


_ , a 


+ 3.n.* 

a -4* /i 


.n.^.a J .Vo -I-2J1. F, - | .v„ j 


a + /:y 

a; ^ t 


(4z«^A+3_n..) 


and the value of the constants a,, b\ and Ci occurriusf in equation (22) as 


(f. + 2q.,)(^-^ - n* ) 




4jr Gp /? 
oS'li 


+ 3n« 


2n/^(n‘..+ 2n('.-t’^;''/" .v.) 


<?^ = I 




The semi-axes of the elliptical cross section heinj,' a and /?. 

Numerical results, 

a»d (l"Ta*„t. wS“S“: ""• O "'”'--. (0) 


- . 2 -n-Ff 
2 «■ G p -1- 3 .n.** 


-[1 “ cos (2ir Gp -I- 3 n*)*/] 
Fo(2 TT G P ~ iq®) 


and j; == i?, 4 . - a“l , 

22rGp-f- 3 n® 

. 4 n® Vc 

T2T^qrT]^5y8/T (27r G P-1-3 n,®)*t 
Assuming the following model "> 

£ - 3 W 1? kpc 

.n:i xpc, -.8 kpc, Mean density of the bar, p.a.4-2 X 10"»* gm(cm‘ 


} (32) 
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y 


Wc find 

^aVc 

'2 TT G > 

Vc{2n Op- fi^) 


•1957 ; (2 ^ G P+3 = i-558x lO-^ 


= 3-361 X 10-*; 


4flg Vc 


( 33 ) 


2 w G p + 3 n* " ’ (2 TT G P + 3 

Tabic 1 gives the value of x and + for difl'erent values of t 
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TABLE I 


t 

(yrs) 

X 

(kpc) 

y 

(kpc) 

t 

(yrs) 

X 

(kpc) 

y 

(kpc) 

JO" 

•00 

3-05 

8 X 10’ 

•01 

5-66 

1 X lO’ 

•19 

3-45 

9 X 10’ 

■14 

8.13 

2X10’ 

•39 

3-68 

10 X 10’ 

•38 

6-40 

3x10’ 

•22 ■ 

3-89 

11 X 10’ 

•27 

6-.59 

4X10’ 

•00 

4-33 

12 X 10’ 

•02 

6-99 

5x10’ 

•IG 

4-79 

13 X 10’ 

•11 

7'47 

OX 10’ 

■39 

5-04 

14 X 10’ 

•37 

7-76 

7x10’ 

•24 

5-24 

15 X 10’ 

•29 

7-94 


Clraph I shows the outward motion of gas with increasing time. Graph II 
shows the variation of distance, from the point of commencement of motion, of 
the gas element, against time. 

GRAPH I GRAPH IT 


Kpc 


t y-axis 



-1 10 
central part 



The above calculations were made by hand and are thus subject to numeri- 
cal error, but it is not thought likely that they will be of significance since every 
precaution has been taken to avoid them. 
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it can be argued that for Fo > 0 the gas will gciicrally travel outwards along 
the bar and may even constitute the leading or trailing spiral anus. The dark 
lanes of the barred galaxies, which rcpix\scnt tl\e inward motion of gas lowiu'ds 
the nucleus, can easily be accounted if Fa < 0, 'I'he inward luotioji of gas may 
be due to the exchange of angulir momentum between the bar and the gas 
streamiiig outwards. 

In another communication it is proposed to discuss motion of gas fur other 
values of A?o. The clfcct of resistance will also be consid^nx^tf by taking different 
resistance hi ws. The spheroidahcylinder model for the barred galaxy will also 
be discussed, since a slightly flattened central nucleus will be a more realistic 
choice, for the rotating system. 
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ABSIRAGT 

The complex formation between Co(n) and Nitruso-K-Salt (NRS; has been studied adopting 
the spcctrophotomctric method. It has been shown that a stable yellowish-ied coloured chelate 
Hi pH 6*5 with Amnx at^lOOnaft is formed. Job’s method of continuous variations shows i he 
formation of a chelate of the type I ; 3. A new method for the determination of the stability 
constant ha^ been described in detail. The value of the stability constant Jog K = 13*28 and free 
energy change /A *“ 18*23 Reals, at 25^0 have been computed for the complex. 

INTRODUCTION 

NitxX)Su R“SiiU (l«uitr()!so-2-uaptliol-3 : 6 disulphonate) has been extensively 
used as a coltuinietxic and photometric reagent for metals including cobalt. 
Spccirophotohietric methods have been used in many ways to study com- 
plexes in solution and the coiiLinuous variation method^ seems to be suitable. An 
extension of the system in which two or more complexes are formed has been 
suggested by Vosburgh and Cooper^ but a more general treatment has been given 
by Katssin and Gebert^, 

This paper reports the theoretical . and experimental procedure adopted for 
tlic study of the Co-NRS system which forms a 1 : 3 chelate. The determination 
(,)f tlie stability constant of the cliciatc employing the continuous variation data is 
discussed in details, la a recent preliminary note the outline of the method 
adopted has been described.'^ 

THEORETICAL 

Anderson and coworkers® have described a method for the determination of 
the stability constant which is based on the determination of composition of solu- 
tions liaviug an identical intensity of colour i,e. the same absorbance values. In 
this method^ both the reactants should be colourless and this places a restriction 
on its use. Dey and coworkers^ have ihodified the method to suit systems where 
one of the reactants may be coloured. These workers have put forward a treatment 
for 1 : 1 and 1 : 2 chelates but have not extended their method for 1 : 3 chelates. 

An extension of the method is for the chelates where the combining -^do of 
the metal ligand and ion is 3:1. The theoretical considerations underlying the 
method are described as follows : 

Let us consider the formation of a complex between the metal M and the 
chelating agent Ke, wdicre for a 1 : 3‘ complex, the reaction may be represented 
as 

M + SKe ^ M{Ke), 

^Prmnt addmi) Uaivcrsil^; dc Strasbourg, France. 



Let the inital concentrations of M and Jie be a and 1) respectively and x be the 
eouilibrium concentration of the chelate. At cciuilibrinni, the concentrations of 
At and JTe will be a-x and i-3x respectively. Hence the lownation constant or 
stability constant will be given by the expression : 


(a~x) (i-Sx)" 


(i) 


Now applying the expression for two concentrations and ol' M and bj^ &nd 
ot Ke, at the same absorbance value of the chelate i.c. for the same value of*, we 
have 


K 


X _ _ _ X 

'(^1 - *)' (*i - 3x)® “ {b^ - 3*)“ 


(2) 


To determine the value of A, it is necessary to determine the value ol x from 
the equation (2) in terms of flj, ii, a^andbi. Cuiisiderhig only the two right 
hand side expressions and rearranging we have : 

27 [(ax-flj) + (6i-*a)]«“ + 9 [3(«a ^i) -1" 

+ C(iJ-ii) + 9(^1 b'i-a.ibl)} x + C«a b^-a^ bf] = 0 

A slight rearrangement of equation (2) leads to : 


..27(a^b,-a,b^)i 9(/;i - f?) - *2) -f 

A + 0-7/.. J.. ^ “"oTAr TT'"-!- /. i: \ 


27(<2j — -i" b], — b^ 

27(d3,-d,+ 6, - 6j)‘ 

which may be written in a simpler manner as : 


27(«t“da + h~bi) 

0 (3) 


.v» + + dax + dj, = 0 


(4) 


where the coefficients dj, dj and dj are deliued by equation (3). 

This equation cannot be solved as such, and is therefore reduced to a standard 
cubic equation ; 

r» + 3 Afr + G' = 0 (5) 


where r = x~H,3H^ and G = da + 


3 


Employing Cordon’s method of solution of standard cubics, the roots of the above 
equation may be found to be : wko awuvL 


n = 


^ - G + V G^^ + 4> /» 

^ -p w 


-T / G2j± up 
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and 


wliarc iti and arc the complex cube roots of unity and their values are - J ± 
, Hence the roots of the original equation will be 


Xi 2^1 •“ dj/a 

'd t./s 

and *”* i/a 

Mfiin of the difmnt values of x : 


From the above values of .v, it can be easily seen that the nature of the roots 
of X will depend upon numerical values of (5® + 4//^. The following cases may be 
mentioned, 

(/) if 6'* 4/P ^ « 0, one root will be real and the other two are complex. 


(n) if fP 4 4/P 0, all the roots will be real 

{Hi) if CP + 4/P ‘ I Oj all roots will be real and different. 


The values of G® + 4/P are computed from the different known values of 
fl . , h .'and C It: has been found in all the cases that values of p + iH», from 
cxneruucnlally measured values of «.,5 and are greater than This 

shows lliat tiiere wUl In; only one real value of x m the present case and that is 

when, 

.V, s= if, ~ •di/a 


which gives : 

.V = 


I a + Vc" + W‘ji‘ + 

here 0, Hand A, have already been defined. 

From ecinatipn (G) tlic value of .v is found and substituting in equation (1), the 
value of K i.s obtained. 

EXPERIMENTAL 

»./i «/.«/(• • An A R B B. I'l. grade cobalt sulphate was used and estimated by 

NaaO. H-’i' “'maintain the ionic strength of the solution, at 

comtant level. 

i .Vc‘rophoton.etrio«^^^ 

SP 500 Spcclrophotoracter with glass cells oi i cm wiaiu. y & 
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Absorbance 


tions of the solutions were measured with a Leeds and Northrup direct reading pH 
indicator. The experiments were carried nut in an air enudi tinned rnniu luaiutuin- 
ed at 25°G. 

Procedure : In order to dclenuine tlio number of conii)Iex<^s Ibnuod by the 
interaction of cobalt sulphate and NRS, tlic reactants were inixed in diHercmt pro- 
portions and the absorbance was measured at diHcrent wavelengths ranging from 
360 mp to 600 m/*. All the mixtures gave a maximum at 400 m/i sliowing thereby 
the formation of only one complex (Figure 1). 



Final concentrat'ons of the reactants M X I0-*. 



C0SO4 

NRS 

Ratio 

A. 

0^00 

8*0 

Oi I'O 

B 

16 00 

8*0 

1 s 0*5 

G 

800 

80 

1 : 1*0 

D 

4*00 

8'0 

1 i 2*0 

£ 

2*66 

8*0 

1 : 3*0 
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For Ihc dclertninat lon of the composition of the chelate solutions of cobalt 
Ix.-sdlt <)l tlucc diircrcnt ccjuirnolcctilar concentrations viz 
2-()U 1()-*M, l-a:i X. lU-%1 and l-OO X KHM were mixed accoSg ?o ?he me.' 

thod ol c'.untiuuous varmlious and ahsoiijance was measured at 420 xn/j. after fixing 
the 1)11 of diilcrcut mixtures at 0-5 in a total volume of 20 ml. and ionic strength 
atO'l. The al)S()rl)au('.e ol NRS was also determined at 420 m/i and difference 
between tlie ahs()rl)auoc of the mixtures and that of NRS ^as plotted against the 

ratio Co ' -i'/Co I i +NRS (figure 2). 



Fig, 2, Compositioa of the Chelate by the Conti- 
nuous Variations method at pH 6*5 : where p = 
c7cn 1 (c*=Gonc. of the ligand and c=Conc. of the 
metal). Concentrations of the reactants. (A)2*00 X 
10-^ M, (B) 1 33xl0-<i M, and (C) 1*00X10-4 M. 

An insi^ecllon of Fig, 2 shows that the combining metal, ligand ratio is 1 : 3 
suggesting the fornuition of a chelate of the type Go (NRS) 3 . 

For the evalution of the stability constant employing the present method, the 
absorl)ance of tlic mixtures determined at 420 m;^ was plotted against the ratio 
Oo-i 'i-/Go4+..l..NRS (Figure 3). 
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Fig, 3. Determination of the Stability Constant* Concentration of the re* 
actants. (A) 2'0 X 10--*^ M, (B; 1-33 X 10-^ M and (C; 1*00 X 
10-4 M, 

An inspection of Fig. 3 again shows that the stoichiometric l)reaks in the curve 
occur at the metal^ ligand ratio of 1 : 3. 

DISCUSSION 

In the system investigated in the present work, the metal ion at concentra- 
tions dmployed are colourless and thereforcj with progressive increase of M, Ke 
decreases and in the descending portions of the curve it may be assumed tliat the 
majority of the chelating agent is chelated with the metal ion contributing no 
appreciable absorbance to the absorbance of the chelate /./?. the descending parts 
of the curve represent the absorbance value of the chelate alone. It may, there- 
fore, be assumed that in curves B and C in figure 3, where the absorbance are 
the same, the resfiective amounts of the chelate formed in each case are identical. 
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Til tlifi system muter luvcstigalion, ttiree equimolar coticehtrations heve beeh 
employed Tor the (•.(mlinumts variations data. From Fig. 3, two sets of values of 
a b a b^ where the ab.sorl)ances viz. 0’15 is tlic same in each case have been 
obtained. ITie vahu’ ol' .v was then calculated employing equation (6) from which 
the values of the stability constant were finally obtained by the use of the equation 
(1), The results arc represented in Table 1. 


TABLE 1 


Sets of values of ; /q and /q 

Curves Fxlrapolatcd from 

Fig. 3 

X obtained from 
equation 
(6) 

log K calculated 
from equation 

ID 

0, =-l-}i2x: It)-' «j~l-l(; s 10-* 

A and B 

/q^U-lliX 10-* /q=0'17KlO-* 

28-82x 10-’ 

13-29 

«t^l-ltW 10-* rta=--0-tl3xlU-* 

B and Cl 

/q~--0-17xl0-* /q=0-17xl0-< 

2-2293 XlO-« 

13-27 


Average value of 

log K = 13-28 

The tibovc value of log A' obtained by the continuous variation method has 
been correlated with that ohUiined by the mole ratio’ method and with the values 
of the free energy change ( A 6?” ) and presented in the table below : 


TABLE 2 

System 

pli 

log A' (25®C) 

AG° at 25“G (K. cals) 

Co-i-i-NRS 

(j-D 

13-20 

13-5 

-18-23 (i) 

-18-52 (it) 

(»: 

) the jn-cscut method 

(it) the mole ratio method. 


The method discussed above for the cvalution of the stability constant of 
the complexes ol' the type 1 : 3 tlius gives results which are fairly accurate and 
reproducible. 
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